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ABSTRACT
A new time-domain simulation protocol of two-dimensional electronic spectra with photocurrent detection is presented. Time-dependent
density functional theory for open systems at finite temperature is applied to evaluate the photocurrent response to four laser pulses, and a
non-perturbative phase-matching approach is implemented to extract the fourth-order photocurrent signal with a desired phase-matching
condition. Simulations for an open three-level model indicates that transition dipoles interact resonantly with the incident pulses and that
different sample–electrode couplings may be identified by appearance of different peaks/valleys in photocurrent spectra from different elec-
trodes. Moreover, qualitative reproduction of experimental spectra of a PbS quantum dot photocell [Karki et al., Nat. Commun. 5(1), 5869
(2014)] reveals the stimulated electron dynamics.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0067362

I. INTRODUCTION

Multi-dimensional spectroscopy has been established as a pow-
erful tool for studying materials’ electronic and optical properties by
nonlinear light–matter interaction,1 which carries detailed informa-
tion on energy structures and quantum dynamics for materials.2–7

The technique involves multiple laser pulses that interact with the
sample and measuring the non-linear response. This response as a
function of the time intervals between successive laser pulses is then
Fourier transformed and displayed as a two-dimensional frequency-
domain plot.1,8 Two-dimensional electronic spectroscopy (2DES)
where three pulses are applied to generate the third-order coherent
optical response that consists of Ground-State Bleach (GSB), Stim-
ulated Emission (SE), and Excited-State Absorption (ESA)8 com-
ponents has been widely used experimentally and theoretically to
study charge and energy dynamics of molecular aggregates and
materials.9–15 In 2013, two-dimensional photocurrent spectroscopy
(2PCS) that measures currents rather than an optical field has

been used to investigate excitonic resonances in a semiconductor
nanostructure.16 Compared to 2DES, 2PCS applies a fourth pulse
to convert the coherent responses into population states to gener-
ate fourth-order photocurrent signals. GSB, SE, and ESA also con-
tribute to 2PCS. However, there are two types of ESA responses that
contribute oppositely to 2PCS resulting from different interaction
paths with the fourth pulse.4,8 In 2PCS, similar to 2DES, normally
the diagonal peaks simply correspond to those seen in photocurrent
spectra, whereas the off-diagonal peaks/valleys reveal the coherences
among different energy levels. Variation of the photocurrent spectra
with the second (population) time interval may reveal the electron
dynamics timescale.4

2PCS has several merits in the study of ultrafast dynamics in
photovoltaic samples. 2DES of bulky samples collects the stimu-
lated optical signals in a given phase-matching direction, but this
does not apply to single nanostructures.16 Instead, 2PCS collects the
induced current flow from the sample to electrodes rather than the
emitted optical field.4 Two-dimensional fluorescence spectroscopy
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(2DFS) may also detect the stimulated exciton population, but 2PCS
may reveal additional light–matter interaction pathways than 2DFS
since rapid charge separation before non-radiative Auger recombi-
nation may result in much higher quantum yields for photocurrent
than for fluorescence.4 Recently, 2PCS has been applied to measure
the ultrafast charge separations by probing the couplings between
donors and acceptors during photocurrent generations in organic
photocell.17

Several techniques have been proposed for simulating non-
linear spectroscopy, which may provide valuable information on
the energy landscape and electron dynamics. In the perturbative
approach, different types of response signals are evaluated sep-
arately through their respective Liouville space pathways, which
involves multiple time integrations,1 and the electric fields are taken
to be sequences of temporally well-separated pulses.1,8 It has been
applied to 2DES in order to probe exciton dynamics of multi-
chromophoric systems10 and deactivation pathways of DNA nucle-
obases.18 This method enables direct evaluation of each contribu-
tion to the nonlinear signal, but for high-order responses such as
fourth-order photocurrent signals4,16 and six-wave-mixing optical
signals,19,20 the required multiple integrations become computa-
tionally expensive.21 In the alternative non-perturbative approach,
the time-dependent Schrödinger equation of the driven system is
solved and phase-cycling22 or phase-matching scheme21 are used to
extract the desired response signals.21 The phase-matching scheme
automatically includes effect of pulse shape, duration, and pulse
overlaps.21,23,24 It has been applied to 2DES in the study of pop-
ulation dynamics of the Fenna–Matthews–Olson complex,25 cou-
pled exciton-vibrational dynamics,26 and energy transfer dynamics
for light harvesting complex.27,28 It would be useful to apply this
method for 2PCS in order to study charge dynamics for open pho-
tovoltaic samples, but so far little work has been performed in this
direction.

In this paper, we combine our time-dependent density func-
tional theory for open systems (TDDFT-OS) at finite tempera-
ture29–32 with the non-perturbative phase-matching approach21 to
develop a new first-principles methodology for 2PCS simulations.
First, the TDDFT-OS formalism for general time-domain simu-
lation of photocurrent responses at finite temperature is intro-
duced. The phase-matching approach is then applied to extract the
fourth-order photocurrent response for 2PCS. Finally, the valid-
ity of our method is demonstrated by simulation on an open
three-level model to demonstrate properties of 2PCS and qual-
itative reproduction of experimental 2PCS for the PbS quan-
tum dot4 that shows its electron dynamics for various population
times.

II. METHODOLOGY
A. TDDFT-OS protocol for time-domain
photocurrent simulations

Consider a typical open electronic system that consists of
a sample D coupled to two semi-infinite electrodes L and R.
The effective single-electron Hamiltonian and reduced single-
electron density matrix (RSDM) of the entire system are
partitioned as

h(t) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

hL(t) hLD(t) 0

hDL(t) hD(t) hDR(t)

0 hRD(t) hR(t)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

σ(t) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

σL(t) σLD(t) 0

σDL(t) σD(t) σDR(t)

0 σRD(t) σR(t)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(1)

We assume for simplicity that the two electrodes are not cou-
pled directly to each other. The sample Hamiltonian hD(t) can be
written as

hD(t) = hD(0) + δV(t) +Vext(t). (2)

Here, hD(0) represents the sample Hamiltonian matrix, and
δV(t) consists of Hartree and exchange–correlation components.
Vext(t) represents the time-dependent external potential due to the
incident laser pulses. The dipole approximation is invoked, Vext(t)
= μ ⋅ E(t), where μ is the transition dipole matrix and E(t) is the
electric field due to the incident laser pulses.8

The Liouville–von Neumann equation for the RSDM of our
open system then reads

ih̵
d
dt

σD(t) = [hD(t), σD(t)] − ∑
α=L,R

Qα(t), (3)

Qα(t) ≡ σDα(t)hαD(t) − hDα(t)σαD(t). (4)

Here, Qα(t) is the dissipative term describing the charge and
energy transfer between the sample and electrodes. Its trace gives
the time-dependent current passing from sample into electrode α,

Jα(t) = i
e
h̵

Tr[Qα(t)]. (5)

We shall employ the wide-band-limit approximation33 for the
electrodes. Using the Padé decomposition of Fermi–Dirac distribu-
tion function at finite temperature,34 the dissipative terms Qα(t) can
be expressed as a finite sum of auxiliary matrices,

Qα(t) = φα(t) − φ†
α(t), (6)

φα(t) =
i
4
[2σD(t) − I]Γα +

Nα

∑
p=1

φα,p(t). (7)

Here, Γα describes the sample coupling to electrode α, I is the
identity matrix, and φα,p(t) is the decomposed auxiliary matrix,

φα,p(t) = −i
Rα,p

β ∫
∞

−∞
dτGr

D(t, τ)Γαe−
i
h̵ (μα+i

zα,p
β )(τ−t). (8)

We then obtain the following equation of motion:

ih̵
d
dt

φα,p(t) = − i
Rα,p

β
Γα + [hD(t) −

i
2∑α

Γα

− {μα + i
zα,p

β
+ Δα(t)}I]φα,p(t). (9)
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Here, Δα(t) denotes the bias voltage of electrode α. Equa-
tions (2)–(9) are suitable for time-domain propagation with proper
initial conditions. Assuming that initially (t = 0) the system is at
equilibrium, the initial values of RSDM and auxiliary matrices can be
obtained by standard steady-state non-equilibrium Green’s function
method.

B. Two-dimensional photocurrent spectra
and phase matching

Four pulses E1, E2, E3, E4 are employed to generate the pho-
tocurrent signal. Denote the time delays between successive pulses as
T1, T2, T3, where T2 is usually denoted as the population time.4 The
measured time-dependent current through the coupled electrode α,
denoted as Jα(T1, T2, T3, t), is parameterized by T1, T2, T3, and the
real time t.

Propagating the equations of motion derived in Sec. II A results
in the total photocurrent responses.21 For two-dimensional pho-
tocurrent spectra with the typical four-pulse setup, the required
response is of the order O(E1, E2, E3, E4), i.e., the sample will inter-
act once with each of the four pulses. Moreover, signals of different
phase-matching conditions capture different dynamical processes
and thus reveal different information.8 We need to extract out of
the total current the response with the desired order that satisfies a
particular phase-matching condition,

k = ±k1 ± k2 ± k3 ± k4. (10)

For instance, k = k1 − k2 + k3 − k4 is known as the non-
rephasing signal, while k = −k1 + k2 + k3 − k4 is known as the
rephasing signal.4,8

To extract the desired fourth-order response, we run several
simulations with each of the pulses switched on or off.21 Denote
J[p1 ,p2 ,p3 ,p4](t) as the photocurrent response function resulting from
the following incident pulses:

E(t) =
4

∑
n=1

pnEn(t). (11)

Here, En(t) denotes the nth pulse function, and pn is either
0 or 1, indicating that the nth pulse is either on or off, respec-
tively. We need to run the following sixteen simulations to evaluate
the fourth-order response, illustrated in Fig. 1. Note that without
bias voltage applied on both electrodes, the last term J[0,0,0,0](t) in
Eq. (12) remains zero and therefore can be omitted for evaluation of
fourth-order response J(4)(t). However, in general, with bias volt-
ages between electrodes, the steady-state current J[0,0,0,0](t) may be
nonzero,

J(4)(t) = + J[1,1,1,1](t) − J[1,1,1,0](t) − J[1,1,0,1](t)

− J[1,0,1,1](t) − J[0,1,1,1](t) + J[1,1,0,0](t) + J[1,0,1,0](t)

+ J[1,0,0,1](t) + J[0,1,1,0](t) + J[0,1,0,1](t) + J[0,0,1,1](t)

− J[1,0,0,0](t) − J[0,1,0,0](t) − J[0,0,1,0](t) − J[0,0,0,1](t)

+ J[0,0,0,0](t). (12)

The remaining question is how we can extract the
photocurrent signal with a specific phase-matching condition,

FIG. 1. Schematic diagram to obtain the desired signals of O(E1, E2, E3, E4) for
2PCS.

such as non-rephasing signal and rephasing signal. Gelin et al. pro-
posed a phase-matching approach,21 in which the following complex
phase-locked35 electric pulses are applied in the time-dependent
Hamiltonian:

En(r, t) = E0Bn(t − tn)ei[kn ⋅r−mnωn(t−tn)], (13)

E(r, t) =
4

∑
n=1

En(r, t). (14)

Here, Bn(t), kn, ωn, and tn denote the envelope function, wave
vector, angular frequency, and envelope center of the nth laser
pulse, respectively. The envelope function Bn(t) guarantees that the
electric field pulses contain no DC components,36–38

Bn(t) = e−
t2

2σ2 (
t

ωnσ2 + imn). (15)

They have shown that by using such a complex electric field,
the resulting fourth-order response will satisfy the following phase-
matching condition:

k = m1k1 +m2k2 +m3k3 +m4k4. (16)

The obtained photocurrent signal J(4)α (T1, T2, T3, t) from
Eq. (12) needs to be integrated with respect to the real time t to
obtain the rectified current,

J(4)α (T1, T2, T3) = ∫

∞

0
dtJ(4)α (T1, T2, T3, t). (17)
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Two-dimensional exponential fitting39 is then applied to repre-
sent Jα(T1, T2, T3) along T1 and T3, which can save computational
cost by proper interpolation and extrapolation (see Appendix A).
Fourier transform is then performed with respect to the pulse delay
T1 and T3 to obtain 2PCS,4,8

J(4)α (ω21, T2, ω43) =∫

∞

0
dT1eix1ω21T1

∫

∞

0
dT3eiω43T3 J(4)α (T1, T2, T3).

(18)

In the Fourier transform with respect to T1, x1 = +1 is used for the
non-rephasing signal and x1 = −1 is used for the rephasing one.8

III. SIMULATION RESULTS
A. Calculation for a three-level open model system

To test our protocol, we first simulate a simple three-level
model system coupled to two wide-band electrodes, schematically
shown in Fig. 2. The lowest level ∣0⟩ is coupled to the left electrode,
the highest level ∣2⟩ is coupled to the right electrode, and there is a
bound state ∣1⟩ that is not coupled to any electrode. The energies of
the three levels are −8065, 8065, and 16 130 cm−1, respectively. The
Fermi level in equilibrium is set to be zero. Initially, level ∣0⟩ is almost
fully occupied, while levels ∣1⟩ and ∣2⟩ are almost vacant. All opti-
cal transitions among these three levels are allowed with identical
transition dipole strengths.

Four laser pulses are applied with equal strength E0
= 0.02 eV/a0, where a0 is the Bohr radius. The FWHM of the Gaus-
sian pulse envelope [Eq. (15)] is fixed at 2.5 fs. No bias voltage is
applied for both electrodes. To sample the time-domain photocur-
rent Jα(T1, T2, T3, t), the two pulse intervals T1 and T3 are scanned
from 0 to 15 fs with 0.3 fs time step, while the interval T2 is fixed at
5 fs.

Figure 3 shows the 2PCS of the non-rephasing signal
k = k1 − k2 + k3 − k4 for both left and right electrodes, obtained by
applying laser pulses of different frequencies: 16 130, 20 162, and 24
195 cm−1.

We first compare the 2PCS for the left electrodes. Spectra from
16 130 cm−1 pulses have dominant peaks at ω21 = 16 130 cm−1. As

FIG. 2. Schematic diagram for the three-level model coupled to left and right
electrodes.

the pulse frequency increases, a peak at ω21 = 24 195 cm−1 gradu-
ally appears and becomes dominant for spectra from 24 195 cm−1

pulses. Similar analysis for the 2PCS from the right electrodes shows
the same effect. Note that initially there are two possible dipole
transitions, ∣0⟩↔ ∣1⟩ and ∣0⟩↔ ∣2⟩, with energy gaps 16 130 and
24 195 cm−1, respectively. As a result, similar to 2DES,40 different
resonant transitions are induced by laser pulses with different fre-
quencies, which accounts for different strengths of peaks/valleys
on 2PCS. Similar to 2DES, 2PCS may provide useful informa-
tion on energy structures and dipole transitions of open quantum
samples.

We next compare the 2PCS for the left and right electrodes for
the same pulse frequencies. We note that the left and right pho-
tocurrent are not symmetric in our model: only ∣0⟩ is coupled to
the left electrode and only ∣2⟩ is coupled to right one. As a result,
for left 2PCS, only peaks/valleys with ω43 = 16 130 cm−1 and ω43
= 24 195 cm−1 appear, which corresponds to transitions ∣0⟩↔
∣1⟩ and ∣0⟩↔ ∣2⟩, respectively, while the peaks/valleys with ω43
= 8065 cm−1 for transition ∣1⟩↔ ∣2⟩ are missing since none
of these two levels are coupled to the left electrode. Similarly,
for the right 2PCS, only peaks/valleys with ω43 = 8065 cm−1

and ω43 = 24 195 cm−1 appear, which corresponds to transitions
∣1⟩↔ ∣2⟩ and ∣0⟩↔ ∣2⟩, respectively, while the peaks/valleys with

FIG. 3. 2PCS of the three-level model for both electrodes from various pulse
frequencies. (a)–(c) result from the left electrodes, while (d)–(f) result from the
right ones. Incident pulse frequency reads 16 130, 20 162, and 24 195 cm−1 for
(a) and (d), (b) and (e), and (c) and (f), respectively.
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ω43 = 16 130 cm−1 for transition ∣0⟩↔ ∣1⟩ are missing since these
two levels are not coupled to the right electrode. Therefore, 2PCS
depends not only on energy structures and dipole transitions of the
sample but also on couplings between the sample and the electrodes,
and the absence of peaks/valleys for existing dipole transitions in
2PCS for different electrodes may reveal different couplings.

B. Comparison with experimental 2PCS
We next model the experimental 2PCS reported in Ref. 4.

Instead of first-principles TDDFT-OS, we employ the open three-
level model, which is schematically described in Fig. 4 to reproduce
qualitatively the experimental 2PCS.

Karki et al. reported 2PCS experiments on the PbS quantum
dot coupled to gold electrodes.4 In one set of experiments, four
laser pulses with frequency 14 286 cm−1, which is slightly above the
bandgap, are applied and the rephasing signals are collected by phase
modulation. Three experiments have been performed to obtain
2PCS for various population time T2: 0, 0.5, and 1 ps [Figs. 2(a)–2(c)
in Ref. 4].

Figure 4 shows the schematic open three-level model. Level ∣0⟩
represents the ground state in the valence band below the Fermi
level, while levels ∣1⟩ and ∣2⟩ represent singly excited state and dou-
bly excited state, respectively, in the conduction band continuum
above the Fermi level. Consequently, initially level ∣0⟩ is almost fully
occupied, while levels ∣1⟩ and ∣2⟩ are almost vacant. The optical tran-
sitions ∣0⟩↔ ∣1⟩ and ∣1⟩↔ ∣2⟩ are allowed with identical transition
dipole strength. The energy levels ∣1⟩ and ∣2⟩ are picked out so that
the energy gaps for both ∣0⟩↔ ∣1⟩ and ∣1⟩↔ ∣2⟩ are equal to the inci-
dent pulse frequency 14 286 cm−1 to ensure resonant interactions
with the incident pulses. Level ∣0⟩ is coupled to the left electrode,
while levels ∣1⟩ and ∣2⟩ are coupled to the right one. Coupling to level
∣2⟩ is slightly weaker than that to level ∣1⟩ to ensure the quantum
yield for negative ESA contribution is smaller than that for GSB, SE,
and positive ESA contributions. However, both couplings for excited
states ∣1⟩, ∣2⟩ to the right electrode are stronger than the coupling for
ground state ∣0⟩ to the left one, since it should be easier for electrons
to migrate in the conduction band.

FIG. 4. Schematic diagram of the three-level open model for 2PCS reproduction.

Four laser pulses are applied with equal strength E0
= 0.04 eV/a0, where a0 is the Bohr radius. The FWHM of the
Gaussian function for pulse envelope [Eq. (15)] is fixed at 3.5 fs.
No bias voltage is applied for both electrodes in these cases. To
sample the time-domain photocurrent Jα(T1, T2, T3, t), both pulse
intervals T1 and T3 are scanned from 0 to 15 fs with a 0.3 fs time step.
Rephasing photocurrent signals are collected at the right electrode.

Figure 5 shows the simulated 2PCS for various population time
T2 accordingly. The experimental and simulated 2PCS from our
open three-level model are in good agreement for various population
time T2. Since the photon frequency is above the bandgap,4 valence
electrons are expected to interact resonantly with the first two pulses,
and consequently, some electrons will jump to the singly excited
states in the conduction band, while some will still stay in the
original valence states. Karki et al. claimed that exciton-induced shift
is not significant in this case, so all the energy levels should remain
essentially unaltered during the population time T2.4 Since the con-
duction band consists of a broad range of continuous states, their
interaction with the last two pulses should also be resonant with the

FIG. 5. Comparison of the calculated 2PCS with the experimental results in Ref. 4.
(a′)–(c′) correspond to (a)–(c) [Figs. 2(a)–2(c) in Ref. 4] for T2 = 0, 0.5, 1 ps,
respectively. To stay consistent with the experimental 2PCS, for all the repro-
duction spectra, both axis ω21 and ω43 are shifted by the pulse frequency 14
286 cm−1. Moreover, all the reproduced 2PCS have been linearly scaled according
to their respective ranges. Reprinted with permission from Springer Nature Cus-
tomer Service Centre GmbH: Springer Nature Nature Communications Coherent
two-dimensional photocurrent spectroscopy in a PbS quantum dot photocell,
Khadga J. Karki et al., 2014. https://www.nature.com/articles/ncomms6869.
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pulse frequency 14 286 cm−1. Consequently, some electrons in the
singly excited states will jump to doubly excited states, while others
may end up in the singly excited states. Finally, exciton popula-
tions in both excited states generate photocurrent signals. Therefore,
GSB, SE, and ESA responses all contribute peaks/valleys centered at
14 286 cm−1 in 2PCS. The quantum yield of the negative ESA contri-
bution should be smaller than those for GSB, SE, and positive ESA
contributions, so the resulting signal is a positive peak centered at
14 286 cm−1 in 2PCS for various T2. In our model, electrons in level
∣0⟩ interact resonantly with the first two pulses, and consequently,
some electrons will jump to the singly excited state ∣1⟩, while some
will still stay in level ∣0⟩. During T2, all energy levels remain unal-
tered in this model. The interaction with the last two pulses will then
result in electron population in the singly excited state ∣1⟩ and dou-
bly excited state ∣2⟩, both of which generate photocurrent signals.
All these possible pathways also result in GSB, SE, and ESA con-
tributions to diagonal peak centered at 14 286 cm−1 in 2PCS. As is
mentioned before, the quantum yield for negative ESA contribution
is smaller than those for GSB, SE, and positive ESA contribution, so
the diagonal peak in 2PCS remains positive for various T2.

Note that for experimental 2PCS, the peak position slightly
deviates from the diagonal line, which persists for various T2, while
for reproduced 2PCS, such deviation is not observed. Detailed exam-
ination of all experimental 2PCS for various T2 shows that all peaks
in 2PCS are actually downshifted for both axis ω21 and ω43, but
more downshift is observed for ω21, which results in peaks above the
diagonal line. In the PbS quantum dot, the valence band may con-
tain a large number of electrons, and therefore, many-body effects
should be considered for such deviation. These valence electrons
will result in a local repulsion field that partially offsets the positive
nuclear attraction. However, this effect is not apparent for states in
the conduction band since the population of excited electrons should
be much smaller than that for valence electrons. As a result, the
oscillation frequency between ground state and singly excited state
should decrease slightly, while the frequency between singly excited
state and doubly excited state remains essentially unchanged (see
Appendix B). Consequently, for GSB and SE contributions, which
only involves transitions between ground state and singly excited
state,4 the resulting peaks are downshifted for both axes ω21 and ω43,
while for both types of ESA contributions, which involves coher-
ences between ground state and singly excited state during T1 and
coherences between singly excited state and doubly excited state
during T3,4 the resulting peaks/valleys are slightly downshifted for
ω21 but not for ω43. Therefore, superposition of GSB, SE, and ESA
contributions should result in peak downshift for both axes ω21 and
ω43, but there should be more downshift for ω21, causing the final
peaks to position slightly above the diagonal line.

IV. SUMMARY
A first-principles protocol for simulating two-dimensional

photocurrent spectra is presented. The TDDFT-OS formalism is
implemented to simulate the time-domain photocurrent responses
induced by a sequence of laser pulses. A sum of photocurrent
responses from certain combinations of pulses can be used to extract
the desired fourth-order response, while the application of com-
plex electric field pulses ensures that the fourth-order response
satisfies the desired phase-matching condition. Two-dimensional

exponential fitting enables proper interpolation and extrapolation of
the rectified photocurrent signal for accurate Fourier transform into
two-dimensional photocurrent spectroscopy. Simulation on a sim-
ple three-level open model indicates that transition dipoles interact
resonantly to incident pulse frequency and that appearance of vari-
ous peaks/valleys in 2PCS reveals not only the dipole transitions but
also the couplings between the sample and electrodes. Moreover,
qualitative reproduction for experimental 2PCS for the PbS quan-
tum dot may demonstrate the pulse-induced electron dynamics in
such materials for various population times.
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APPENDIX A: TWO-DIMENSIONAL EXPONENTIAL
FITTING FOR 2PCS

To obtain 2PCS, we may simulate the rectified photocurrent
signal J(4)α (T1, T2, T3) for a discrete, equal-spacing finite set of T1
and T3, while the population time T2 is a fixed parameter. To save
computational cost, we would like to scan only a relatively small
range of T1 and T3 with grids as coarse as possible. However, the
subsequent Fourier transform [Eq. (18)] requires J(4)α (T1, T2, T3)

on the whole region where T1, T3 ≥ 0. Moreover, J(4)α (T1, T2, T3)

is expected to be essentially a dephasing sinusoidal function with
respect to T1 and T3. Therefore, it is reasonable to incorporate
the two-dimensional exponential fitting technique39 to approximate
J(4)α (T1, T2, T3) for all T1, T3 ≥ 0,

J(4)α (T1, T2, T3) ≈
M

∑
m=1

cmeξm1 T1+ξm3 T3 . (A1)

Here, ξm1 , ξm3 are paired complex exponents with respect to m.
The dephasing of J(4)α (T1, T2, T3) with respect to T1 and T3 suggests
that Re[ξm1] < 0 and Re[ξm3] < 0.

Suppose we have scanned (2N1 + 1) × (2N3 + 1) equal-spacing
sample points with respect to T1, T3,

T1 = 0, ΔT1, 2ΔT1, . . . , 2N1ΔT1, (A2)
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T3 = 0, ΔT3, 2ΔT3, . . . , 2N3ΔT3. (A3)

Define that

zm1 ≡ e
ξm1
2N1 , (A4)

zm3 ≡ e
ξm3
2N3 . (A5)

The corresponding Hankel operator h is defined as follows:

(hu)(i1, i3) = ∑
0≤j1≤N1
0≤j3≤N3

J(4)α [(i1 + j1)ΔT1, T2, (i3 + j3)ΔT3]

× u( j1, j3) i1 ≤ N1, i3 ≤ N3. (A6)

The Hankel operator h should have multiple singular vectors,
denoted by {ul}. Then, the corresponding lth, (l − 1)th eigenpoly-
nomials read

Pl(zm1 , zm3) = ∑
0≤j1≤N1
0≤j3≤N3

ul( j1, j3)z
j1
m1 zj3

m3 , (A7)

Pl−1(zm1 , zm3) = ∑
0≤j1≤N1
0≤j3≤N3

ul−1( j1, j3)z
j1
m1 zj3

m3 . (A8)

These two polynomials may be solved together by the resul-
tant method for their common roots (zm1 , zm3).41 Then, we may use
Eqs. (A4) and (A5) to construct the exponents ξm1 , ξm3 in Eq. (A1).

Finally, the coefficients cm may be determined by optimization
of the approximation [Eq. (A1)] for all sample points accordingly.42

The Fourier transform of a two-dimensional exponential sum
is straightforward [Eqs. (18) and (A1)],

J(4)α (ω21, T2, ω43) =∫

∞

0
dT1eix1ω21T1

× ∫

∞

0
dT3eiω43T3 J(4)α (T1, T2, T3)

≈
M

∑
m=1

cm
1

ix1ω21 + ξm1

1
iω43 + ξm3

. (A9)

Unfortunately, the computational cost for construction of coef-
ficients cm and exponents ξm1 , ξm3 for two-dimensional exponential
fitting would increase dramatically as N1 and N3 increase. How-
ever, in our case, sufficiently large N1 and N3 are necessary to well
depict J(4)α (T1, T2, T3). Thus, it becomes impractical to simply fit
all the scanned data points [Eqs. (A2) and (A3)] by a single set of
two-dimensional exponential functions. The following tokens are
implemented to address this problem.

As is shown in Fig. 6, the scanned data region (cyan area) for
J(4)α (T1, T2, T3) are partitioned into a number of blocks, where each
block is sufficiently small for efficient two-dimensional exponential
fitting. For each block, the fitted exponential functions would be
used to interpolate the block itself. Additionally, for the block on

FIG. 6. Partition scheme for two-dimensional exponential fitting.

the edge with pink side(s), the fitted exponential functions would be
further used to extrapolate part of the region outside the scanned
data region indicated by the respective arrow. In this way, the recti-
fied photocurrent response J(4)α (T1, T2, T3) can be properly approx-
imated by two-dimensional exponential functions for all T1, T3 ≥ 0,
which is ready for efficient Fourier transform into 2PCS.

APPENDIX B: MODIFIED OPTICAL BLOCH EQUATIONS
FOR PbS QUANTUM DOT

Consider a single valence electron in the PbS quantum dot.
Classical electrodynamics gives the potential energy induced by local
field from other valence electrons, described by charge density ρ,43

V(ρ, r, t) = −
1

4πϵ0
∫

ρ(r′, t − ∣r−r′∣
c )

∣r − r′∣
dr′. (B1)

Here, the integration is performed over the whole r′ space.
Therefore, the Hamiltonian of a single valence electron may be
approximated as

H′D =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ε0

ε1

ε2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

eV(ρ)

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (B2)

Here, ε0, ε1, and ε2 are the energy for ∣0⟩, ∣1⟩, and ∣2⟩, respec-
tively. The induced many-body effects for valence bands are approx-
imated by eV(ρ). For the conduction band, this effect should be
comparably negligible since population of conduction electrons is
expected to be much smaller than that of valence electrons. With
electric field pulses E(t) applied on transition dipoles, (B2) is substi-
tuted into the Liouville–von Neumann equation8 to obtain the mod-
ified optical Bloch equations for the single-electron density matrix,44

i
dσ01

dt
= − [(ε1 − ε0) − eV(ρ)]σ01

+ E(t)[σ02μ12 + (σ00 − σ11)μ01], (B3)
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i
dσ12

dt
= −(ε2 − ε1)σ12 + E(t)[−σ02μ01 + (σ11 − σ22)μ12]. (B4)

Here, μ01 and μ12 are transition dipole strength for ∣0⟩↔ ∣1⟩
and ∣1⟩↔ ∣2⟩, respectively. Therefore, after the interaction with
the electric field pulses, σ01 would oscillate with frequency
∣(ε1 − ε0) − eV(ρ)∣, which is slightly downshifted by the induced
local potential, whereas σ12 would still oscillate with frequency
∣ε2 − ε1∣, as is the case without the induced local potential in valence
bands.
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