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Abstract
We present a novel approach to transient Raman spectroscopy, which combines stochastic probe pulses and a
covariance-based detection to measure stimulated Raman signals in alpha-quartz. A coherent broadband pump is
used to simultaneously impulsively excite a range of different phonon modes, and the phase, amplitude, and energy
of each mode are independently recovered as a function of the pump–probe delay by a noisy-probe and covariance-
based analysis. Our experimental results and the associated theoretical description demonstrate the feasibility of 2D-
Raman experiments based on the stochastic-probe schemes, with new capabilities not available in equivalent mean-
value-based 2D-Raman techniques. This work unlocks the gate for nonlinear spectroscopies to capitalize on the
information hidden within the noise and overlooked by a mean-value analysis.

Introduction
Nonlinear optics represents an active research field,

dealing with phenomena occurring when intense light
interacts with a material. This field is advanced by fre-
quent technological and theoretical developments, deli-
vering a deeper understanding of the properties of matter
and revealing delicate interplays between different degrees
of freedom. For instance, time-resolved spectroscopies
such as Raman scattering techniques employ pairs of
ultrashort pulses to track the dynamics of transient photo-
induced electronic states1–3. Tailored time or wavevector
combinations of multiple pulses are employed to extract
specific nonlinear responses from a sample in multi-
dimensional spectroscopy, a powerful nonlinear techni-
que exploring the complex energy landscape of biological
samples4,5, quantum wells6, or polymers7.
However, nonlinear optical techniques rely on extremely

weak signals, often orders of magnitude weaker than the
linear response8. This challenge has been circumvented

largely by creative signal-isolation strategies9–12 and
advancements in mathematical descriptions of nonlinear
signals8,13. It has also been enabled by extensive effort and
investment in stable laser systems and experimental set-
ups9. Most experimental techniques rely on this stability
and a mean-value analysis framework, in which the signal
is measured in an integrated fashion (e.g. at the detector
level or through repeated measurements) to reduce the
noise until a suitable signal-to-noise ratio is achieved.
This approach has some drawbacks. Higher-order

measurements become increasingly challenging due to
the rapid diminishment of the signal efficiency, making
anything beyond 5th-order experimentally impractical in
many cases. In certain contexts, this is quite limiting. For
example, techniques aiming to measure a Raman-echo
(the Raman equivalent of photon-echo14,15 and spin-
echo16 techniques which have proven extremely effective
for multidimensional spectroscopy at IR/optical4,9,17,18

and radio frequencies19,20, respectively) attracted sig-
nificant effort in the 90’s and early 2000’s but have not
seen widespread adoption due to the requirement of 7th-
order signal21–23. 5th-order 2D-Raman equivalents have
been developed and remain an active area of research

© The Author(s) 2022
OpenAccessThis article is licensedunder aCreativeCommonsAttribution 4.0 International License,whichpermits use, sharing, adaptation, distribution and reproduction
in any medium or format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate if

changesweremade. The images or other third partymaterial in this article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to thematerial. If
material is not included in the article’s Creative Commons license and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

Correspondence: Jonathan Tollerud (jtollerud@swin.edu.au) or
Daniele Fausti (daniele.fausti@elettra.eu)
1Physics Department, University of Trieste, Trieste, Italy
2Elettra-Sincrotrone Trieste S.C.p.A., Trieste, Italy
Full list of author information is available at the end of the article

12
34

56
78

90
()
:,;

12
34

56
78

90
()
:,;

1
2
3
4
5
6
7
8
9
0
()
:,;

12
34

56
78

90
()
:,;

www.nature.com/lsa
http://orcid.org/0000-0003-1516-7519
http://orcid.org/0000-0003-1516-7519
http://orcid.org/0000-0003-1516-7519
http://orcid.org/0000-0003-1516-7519
http://orcid.org/0000-0003-1516-7519
http://orcid.org/0000-0002-1703-0041
http://orcid.org/0000-0002-1703-0041
http://orcid.org/0000-0002-1703-0041
http://orcid.org/0000-0002-1703-0041
http://orcid.org/0000-0002-1703-0041
http://orcid.org/0000-0002-6015-3135
http://orcid.org/0000-0002-6015-3135
http://orcid.org/0000-0002-6015-3135
http://orcid.org/0000-0002-6015-3135
http://orcid.org/0000-0002-6015-3135
http://creativecommons.org/licenses/by/4.0/
mailto:jtollerud@swin.edu.au
mailto:daniele.fausti@elettra.eu


even though they only provide a subset of the capabilities
of a 7th-order Raman echo technique24–29.
The mean-value detection is intrinsically blind to the

information contained in the noise. We have previously
demonstrated a paradigmatically different framework in
which the noise is seen as an asset rather than a liability in
order to access information the mean-value misses30, and
similar schemes have also recently been reported31,32. In
our initial demonstration, we resolved the impulsive-
stimulated Raman scattering (ISRS) spectrum of quartz
using a single-beam experiment. The nonlinear interac-
tion of noisy input pulses with the Raman-active modes in
the quartz generated spectral correlations that we
resolved through a covariance-based analysis technique.
In this work, we apply the same covariance-based ana-

lysis framework to a transient ISRS measurement. Unlike
traditional mean-value-based ISRS measurements33,34, the
covariance-based framework allows us to resolve the
phase, amplitude, and frequency of each mode excited
impulsively by the broadband coherent pump pulse for
each pump–probe delay. We can thus clearly separate
contributions from different modes and identify signals
even when many modes are simultaneously excited by
the pump.
The measurement is well described by a 3rd-order time-

resolved ISRS model, where we fully account for the
correlation properties of the stochastic probe pulse used.
The model recovers the experimental features observed,
and fully supports our interpretation of the signal in this
novel configuration.
In addition to improving upon mean-value-based ISRS

techniques, this correlation-based experimental frame-
work could be extended to 5th-order by adding a second
pump pulse to perform a 2D Raman measurement.
Compared with current techniques, this would provide
additional insight by spectrally resolving the energy of the
final interaction28,34,35 and could be used to measure
spectral diffusion and population dynamics which in a
mean-value-based framework require a 7th-order experi-
ment. Our proof-of-principle results and theory sup-
porting them demonstrate the feasibility of such a
measurement.

Results
In a previous single-beam experiment, we showed that a

broadband pulse with a stochastic spectral phase can
resolve Raman spectra through a correlation-based ana-
lysis of pulse-to-pulse intensity fluctuations30. In this
framework, the nonlinear response of the sample is
imprinted in the intensity distribution, in the form of a
statistical correlation between different frequencies in the
transmitted pulse spectrum. A correlation develops when
the frequency difference of two spectral components
within the pulse spectral bandwidth matches the low-

energy vibrational levels of the crystal. A Raman spectrum
can thus be extracted from the statistical distribution of
the frequency-resolved intensity.
Here, we combine the stochastic probe with a spectrally

coherent pump pulse to study transient ISRS in α-quartz
with a correlation-based measurement as depicted in
Fig. 1a. As shown in Fig. 1b, the probe pulse is rando-
mized on a single-shot basis using a diffraction-based
pulse shaper, and the transmitted spectrum of thousands
of unique pulses is acquired for each pump–probe time
delay Δt. Mean-value detection completely overlooks the
information in the probe pulse, because the stochastic
transmitted spectra average out to zero. To retrieve
information, we thus exploit a covariance-based analysis
and calculate the Pearson correlation (the covariance over
multiple repeated measurements divided by the standard
deviation) of the spectrally resolved intensity of the
transmitted pulse IOUT(ωOUT) with a reference pulse
IIN(ωIN) routed around the sample. In this context, the
Pearson coefficient quantifies the degree to which a sto-
chastic intensity fluctuation at ωIN induces a separate
intensity fluctuation at ωOUT through the nonlinear ISRS
interaction of the light with the sample. This calculation is
repeated for all combinations of ωOUT and ωIN, resulting
in a three-dimensional matrix ρc(ωIN, ωOUT, Δt), from
which we can extract spectrally and temporally resolved
information. The correlation properties of the stochastic
probe pulses used in the experiment are described in the
Supplementary Information (SI). The time profile of a
randomized pulse contains a strong central spike, whose
width is comparable to the pristine laser pulse duration,
and a noisy tail contributed by the added spectral noise.
The short coherent spike dictates the time resolution of
the experiment, which can resolve the coherent evolution
of the phonon even with long noisy tails (>1 ps). We
introduce the stochastic phase on the high-energy side of
the pulse (>368 THz), while leaving lower frequencies
noise free, providing a reference field for self-heterodyne
measurement of the signal. We will focus on the lower
right quadrant (indicated by the dashed black box in
Fig. 1c) which is most sensitive to signals that appear for
ωOUT and ωIN below and above 368 THz, respectively.
In this quadrant the transmitted probe is stochastic, but

the reference is not and the ISRS signal produces a uni-
form diagonal feature for each mode that is shifted away
from the ωIN= ωOUT diagonal by the phonon frequency.
We thus introduce the Raman frequency ωR= ωOUT–ωIN,
redefine our frequency axes as ωOUT and ωR, and then
transform the data onto this new grid by shifting each row
by ωOUT such that the diagonal features of unitary slope
become vertical lines. We then project the resulting 2D
array onto the ωR axis by integrating across ωOUT (as
shown in Fig. 1c–f). This compresses each correlation
map into a single one-dimensional array which can be
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conveniently plotted and analysed as a function of the
pump–probe delay Δt. The result is a two-dimensional
map <ρc(ωR, Δt)>
ρc(ωIN, ωOUT) maps for selected delays are shown in Fig.

2a. The ISRS signal emerges after the pump excitation as
diagonal stripes of nonzero correlation, whose sign
evolves with the time delay. Each map is integrated as
described above, to produce a single one-dimensional
array for each time delay (see Fig. 2b) and stacked hor-
izontally to build the frequency vs. time <ρc(ωR, Δt)> map
(see Fig. 2c), that shows the time evolution of the multi-
mode correlation signal. The ISRS signal thus appears as a
narrow feature in ωR that oscillates as a function of Δt,
and which overlaps a “coherent artefact”-like signal36,37 at
short times (the coherent artefact is described below).
A Hilbert transformation is applied as a function of ωR to

rotate the phase of the real-valued <ρc(ωR, Δt)> yielding a
complex-valued dataset. A Fourier transform is then applied
as a function of Δt, resulting in a frequency–frequency map
(see Fig. 2d) with the new axis ωΔt. In the <ρc(ωR, ωΔt)> map
(referred to as a 2D spectrum), we find the phonon spec-
trum along the vertical axis, and the frequency of oscilla-
tions along the horizontal axis. The probe interaction with

the active vibrations gives rise to peaks in the 2D spectrum,
located at ωΔt= ±ωR= ±Ω for each mode Ω of α-quartz.
The frequency of known vibrational modes in quartz are
indicated by the horizontal dashed lines. This 2D spectrum
is obtained scanning only one inter-pulse delay and
exploiting the correlation over the broad bandwidth of the
randomized probe pulse to monitor the Raman mode
directly. The dephasing rate and the energy of the modes
are apparent in the FFT width and position, respectively.
When the pulses temporally overlap (|Δt|<1.5 ps), the

pulse ordering is undetermined and additional signals
overlap the ISRS signal of interest. This effect (often
referred to as a coherent artefact or cross-phase mod-
ulation) results in a symmetrical signal along Δt38 (as can
be seen in Fig. 2c) made up of fringes across the spectrum
whose periodicity decreases with an increasing |Δt|. The
resulting correlation is an oscillating background, whose
fronts are parallel to the correlation-map diagonal (as can
be seen in Fig. 2a, −1 ps). In the <ρc(ωR, Δt)> map, this
overlap signal resembles a hyperbola, centred at the axes’
origin (as can be seen in Fig. 2c). In the 2D spectrum
<ρc(ωR, ωΔt)>, this is a diagonal feature along the ωR±ωΔt

lines (as can be seen in Fig. 2d).
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The experiment is well described by a 3rd-order model
reported in detail in the SI. The double manifold repre-
senting the sample is coupled by the pulse electric fields
inducing an electronically off-resonant Raman process13.
Pairs of interactions within the pump spectrum, at fre-
quencies whose difference matches the vibrational energy,
create a coherent superposition of vibrational states. The
coherence evolves over the pump–probe time delay Δt
and is monitored by a subsequent off-resonant Raman
excitation involving two interactions with the stochastic
probe pulse. The resulting ISRS signal, obtained by fre-
quency dispersing the transmitted probe pulse at varying
pump–probe time delays, features Stokes- and anti-
Stokes-type contributions, with time-delay-dependent
oscillations resulting from the phase of the coherence
encountered by the probe pulse39,40. The covariance sig-
nal, given by products of IN and OUT pulse intensities
and thus involving four interactions with the stochastic
probe pulse, is calculated in terms of the two- and four-
point field correlation functions, taking into account the
peculiar stochastic properties of the pulses generated in
the experiment and the impact of the gating performed by
the discrete detector array.
The calculated 2D ISRS spectrum for the phonon fre-

quencies involved in the experiment is shown in Fig. 3.
Here, the diagonal contributions stemming from over-
lapping pump and probe pulses are added to the ISRS
signal. The measured spectrum in Fig. 2d is mostly
reproduced by the model as shown in Fig. 3. However, the
different peak amplitude of the 6 THz phonon in the two

quadrants of the experimental 2D ISRS spectrum is not
captured in the 3rd-order model, pointing at higher-order
contributions, such as a phonon-phonon coupling41.
Phonon dephasing times can be extracted by fitting the

phonon linewidth in the ωΔt domain or by fitting the
exponential decay in the Δt domain. We fit the three
most prominent phonon features (3.9 THz, 6.2 THz,
13.9 THz) in Δt domain and compared the dephasing
times extracted using traditional mean-value-based
pump–probe spectroscopy (see SI for details). We
found that the dephasing times measured using the
covariance-based and mean-value-based approaches were
in good agreement.
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One challenge with this technique is to separate the
ISRS from the coherent-artefact signal, which overlaps the
Raman modes in the 2D spectrum and partially in <ρc(ωR,
Δt)>. One way to separate these two contributions is by
applying a window function in the time domain. This can
be seen in Fig. 4, where multiple window functions have
been applied to separate the different contributions.
Clearly, removing the entire 2 ps overlap is not suitable for
modes with short dephasing times (e.g. the 6 THz mode).
The duration of the noisy tails in the probe pulse is
inversely proportional to the correlation length of the
stochastic probe phase, so the length of the pump–probe
overlap signal can also be reduced, but at the cost of
diminished spectral resolution. In practice, an optimal
correlation length would be chosen by balancing these
two factors based on the needs of the experiment.

The spectrally uncorrelated fluctuations in the probe
pulses are critical to the functionality of this experiment,
but uncorrelated noise from other sources has a detri-
mental effect and may hide the presence of the correla-
tions induced by the sample. The primary source of this
unwanted spectrally uncorrelated noise is in the detection
system, which generates a ‘white’ noise spread across the
covariance maps. Through an analysis provided in the SI,
we show that this uncorrelated noise is at least an order of
magnitude below the peak signal for most of the observed
phonon modes, and can be reduced by increasing the
number of unique phase patterns applied to the probe
pulse for each time delay.

Discussion
The ability to resolve the energy of the Raman modes is

undoubtedly a strength of this correlation-based frame-
work compared with mean-value ISRS, but the ability to
track the phase of the mode as a function of the
pump–probe delay is also useful. First, this phase evolu-
tion provides a “sanity-check”, as the frequency of the
mode generated in the final state must match the fre-
quency of the oscillations in the pump–probe time delay,
but it also enables separating the signal along two dif-
ferent frequency axes, so overlapping signals (such as
closely spaced modes) are more readily distinguished.
This can be seen especially clearly in the low-energy
modes in Fig. 4c, which cannot be easily separated in the
correlation maps alone.
We observe different amplitudes of the Raman peaks for

positive and negative ωΔt, even when taking into account
the overlap signal. This is in contrast with the theory,
which predicts symmetric spectral amplitudes. The most
apparent mismatch is found in correspondence of the
combination signals involving the 6 THz phonon. This
discrepancy could be due to a higher-order coupling to
other elementary excitations in the sample, possibly a
beating resulting from an anharmonic interaction42–44, or
to a nontrivial decay channel for the aforementioned
phonon45, which is the widest (and one of the most
intense) of those within the probe spectral bandwidth.
It is well known that a 3rd-order measurement does not

contain information on the pure decoherence of the
vibrational modes, and that a 7th-order measurement
(with four pairs of light–matter interactions) is required
to measure the Raman equivalent of 2D-IR photon-echo
experiments (typically referred to as a Raman-echo). The
success of 2D-IR (and analogues in RF and the visible)
suggests that such a Raman-echo experiment would
provide very useful information, but it is experimentally
challenging to the point of impracticality. As such, 5th-
order Raman experiments (typically referred to as 2D-
Raman) have been developed and can access some of the
same information, but importantly, they lack sensitivity to
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population dynamics that have made the equivalent 2D-IR
techniques so effective28,35.
A 5th-order 2D-Raman measurement with covariance-

based detection would have some key advantages over
mean-value-based techniques. It is intrinsically sensitive
to weak signals, because even a small signal can generate a
strong correlation. Being able to resolve the phase and
energy of the final interaction will enable new ways to
separate 5th-order signals from 3rd-order cascades, which
is a common challenge in 2D Raman46,47. Finally, we
expect that it will enable fast measurement of 2D spectra
because only a single delay needs to be scanned, unlike
current techniques which require scanning of two delays.
More importantly, 5th-order 2D-Raman with

covariance-based detection will enable measurement of
some population signals, which is not possible in current
mean-value based techniques. The capability of the
covariance-based detection to resolve the energy of the
final state is functionally analogous (albeit imperfectly) to
the role of spectrally resolved or time-resolved heterodyne
detection in 2D-IR and 2D electronic spectroscopy, which
are phase-resolved photon echo techniques requiring
three characteristic time domains9,10,20. The state of the
system during two of the time domains is determined by
scanning the two inter-pulse delays while tracking the
phase of the signal, but the state of the system in the third
time period after the final interaction (which is critical for
capturing the photon echo) is determined by interference
between the signal and a reference field. Without this
heterodyne detection scheme, a fourth excitation pulse is
needed to probe the system and resolve the dynamics in
this final time delay10.
In a Raman-echo measurement, each of these interac-

tions is doubled, so four pairs of interactions are required
to generate the three characteristic time periods34. How-
ever, the covariance-based detection allows us to infer the
state of our system in the final time period through the
correlations induced in the probe pulse by the final
Raman interaction. We can then generate a non-
rephasing 2D-spectrum in which one axis is the inferred
state of the system in the final time domain (measured
through the spectral correlations in the probe) and the
other is the state of the system in the first time domain
(the phase evolution of the spectral correlations as a
function of the inter-pulse delay). The population
dynamics of the non-rephasing signals could then be
probed by collecting 2D spectra as a function of the
second time delay. Importantly, there is no access to
rephasing pathways (and thus no separation of homo-
geneous and inhomogeneous broadening) because the
inference will only provide the state of the system
immediately after the final interaction, whereas the
Raman echo will form subsequently in inhomogeneously
broadened modes. Still, this access to the population

dynamics would be a powerful new additional capability
not possible in current 2D Raman techniques.
In conclusion, we have shown that the signal from low-

energy excitations of a crystalline sample can be mapped
within a time-resolved spectroscopic experiment by use of
a single delay line in conjunction with a spectrally ran-
domized probe. In this framework, the energy, phase, and
amplitude of each Raman mode can be read out directly
through correlations in the spectrum of the optical probe
pulse. The covariance-based signal measured is consistent
with a theoretical model predicting that the oscillation
frequency of the signals as a function of the pump–probe
delay should match the frequencies of the signals in a
covariance-based analysis of the probe spectra.
This work is a key step towards covariance-based 2D

Raman spectroscopy—an alternative approach to 2D
Raman using mean-value signal detection—which pro-
mises to decrease experimental complexity, reduce
acquisition times, and enable new insights such as mea-
surement of Raman coherence and population dynamics
in a 5th-order experiment. More broadly, this work
demonstrates the feasibility of a covariance-based frame-
work in transient nonlinear spectroscopy and its advan-
tages over mean-value-based approaches and will inspire
similar efforts to utilize higher modes beyond the mean-
value in other nonlinear techniques.
Our work demonstrates that covariance-based spectro-

scopy is a feasible and advantageous route to retrieve tem-
poral and spectral resolution from stochastic probes. This is
also relevant at hard-x-ray frequencies, where current x-ray
free-electron lasers (FELs) based on the self-amplified
spontaneous emission (SASE) mechanism generate intense
pulses which are intrinsically stochastic48,49. Covariance-
based signals have been used in theory and experimental
investigations with stochastic FEL pulses50–54, and were
recently shown to provide the same temporal and spectral
resolution as signals obtained by coherent pulses55,56. They
thus represent an essential ingredient for the implementa-
tion of multidimensional nonlinear x-ray spectroscopy57

with existing technology.

Materials and methods
The sample is an α-quartz crystal, with 1 mm thickness.
The laser employed in the experiments is a Coherent

Legend Elite Duo, producing pulses at a repetition rate of
5 kHz, with wavelength λ= 795 nm, and duration 45 fs.
The pump is collected with a window before the beam is
sent through the pulse shaper. The wavelength of the
pump is down-converted to λ= 1300 nm using a home-
made double stage optical parametric amplifier. The
pump has a duration of 110 fs (as measured with a
homemade FROG system), and a fluence of 4.5 mJ/cm2.
The probe is routed into a diffraction-based liquid crystal
spatial light modulator (Vaughan 2005), that randomizes
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shot by shot its spectral phase. The resulting average
probe pulse, in the time domain, is made of a central spike
whose width is essentially untouched by the randomiza-
tion, and a broad shoulder lasting roughly 1–1.5 ps.
The randomized beam is finally separated into a refer-

ence, selected before the sample, and a probe, transmitted
by the sample, with 0.025 mJ/cm2

fluence. The probe
power is kept low enough that no features can be resolved
in correlation maps in which the pump is blocked, so the
detected signal is not contaminated by probe-only cor-
relations. While this signal could also in principle result
from scatter interference between pump and probe, we
rule this out because of the wavelength difference.
A homemade detection system was used. It is composed

of a pair of twin Hamamatsu photodiode arrays, triggered
by the laser and at the same repetition rate, that digitize
the dispersed probe and reference spectra. The actual
experimental repetition rate is lowered by the slow rota-
tion dynamics of the liquid crystals the pulse shaper is
based on. The frequency resolution, roughly 0.2 THz, is
determined by the narrow average width of the spiky
spectral profile, in turn given by the random spectral
phase correlation length.
We apply the following real-to-complex transformation

to the frequency vs. time <ρc(ωR, Δt)> map in order to
remove the symmetry between the negative and positive
Fourier frequency components in the 2D spectrum
<ρc(ωR, ωΔt)>. This also allows us to distinguish the
overlap signal from the Raman signal, as the first is
symmetrical around the pump–probe overlap along the
time delay axis, while the latter is only present at positive
time delays.
The data in <ρc(ωR, Δt)> is Fourier transformed along

the ωR axis to produce a <ρc(tR, Δt)> time vs. time map.
Only one half of this map is meaningful as the starting
data is real valued. We window out the mirrored half and
perform an inverse Fourier Transform along the ΔtR axis.
The <ρc(ωR, Δt)> map we obtain is complex valued,
therefore its Fourier Transform along the true time delay
axis is meaningful all along the ωΔt axis, in other words
the FT spectrum is not mirrored. Before performing this
last FT though, we zero pad the time-dependent data in
order to smooth its edges and remove any artifacts from
the 2D spectrum. The procedure just outlined corre-
sponds to performing the Hilbert transform of the signal.
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S1. TIME- AND FREQUENCY-RESOLVED IMPULSIVE STIMULATED RAMAN SPECTROSCOPY

SIGNAL

In this Supplementary Section, we derive the expressions for the impulsive stimulated Raman spectroscopy (ISRS)
signal investigated in the main text. We derive expressions for a single phonon Ω and consider a manifold of vibrational
states |n⟩ of energy ωn = Ω(n + 1/2). All expressions can be straightforwardly generalized by summing over all
phonons.
In ISRS, two nonoverlapping pump and probe pulses, both o�-resonant from electronic excited states, induce a

sequence of impulsive stimulated Raman excitations, thereby coupling the vibrational states in the system. The
e�ective interaction Hamiltonian in the rotating-wave approximation is given by [1]

Ĥint(t) = −α̂
[
|E1(t+ T )|2 + |E2(t)|2

]
, (S1)

with the e�ective polarizability operator α̂ and classical electric �elds

Ei(t) = Ei(t) e
−iωi0t, (S2)

i ∈ {1, 2}, of envelopes Ei(t), carrier frequencies ωi0, and associated Fourier transforms

Ẽi(ω) =
∫

dt Ei(t) eiωt, Ei(t) =
1

2π

∫
dω Ẽi(ω) e−iωt. (S3)

The pump E1(t+ T ) and probe E2(t) pulses are centered around t10 = −T and t20 = 0, respectively.
The ladder diagrams and level scheme of the ISRS signal are depicted in Fig. S1. For nonoverlapping pulses, the

system is �rst excited by the pump pulse E1(t+ T ) from an initial equilibrium state ρ̂(0) to a coherent superposition
of vibrational states. To �rst order in perturbation theory, the interaction with the pump pulse and the resulting
evolution of the system's density matrix ρ̂(t), of elements ρnn′(t), are given by

ρnn′(t) = ρ0,nn′ + i

∫ t

−∞
dt′ e−iωnn′ (t−t′) e−γ(t−t′) αnn′ |E1(t′ + T )|2

(
ρ
(0)
n′n′ − ρ(0)nn

)
, (S4)

with the transition energies ωnn′ = Ω(n−n′) and decay rates γ. The two terms in the above sum, ρ
(0)
n′n′ and ρ

(0)
nn , are

associated with the top and bottom diagrams in Fig. S1, respectively. For nonoverlapping pulses, we can extend the
above integral to t → +∞, so that Eq. (S4) can be recast as

ρnn′(t) = ρ0,nn′ + i e−iωnn′ (t+T ) e−γ(t+T )

∫ +∞

−∞
dt′ eiωnn′ t′ eγt

′
αnn′ |E1(t′)|2

(
ρ
(0)
n′n′ − ρ(0)nn

)
. (S5)

The pump pulse used in the experiment is a coherent pulse of Gaussian envelope

E1(t) = E10 e
−σ2

1t
2/2 e−iω10t, (S6)
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Figure S1. Ladder diagrams and level schemes for the third-order ISRS signal.

with central frequency ω10 = 230THz (1300 nm), peak strength E10, and bandwidth σ1 = 2.5THz (110 fs duration).
For such coherent Gaussian pulse, and for a system in the initial thermal state

ρ̂(0) =
∑
n

ρ(0)nn |n⟩⟨n| =
∑
n

e−βΩn

1− e−βΩn
|n⟩⟨n|, (S7)

with initial populations ρ
(0)
nn , β = 1/(kBTe), Boltzmann constant kB, and temperature Te, Eq. (S5) reduces to

ρnn′(t) = ρ(0)nn δnn′ + ρ
(1)
nn′ e

−iΩ(n−n′)(t+T ) e−γ(t+T ) (S8)

in terms of the �rst-order perturbation

ρ
(1)
nn′ = i |E10|2

√
π

σ1
e−Ω2(n−n′)2/(4σ2

1) αnn′

(
ρ
(0)
n′n′ − ρ(0)nn

)
. (S9)

Due to the Gaussian envelope e−Ω2(n−n′)2/(4σ2
1) in Eq. (S9) and its �nite bandwidth σ1, we focus only on the matrix

elements ρnn′(t) for which either n′ = n or n′ = n± 1, and neglect all remaining o�-diagonal elements in Eq. (S8).
The evolution of the superposition of vibrational states generated by the pump pulse is monitored by a subsequent

stimulated Raman process induced by the probe pulse E2(t). The frequency-dispersed heterodyne-detected signal is
de�ned as the time-integrated rate of change of photon number in the probe pulse [2]

S(ωs, T ) = −
∫

dt

〈
dN̂

(2)
ωs (t)

dt

〉
, (S10)

where N̂ω = â†ωâω denotes the number operator for a photon mode with frequency ω. The superscript �(2)� in N̂
(2)
ωs

stresses that the modes are restricted to those occupied by the probe pulse E2(t). By using the Heisenberg equations
of motion for the photon number operator, the signal at the detected frequency ωs reads

S(ωs) = 2 Im

{
Ẽ∗
2 (ωs)

∫
dt E2(t)eiωst⟨α̂(t)⟩

}
, (S11)

with the time-dependent polarizability

⟨α̂(t)⟩ = Tr{α̂ ρ̂(t)} =
∑
nn′

αn′n ρnn′(t). (S12)
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For nonoverlapping pulses, by expressing the elements of the density matrix via Eq. (S8), the time- and frequency-
dependent ISRS signal can be recast as

SISRS(ωs, T ) = 2 Im
{
Ẽ∗
2 (ωs) Ẽ2(ωs −Ω)A e−iΩT e−γT

}
+ 2 Im

{
Ẽ∗
2 (ωs) Ẽ2(ωs +Ω)A∗ eiΩT e−γT

}
,

(S13)

where

A =
∑
n

αn,n+1 ρ
(1)
n+1,n = i |E10|2

√
π

σ1
e−Ω2/(4σ2

1)
∑
n

|αn,n+1|2
(
ρ(0)nn − ρ

(0)
n+1,n+1

)
(S14)

contains the amplitude and phase information of the vibrational coherence generated by the pump pulse. For αn,n+1 ≈
α̃, this coherence term A reduces to

A ≈ i |E10|2
√
π

σ1
e−Ω2/(4σ2

1) |α̃|2 1

1− e−βΩ
. (S15)

Additional features appear in the presence of overlapping pump and probe pulses, which are responsible for the
hyperbola branches in the (ωs, T ) plane observed in the experiment. These features have been previously analyzed [3]
and are not the focus of this work.

S2. MODELING OF THE STOCHASTIC PROBE PULSE

The stochastic probe pulse used in the experiment is obtained from an initial coherent pulse, here modeled as a
Gaussian pulse

g̃2(ω) = e−ω2/(2σ2
2) (S16)

of bandwidth σ2 = 6.6THz (40 fs duration). The pulse spectral phase φ(ω) is shaped by a pulse shaper with �nite
resolution R = 0.1THz, leading to the shaped stochastic pulse

Ẽ2,sh(ω) = Ẽ20 g̃2(ω − ω20) e
iφ(ω), (S17)

with central frequency ω20 = 375THz (800 nm) and peak strength E20. In Sec. S5, a pulse with noise present only on
part of its spectral width will be considered.
The spectral phase φ(ω) is obtained by generating an array of N independent random numbers φk for a discrete

set of frequencies ωk = ω20 + kR, k ∈ {−N/2, −N/2+ 1, · · · , N/2− 1}. Each number is randomly distributed in the
interval [−φ̄, φ̄], with vanishing expectation value ⟨φk⟩ = 0 and with ⟨φk φk′⟩ = δkk′ φ̄2/3. This is convolved with a
Gaussian smoothing function with width R, resulting in

φ(ω) =
∑
k

φk e
−(ω−ωk)

2/(2R2). (S18)

The expectation value of the spectral phase is thus equal to

⟨φ(ω)⟩ = 0 (S19)

and its correlation function is given by

⟨φ(ω)φ(ω′)⟩ = ⟨φ2⟩ e−(ω−ω′)2/(4R2), (S20)

with the variance

⟨φ2⟩ = φ̄2

3

∑
k

e−k2

. (S21)

In order to interpret the spectra obtained by the covariance approach used in the main text, we introduce the two-
and four-point correlation functions of eiφ(ω), de�ned as

F̃2(ω1, ω2)
.
= ⟨e−iφ(ω1) eiφ(ω2)⟩ (S22)
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and

F̃4(ω1, ω2, ω3, ω4)
.
= ⟨e−iφ(ω1) eiφ(ω2) e−iφ(ω3) eiφ(ω4)⟩, (S23)

respectively. To calculate these �eld correlation functions, we �rst introduce the correlation function ⟨φ̇(ω)φ̇(ω′)⟩ of
the �rst derivative of the spectral phase φ̇(ω) = dφ/dω. The stochastic probe pulse employed here is a wide-sense
stationary process, for which

⟨φ̇(ω)φ̇(ω′)⟩ = q̃(ω − ω′) =
⟨φ2⟩
2R2

e−(ω−ω′)2/(4R2)

(
1− (ω − ω′)2

2R2

)
(S24)

only depends on the di�erence ω − ω′. We thus introduce the function

p̃(ω)
.
=

∫ ω

0

dx

∫ ω

0

dy ⟨φ̇(x)φ̇(y)⟩ = 2 ⟨φ2⟩
(
1− e−ω2/(4R2)

)
(S25)

and use the second-order cumulant expansion to write the two- [Eq. (S22)] and four-point [Eq. (S23)] correlation
functions in terms of p̃(ω) [4], leading to the following identities:

F̃2(ω1, ω2) = e−p̃(ω1−ω2)/2 (S26)

and

F̃4(ω1, ω2, ω3, ω4) = e−[p̃(ω1−ω2)−p̃(ω1−ω3)+p̃(ω1−ω4)+p̃(ω2−ω3)−p̃(ω2−ω4)+p̃(ω3−ω4)]/2. (S27)

We notice that F̃2(ω1, ω2) = F̃2(ω1 − ω̃, ω2 − ω̃) and F̃4(ω1, ω2, ω3, ω4) = F̃4(ω1 − ω̃, ω2 − ω̃, ω3 − ω̃, ω4 − ω̃) for any ω̃.

The two-point correlation function F2,sh(ω, ω
′) of the spectral pulse Ẽ2,sh(ω) can be calculated in terms of F̃2(ω, ω

′)
and is equal to

F2,sh(ω, ω
′)

.
= ⟨Ẽ∗

2,sh(ω)Ẽ2,sh(ω′)⟩ = |Ẽ20|2 g̃2(ω − ω20) g̃2(ω
′ − ω20) F̃2(ω, ω

′)

= |Ẽ20|2 g̃2(ω − ω20) g̃2(ω
′ − ω20) exp

(
−⟨φ2⟩

(
1− e−(ω−ω′)2/(4R2)

))
.

(S28)

Figures S2 and S3 show the frequency and time properties of a numerical simulation of the stochastic pulses in
Eq. (S17), for values of the variance ⟨φ2⟩ = (π/4)2 and ⟨φ2⟩ = (π/2)2, respectively. We notice in particular that, due
to the method used to generate the stochastic spectral phases, these do not uniformly cover the whole phase interval
[−π, π]. This is evident when ⟨φ2⟩ = (π/4)2, and is still the case even for ⟨φ2⟩ = (π/2)2. As a result, the amplitude

of the average stochastic pulse ⟨Ẽ2,sh(ω)⟩ does not vanish, even though its peak value reduces for increasing values of
⟨φ2⟩. In time domain, this results in the appearance of a central peak surrounded by a noisy tail: this central peak
survives in the envelope of the average stochastic pulse ⟨E2,sh(t)⟩, whereas the noisy tails average out to 0.

The two panels in Fig. S4 show the associated correlation functions ⟨φ̇(ω)φ̇(ω′)⟩ [Eq. (S24)] and ⟨Ẽ∗
2,sh(ω)Ẽ2,sh(ω′)⟩

[Eq. (S28)]. The curves display the behaviour of the correlation functions for ⟨φ2⟩ = (π/4)2 and ⟨φ2⟩ = (π/2)2. The
correlation function of the �rst derivative of the spectral phase shows an oscillatory behavior, with a strong positive
central peak surrounded by two negative peaks. For very close frequencies ω and ω′ lying within the width of the
central peak, the associated spectral phases will have correlated �rst derivatives φ̇(ω) and φ̇(ω′) with the same sign.
However, for increasing frequency di�erences, the spectral phases do not become directly uncorrelated: when the
frequencies ω and ω′ lie within the width of the second negative peak, this means that the associated spectral phases
are still correlated, with �rst derivatives φ̇(ω) and φ̇(ω′) exhibiting opposite sign. As a result, the autocorrelation

of the �eld ⟨Ẽ∗
2,sh(ω)Ẽ2,sh(ω′)⟩ features one strong central peak. Out of this peak, however, the stochastic pulse

still presents a nonvanishing autocorrelation function. The amplitude of this residual autocorrelation decreases with
increasing values of the variance ⟨φ2⟩.
In the experiment, the stochastic probe pulse was obtained by shaping its spectral phase. Nevertheless, the measured

spectral intensity |Ẽ2(ω)|2 features chaotic oscillations as apparent in Fig. 1b in the main text. This is due to the
�nite resolution Q of the optical detector. The detected �eld is given by the convolution of the stochastic probe pulse
Ẽ2,sh(ω) generated by the pulse shaper and the function qQ(ω) modeling the �nite resolution of the optical detector

Ẽ2(ω) =
∫

dω′ Ẽ2,sh(ω − ω′) qQ(ω
′). (S29)
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Figure S2. Numerical simulation of the stochastic probe pulses in Eq. (S17) for ⟨φ2⟩ = (π/4)2. The �rst row shows the spectral
properties of the pulse, by exhibiting (left) the amplitude and (right) the phase of (blue) one realization of the stochastic probe

pulse Ẽ2,sh(ω) and (yellow) an average over 1,000 independent realizations. The second row shows the temporal properties of
the same stochastic pulses, i.e., (left) the amplitude and (right) the phase of (blue) one realization of the envelope E2,sh(t) of
the stochastic probe pulse and (yellow) an average over 1,000 independent realizations.
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Figure S3. Numerical simulation of the stochastic probe pulses in Eq. (S17) for ⟨φ2⟩ = (π/2)2. The di�erent panels show the
same properties of the pulses as in Fig. S2.

The spectral gating function qQ(ω) acts over the fast random oscillations of eiφ, a�ecting both amplitude and phase

of Ẽ2(ω) and leading the the intensity �uctuations depicted in Fig. 1b in the main text. The two- and four-point
correlation functions of the detected �eld are thus given by

F2(ω1, ω2)
.
= ⟨Ẽ∗

2 (ω1)Ẽ2(ω2)⟩

= |Ẽ20|2 g̃2(ω1 − ω20) g̃2(ω2 − ω20)

∫
dω′

1

∫
dω′

2 F̃2(ω1 − ω′
1, ω2 − ω′

2) qQ(ω
′
1) qQ(ω

′
2)

(S30)
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Figure S4. Correlation functions (left) q̃(ω − ω′) = ⟨φ̇(ω)φ̇(ω′)⟩ [Eq. (S24)] and (right) F2,sh(ω, ω
′) = ⟨Ẽ∗

2,sh(ω)Ẽ2,sh(ω
′)⟩

[Eq. (S28)] of the stochastic probe pulses in Eq. (S17) for (blue) ⟨φ2⟩ = (π/4)2 and (yellow) ⟨φ2⟩ = (π/2)2.

and

F4(ω1, ω2, ω3, ω4)
.
= ⟨Ẽ∗

2 (ω1)Ẽ2(ω2)Ẽ∗
2 (ω3)Ẽ2(ω4)⟩

= |Ẽ20|4 g̃2(ω1 − ω20) g̃2(ω2 − ω20) g̃2(ω3 − ω20) g̃2(ω4 − ω20)

×
∫

dω′
1

∫
dω′

2

∫
dω′

3

∫
dω′

4 F̃4(ω1 − ω′
1, ω2 − ω′

2, ω3 − ω′
3, ω4 − ω′

4) qQ(ω
′
1) qQ(ω

′
2) qQ(ω

′
3) qQ(ω

′
4),

(S31)

where we moved the broadband Gaussian envelopes g̃(ω) out of the integrals. In the following, we will model

qQ(ω) =
1

Q
rect

(
ω

Q

)
(S32)

as a rectangular function of width Q = 0.1THz and unit area, and we will use Eqs. (S26) and (S27) to perform the
integrals in Eqs. (S30) and (S31) numerically.
Equation (S29) has a similar structure as models recently employed to describe the stochastic features of hard-x-ray

free-electron-laser pulses generated by the self-ampli�ed spontaneous emission methods [4�7]. In these x-ray models,
a spectral gating function is included in order to reproduce the �nite pulse duration and the corresponding coherence
width of the spikes in the frequency envelope of the pulse. This is achieved by setting a spectral correlation length
(the equivalent of Q) much larger than the correlation length of the pure phase �uctuations (the equivalent of R).
This di�ers from this work, where the spectral gating function is included to reproduce the �nite resolution of the
optical detector, and where we set Q = R. This determines the shape of the two- and four-point �eld correlation
functions, which will be discussed in the following.

S3. COVARIANCE-BASED SPECTROSCOPY AND PEARSON COEFFICIENTS

In this Supplementary Section, we de�ne the Pearson coe�cients analyzed in the main text. The experiment is
repeated for independent realizations of a stochastic probe, and the spectra are quanti�ed via the Pearson coe�cient

P (I1(ωs1), I2(ωs2)) =
⟨I1(ωs1)I2(ωs2)⟩ − ⟨I1(ωs1)⟩⟨I2(ωs2)⟩

σ1(ωs1)σ2(ωs2)
, (S33)

where I1(ωs1) and I2(ωs2) can either be the detected input intensity of the probe pulse [Ẽ2(ωs) in Eq. (S29)] before
interaction with the sample

Iin(ωs) = Ẽ∗
2 (ωs)Ẽ2(ωs), (S34)

or the detected output intensity of the probe pulse after transmitting through the sample

Iout(ωs, T ) = Iin(ωs) + S(ωs, T ). (S35)

In the de�nition of the Pearson coe�cient, σi(ωsi) denotes the standard deviation of Ii(ωi) given by

σi(ωsi) =
√

⟨I2i (ωsi)⟩ − ⟨Ii(ωsi)⟩2. (S36)
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In the following, we will focus on the autocorrelation of the input intensity,

P (Iin(ωs1), Iin(ωs2)) =
⟨Iin(ωs1)Iin(ωs2)⟩ − ⟨Iin(ωs1)⟩⟨Iin(ωs2)⟩

σin(ωs1)σin(ωs2)
, (S37)

and the cross-correlation

P (Iin(ωs1, T ), Iout(ωs2, T )) =
⟨Iin(ωs1)Iin(ωs2)⟩ − ⟨Iin(ωs1)⟩⟨Iin(ωs2)⟩

σin(ωs1)σout(ωs2, T )

+
⟨Iin(ωs1)S(ωs2, T )⟩ − ⟨Iin(ωs1)⟩⟨S(ωs2, T )⟩

σin(ωs1)σout(ωs2, T )

(S38)

of input and output intensities. In all above formulas, the signal�signal correlation terms have not been included since
they are weaker than the correlation between input intensity and signal.
The cross-correlation P (Iin(ωs1, T ), Iout(ωs2, T )) corresponds to three-dimensional matrix ρc(ωIN, ωOUT, T ) dis-

played in Fig. 1c in the main text, where ωs1 = ωIN and ωs2 = ωOUT. As shown in Eq. (S38), this cross-correlation
contains two main contributions, owing to the autocorrelation of the input pulse and the cross-correlation between
input intensity and ISRS signal, respectively. This latter term,

PI,S(ωs1, ωs2, T ) =
⟨Iin(ωs1)SISRS(ωs2, T )⟩ − ⟨Iin(ωs1)⟩⟨SISRS(ωs2, T )⟩

σin(ωs1)σout(ωs2)
, (S39)

is responsible for the o�-diagonal lines appearing in the bottom-right quadrant of the correlation map displayed in
Fig. 1c in the main text, and is therefore the term we will focus on in the following.

S4. AUTO- AND CROSS-CORRELATIONS FOR A STOCHASTIC PROBE WITH NOISE

DISTRIBUTED IN THE ENTIRE SPECTRAL BANDWIDTH

In the main text, we presented results for the partially stochastic pulses of Fig. 1b, where the pulse is shaped only
at frequencies larger than 370THz. For modeling purposes, we here start by describing the case of a pulse with noise
distributed in its entire spectral bandwidth. The case of a partially shaped pulse is presented in Sec. S5.
In this Supplementary Section, we therefore consider the stochastic probe pulse of Eq. (S17), with noise distributed

on the whole frequency spectrum. We set ⟨φ2⟩ = (π/2)2 and include the e�ect of the �nite resolution of the optical
detector via Eq. (S29) as a rectangular function qQ(ω) [Eq. (S32)] of width Q = 0.1THz. Di�erent choices of the
function modeling the optical detector do not modify our conclusions. We consider nonoverlapping pump and probe
pulses, so that the signal S(ωs, T ) contributing to the output intensity Iout(ωs, T ) is given by SISRS(ωs, T ) in Eq. (S13).
The Pearson coe�cients for auto- and cross-correlation of input and output intensities are exempli�ed for a system
with a single phonon of frequency Ω = 10THz and lifetime 1/γ = 1.6 ps.
A simulation of the autocorrelation of the detected input intensity, given by the Pearson coe�cient

P (Iin(ωs1), Iin(ωs2)) in Eq. (S37), is shown in Fig. S5. This is calculated in terms of the two- [Eq. (S30)] and
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Figure S5. Pearson coe�cient P (Iin(ωs1), Iin(ωs2)) of the autocorrelation of the detected input intensity for a fully modulated
stochastic probe pulse (left) as a function of the two frequencies ωs1 and ωs2 and (right) as a function of the frequency di�erence
ωs1 − ωs2 for (ωs1 + ωs2)/2 = 374THz.
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four-point [Eq. (S31)] correlation functions of the detected �eld as

P (Iin(ωs1), Iin(ωs2)) =
F4(ωs1, ωs1, ωs2, ωs2)− F2(ωs1, ωs1)F2(ωs2, ωs2)

σin(ωs1)σin(ωs2)
, (S40)

with the standard deviation

σin(ωsi) =
√

F4(ωsi, ωsi, ωsi, ωsi)− [F2(ωsi, ωsi)]2. (S41)

Figure S5 exhibits a strong peak along the main diagonal ωs1 = ωs2 with width determined by the pulse-shaper and
optical-detector resolutions. We notice also the presence of additional, lower-intensity peaks around the central one,
as visible on the right panel of Fig. S5.

When input and output intensity are cross-correlated, the resulting signal carries the additional contribution due
to PI,S(ωs1, ωs2, T ) from Eq. (S39). With the expression for the signal in Eq. (S13), this contribution reads

PI,S(ωs1, ωs2, T ) =
2 Im

{
G(ωs1, ωs2, Ω)A e−iΩT e−γT +G(ωs1, ωs2,−Ω)A∗ eiΩT e−γT

}
σin(ωs1)σout(ωs2)

, (S42)

where we have de�ned the functions

G(ωs1, ωs2,±Ω)
.
=F4(ωs1, ωs1, ωs2, ωs2 ∓Ω)− F2(ωs1, ωs1)F2(ωs2, ωs2 ∓Ω)

= |Ẽ20|4 g̃22(ωs1 − ω20) g̃2(ωs2 − ω20) g̃2(ωs2 ∓Ω − ω20) G̃(ωs2 − ωs1,±Ω)
(S43)

and

G̃(ωR,±Ω)
.
=

∫
dx

∫
dx′

∫
dy

∫
dy′ qQ(x) qQ(x

′) qQ(y) qQ(y
′)

× [F̃4(−x,−x′, ωR − y, ωR ∓Ω − y′)− F̃2(−x,−x′) F̃2(−y,∓Ω − y′)].

(S44)

The correlation function PI,S(ωs1, ωs2, T ) depends separately on ωs1 and ωs2 due to the presence of the Gaussian
envelopes g̃2(ω−ω20). However, for su�ciently broadband pulses, the key features of PI,S(ωs1, ωs2, T ) are determined

by G̃(ωs2 − ωs1,±Ω), which depends on ωs1 and ωs2 only via the Raman frequency

ωR
.
= ωs2 − ωs1. (S45)

This is the equivalent of δω in the main text. The function G̃(ωR,±Ω) is responsible for the o�-diagonal features
observed in the experimental spectra of Fig. 1c in the main text. We calculate it numerically, including the e�ect
of the �nite resolution of the optical detector, and display it in the left panel of Fig. S6. The function exhibits a
structure consisting of two main peaks,

G̃(ωR,±Ω) = f̃(ωR) + f̃(ωR ∓Ω), (S46)

centered on ωR = 0 and ωR = ±Ω, respectively. The shape of each peak, f̃(ωR), is highlighted in the right panel
of Fig. S6. It contains two narrow peaks, mostly determined by the correlation length R of the stochastic pulses
used. We could check numerically that the function qQ(ω), modeling the optical detector, in�uences the width of the

two peaks and the depth of the central local minimum appearing in f̃(ω). However, this does not a�ect the central

frequency of the peaks in G̃(ωR,±Ω). Scanning the Raman frequency ωR allows one to identify the energy ±Ω of the
phonons in the system.

The resulting function PI,S(ωs1, ωs2, T ) is displayed in Fig. S7. Two peaks along ωs2 − ωs1 = ±Ω are clearly visible

in the left panel, due to f̃(ωR ∓Ω) in G̃(ωR,±Ω). In the right panel, we highlight the oscillations displayed by both
peaks as a function of time delay. The oscillations along the two peaks take place at a frequency given by Ω and have
opposite phase, owing to the π shift between the initial coherences, A and A∗, generated by the pump pulse. The
envelope g̃(ωs −ω20) of the probe pulse determines the dependence of the standard deviations σi(ωs) upon frequency.
g̃(ωs − ω20) and, thus, σi(ωs) become very small far from the central frequency ω20. The corresponding increase in
the strength of the peaks is apparent in the left panel of Fig. S7.
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Figure S6. (left) G̃(ωR, Ω) between the spectral function of the detected probe pulse evaluated at four di�erent frequencies.

(right) Peak f̃(ωR) appearing G̃(ωR, Ω).

Figure S7. PI,S(ωs1, ωs2, T )) for a fully modulated stochastic probe pulse. The cross-correlation function is displayed (left) as
a function of the two frequencies ωs1 and ωs2 for T = 500 fs, and (right) as a function of the Raman frequency ωR and time
delay T for a mean frequency (ωs1 + ωs2)/2 = 374THz.

S5. AUTO- AND CROSS-CORRELATIONS FOR A STOCHASTIC PROBE WITH NOISE PARTIALLY

DISTRIBUTED IN THE SPECTRAL BANDWIDTH

In this Supplementary Section, we consider a stochastic probe pulse with noise only partially distributed within the
spectral width of the pulse, i.e.,

Ẽ2,sh(ω) = Ẽ20 g̃2(ω − ω20)
[
θ(−(ω − ωth)) + θ(ω − ωth) e

iφ(ω)
]
, (S47)

where we have introduced the Heaviside step function θ(x) and the threshold frequency ωth = 370THz, below which
no spectral shaping is introduced. This corresponds to the experimental pulse of Fig. 1b in the main text. We assume
⟨φ2⟩ = (π/2)2 and model the �nite resolution of the optical detector via the rectangular function in Eq. (S32), with
Q = 0.1THz. We consider nonoverlapping pump and probe pulses, with the signal given by the ISRS spectrum
SISRS(ωs, T ) of Eq. (S13), and study the dynamics of one single phonon of frequency Ω = 10THz and lifetime
1/γ = 1.6 ps. For ωs1 and ωs2 both greater than the threshold frequency, the same auto- and cross-correlations are
expected as in Sec. S4. However, when at least one of these two frequencies is lower than ωth, a di�erent behavior
is observed. This is discussed in the following for the input-intensity autocorrelation and for the cross-correlation
between input pulse and signal.
Figure S8 exhibits the autocorrelation function of the detected input intensity [Eq. (S37)]. For ωs1 > ωth and

ωs2 > ωth, the same peak along the main diagonal ωs1 = ωs2 is found as in Fig. S5. For frequencies lower then
ωth, however, where the spectral phase is unshaped, the associated standard deviation σin(ωs) would vanish exactly
in our model, and the associated Pearson coe�cient P (Iin(ωs1), Iin(ωs2)) in Eq. (S37) would diverge. To avoid this
divergence and obtain simulation results in agreement with the experiment, we assume here and in the following a
small, �nite standard deviation ϵ at frequencies ω < ωth where the pulse does not undergo any modulation of the
spectral phase. This simple assumption allows us to obtain results in agreement with the experimental analysis.
Figure S9 displays the cross-correlation PI,S(ωs1, ωs2, T ) between the input intensity of the probe pulse and the

ISRS signal. In order to understand the behavior of the cross-correlation function, we �rst observe that for ωs1 < ωth,
where the input intensity does not feature any added noise, no correlation can exist between Iin(ωs1) and the signal
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Figure S8. Pearson coe�cient P (Iin(ωs1), Iin(ωs2)) of the autocorrelation of the detected input intensity for a partially modulated
stochastic probe pulse.

Figure S9. Contribution of the correlation function between the detected input intensity of the probe pulse and the ISRS
signal to the Pearson coe�cient P (Iin(ωs1), Iout(ωs2, T )) for a partially modulated stochastic probe pulse. The cross-correlation
function is displayed (left) as a function of the two frequencies ωs1 and ωs2 for T = 500 fs, and (right) as a function of the
Raman frequency ωR and time delay T for a mean frequency (ωs1 + ωs2)/2 = 374THz. The colorbar in the left panel was
chosen to highlight the weaker peaks appearing in the top-right quadrant.

SISRS(ωs2, T ), independent of the value of ωs2. On the other hand, the signal is determined by the action of the
stochastic probe pulse at frequencies ωs2 and ωs2 ± Ω. For cross-correlations to appear, it is necessary that also
these frequencies lie above the threshold frequency ωth. In Fig. S9, three peaks can be distinguished. In contrast to
Fig. S7, however, these peaks only appear when both contributing frequencies lie above the threshold frequency: (i)
the central peak at ωs1 = ωs2 is only present when both frequencies are larger than ωth; (ii) the o�-diagonal peak along
ωs1 = ωs2 −Ω only appears if ωs1 > ωth and ωs2 −Ω > ωth; and (iii) the o�-diagonal peak along ωs1 = ωs2 +Ω only
appears for ωs1 > ωth and ωs2+Ω > ωth. This creates a clear asymmetry in the cross-correlation function with respect
to the Raman frequency ωR, as visible in Fig. S9. Also in this case, we have assumed a small nonvanishing variance
of the input and output intensities also for frequencies below ωth, in order to avoid a vanishing denominator and
divergences. This agrees with the experimental results, explaining the large strength of the peaks in the bottom-right
quadrant of the left panel of Fig. S9 compared to the weaker peaks in the top-right quadrant.

S6. COMPARISON WITH TRADITIONAL PUMP-PROBE SPECTROSCOPY

We have performed mean-value based pump-probe measurements on the same alpha-quartz sample as a comparison
to the covariance-based pump-probe spectroscopy technique. Table S1 summarizes the phonon dephasing times
extracted for the three most prominent phonon modes within the pulse bandwidth used in these measurements. The
mean-value and covariance-based measurements were performed one after the other, so experimental parameters could
be kept consistent. The dephasing times are consistent within error margins between the two measurement techniques.
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3.9THz 6.3THz 13.9THz

Covariance-based 2.67 ps 0.67 ps 1.22 ps

Mean-value 2.33 ps 0.45 ps 1.4 ps

Table S1. Phonon dephasing times measured using covariance based and mean-value based pump-probe techniques.

Figure S10. Standard deviation of a 15x15 pixel section of the covariance map for ∆T = −3 ps in the quadrant where signal
normally appears. This is a measure of the background due to spectrally uncorrelated noise in the detection system.

S7. UNCORRELATED BACKGROUND NOISE IN 2D CORRELATION MAPS

Spectrally uncorrelated noise introduced by the detection system (e.g. detector noise and electrical readout noise)
produces a background contribution in the eventual 2D covariance maps that can obscure weak signals from the sample.
However, this undesirable contribution to the measured spectra is relatively small compared to the real �uctuations
in the probe pulse which contain the sample-induced correlations. In the correlation maps, the uncorrelated detection
noise presents as a random signal nearly independent of ωOUT and ωIN , with positive and negative values distributed
normally around zero. We can thus characterize the background noise level with a standard deviation of the values
in areas of the covariance map where there is not signal present. This standard deviation of values decreases for
increasing number of unique spectra acquired.
To quantify this e�ect in our measurement, we have taken the standard deviation (σρ) of all points in a 15x15 pixel

box within the lower right quadrant of the cross-correlation map (as indicated by the black dashed box in �g. 1c in the
main text) for a single pump-probe delay. A pump-probe delay of −3 ps was chosen to ensure no signal was present.
In Fig. S10 σρ is plotted as a function of the number of unique spectra included in the calculation (N), showing a
rapid decrease in σρ below N = 800, followed by a slower decrease thereafter, tangentially approaching σρ = 0.01. A
thorough analysis of this noise is beyond the scope of this work, but it demonstrates that the signal (which has peak
values of ρ = ±0.1− 0.2) can be clearly resolved even with relatively low N .
A related question is how ρ can be connected to physically relevant quantities measured in traditional mean-value

based experiments, such as ∆T/T . Unfortunately there are intrinsic di�erences between the measurement techniques
that hinder a direct connection. For example, ρ depends on two frequencies, whereas ∆T/T is measured at only a
single frequency. Furthermore, the degree of correlation induced by a given signal depends on experimental parameters
such as the amplitude and spectral width of the �uctuations introduced in the probe, and over what fraction of the
probe bandwidth they are applied.
With that said, we have attempted to make a comparison between the results reported here with mean-value ∆T/T

measurements performed on the same sample in similar conditions. In this case, we �nd that a correlation value of
ρ = 0.1 is comparable to ∆T/T ≈ 0.01, but stress that this is not a universal relationship, and future work should be
undertaken to understand in what circumstances ρ can be linked to ∆T/T or ∆R/R in a quantitative way.
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