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Self-Heterodyne Diffractive Imaging of Ultrafast Electron Dynamics Monitored
by Single-Electron Pulses
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The direct imaging of time-evolving molecular charge densities on atomistic scale and at femtosecond
resolution has long been an elusive task. In this theoretical study, we propose a self-heterodyne electron
diffraction technique based on single electron pulses. The electron is split into two beams, one passes
through the sample and its interference with the second beam produces a heterodyne diffraction signal that
images the charge density. Application to probing the ultrafast electronic dynamics in Mg-phthalocyanine
demonstrates its potential for imaging chemical dynamics.
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Ultrafast electron diffraction (UED) has been widely
employed to probe molecular structural dynamics in space
and time [1-12]. A pump optical laser pulse initiates an
excited state dynamics and is followed by a probe electron
pulse whose diffraction pattern reveals the time-evolving
molecular charge density. The recent development of mega-
electron-volt radio-frequency (rf) electron guns has enabled
UED to monitor femtosecond molecular dynamics with
atomistic spatial resolution [13—17]. Elaborate computa-
tional methods are required for retrieving the molecular
charge density (6(r)) from UED signals. This is because
standard homodyne detection gives the expectation values
of products of charge-density operators (65),[18] while
obtaining a real-space image requires the charge-density
matrix itself in momentum space, including the phase,
which goes beyond the expectation value of the charge
density (6) alone [19]. Heterodyne-detected UED requires
an additional reference wave that interferes with the
scattered wave and can directly measure the time-evolving
molecular charge density (o) itself. It has been recently
shown that the purely nuclear charge density can be singled
out by subtracting the heterodyne x-ray scattering signal
that images the electron density from heterodyne electron
scattering signal [20,21]. Other diffraction and imaging
techniques have been developed recently. Electron micros-
copies that utilize near field electron diffraction and
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homodyne detection can image the system with high
space-time resolution [22,23]. Homodyne-detected x-ray
diffraction probes the modulus square of electron charge
density in momentum space [24,25]. Electron holography,
a transmission electron microscopy method that records the
interference of reference electron wave and an imaging
wave, utilizes heterodyne-detected near field electron
diffraction to image nanostructures [26—35]. Heterodyne-
detected electron diffraction, as a far field electron dif-
fraction, can achieve better spatial resolution down to
picometer and can image the total electronic and nuclear
charge density. However, the experimental implementation
of heterodyne-detected UED remains a challenge.

Here, we introduce a novel self-heterodyned UED
technique for imaging ultrafast molecular dynamics
(Fig. 1), which employs a 1 fs single-electron pulse [36—
40] followed by an electron biprism, which splits the beam
into two [41-43]. The electron wave packet generated in
one path interacts with the photo-excited molecular sample
(signal path) and exchange momentum, while the other
(reference path) traveling parallel to the signal path does
not interact with the sample. A second electron biprism is
finally used to combine the two paths, and the phase
information of the scattered electron in the signal path can
be reconstructed from the interference pattern. A detector
monitors the electron and records the diffraction pattern,
thereby measuring the interference of the two paths. The
time-resolved signal is recorded by varying the time delay
between optical pump pulse and single-electron probe
pulse. In analogy to photon self-interference as explained
by Dirac [44], the electron of the single-electron pulse
interferes with itself. Since the relative phase of the two
electron beam paths must be controlled in order to recover
the phase of the signal, single-electron pulses that exclude
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FIG. 1. Top: the self-heterodyned UED setup. The molecular
sample is excited by an optical pump pulse at time 0. The electron
source ejects a single electron, going through a biprism and
separated into two replicas. One replica is scattered by the sample
at time 7 and changes its wave vector from k; to k; 4+ q. The
other replica has wave vector Kk,. The two interfere at the detector.
Bottom: the single electron pulse at the reference time z.

the interference of different electrons and remain coherent
with themselves are most suitable for the proposed setup. In
contrast, for multielectron pulses, when the beam electrons
are incoherent, the interaction of incoherent electrons
cannot recover the phase information. Besides the well-
controlled phase information, single-electron pulses also
overcome the space charge problem that limits the temporal
duration of multielectron pulses [36-40,45]: due to
Coulomb repulsion, multielectron pulses become longer
during propagation from the source to the sample. Space
charge is absent in pulses containing a single electron at a
time. Femtosecond single-electron pulses with several keV
electrons have been applied recently [46—48] to ultrafast
microscopy and diffraction [45,49,50], demonstrating the
feasibility of the proposed technique. Self-heterodyne
diffraction can be alternatively performed with coherent
multielectron pulses, where the pulse electrons remain
coherent within the relevant spatiotemporal window
[73,74], i.e., retain their phases. Measurements of electron
diffraction with such multielectron pulses have improved

data collection. However, multielectron pulses do not have
the femtosecond temporal resolution required for measur-
ing ultrafast electronic dynamics in molecular systems.
Single-electron pulses are thus ideal for ensuring coherence
of the electron beam and for ultrashort time resolution.

Heterodyne-detected diffraction can image the charge
density on atomistic scale and with femtosecond time
resolution. We demonstrate this by simulating this signal
for Mg-phthalocyanine (MgPc) electronic dynamics with
frozen nuclei. The signal probes the charge density tem-
poral evolution in the current migration process, where the
coherent ring currents created by an optical pump pulse
redistribute among different locations within the MgPc
molecule [75]. Similar to charge migration [76—84], current
migration is caused by the time evolution of a coherent
superposition of excited states.

In the proposed pump-probe setup, as illustrated in
Fig. 1, an optical pump at time O, first launches the
electronic dynamics. The sample molecule excited by
the optical pump pulse evolves according to the time-
dependent Schrodinger equation

Iy (1))
ot

i = [Hot — - E(1)]ly (1)) (1)
where £(1) is the optical pump electric field, y(z) is the
electronic wave function that may be expanded as
lw (1)) =>4 ca(t)|lwa), and A runs over ground state
and excited states. The charge-density operator in real

space is given by

5(r)=e <(le{,5(r -R,) - Zé(r - r,.)> )

Here, Z, and R, are nuclear charges and coordinates, & runs
over the nuclei, r; is the coordinate of electron i, and e is
unit charge. The real-space charge density at time ¢ is given
by o(r,t) = (w(t)|6(r)|w(r)), or in momentum space,

5(q,1) = A} dre™"6(r, 1). (3)

The total time-dependent charge density can be decom-
posed as

5(q.1) = Z Paa(t)Baalq) +

A € gUex

Pap()Ga5(q),
A,B € gUex,A#B
4)

where A, B denote the electronic states, pup(f) =
ci(t)cp(r) is the density-matrix element. p,,(7) is the
population of state A, while pyz(f) is the coherence
between states A, B. The optical pump brings the system
from the ground state to a superposition of excited states via
the electric dipole interaction, Eq. (1). When the pump
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pulse is over, the populations are stationary, while the
electronic coherences p,p oscillates with a period
[h/(E4 — Ep)], reflecting the difference of phase evolution
of states A and B. The time-dependent charge density is
thus solely attributed to electronic coherences.

The electron source ejects the probe electron, which is
then split by an electron biprism into two beams. At a
reference time ¢, before the probe electron interacts with
the sample, the probe electron density matrix is
pr(ri.raity) [or py x,(fp) in momentum space]. Starting
at time #, the probe electron py x, (#y) propagates in the two
beams. Electron beam 1 propagates according to the
Coulomb potential created by the sample charge density,

{o(ry, 7))

ulr.7) = Ag dr”|r——rﬂ|’ i(g.7) = 471M

2 ’

q
(5)

scatters off the sample at time 7z, changing its wave vector
from k| to k| + q. Beam 2 propagates freely with a fixed
wave vector k,. The magnitude distribution of the k, is
narrow, however its direction distribution should be wide
enough to cover the range of ¢. This interaction is described
in Supplemental Material [50], Fig. S1. Treating the
Coulomb potential Eq. (5) perturbatively, the probe elec-
tron density matrix at a later time #, py, 44, () is calculated
in Liouville space, as explained in Supplemental Material.
Finally, the electron counting detector captures the probe
electron from the two beams and measures the electron
flux. Truncating the perturbative expansion of the density
matrix to first order in the electron-sample interaction, we
obtain the electron density matrix at time ¢, given as
Eq. (S16) in Supplemental Material. By integrating the
current density on surface .4 on the detector to calculate the
electron flux, we obtain the expression for the electron
diffraction signal at time 7,

So(A;q;tp) = %/w dr@ Wo(Astp,q,7) +c.c.,
(6)

where W, is the window function defined in Eq. (S22).
Details of the window function are discussed in Sec. S2 of
Supplemental Material.

The signal that reveals the time-dependent charge
density in g space convoluted with the window function
depends on the detection time ¢j, the wave vector ¢, and the
detector area 4. Here, the single electron pulse diffraction
signal is derived by neglecting the Coulombic interaction
between the electrons in the pulse. This derivation also
holds for multielectron pulses provided the number of
electrons in the pulse is low and their Coulombic inter-
action can be neglected.

In the interaction of the probe electron and the sample,
we neglected the contribution of inelastic scattering that
involves vibrational state changes. We have also neglected
the free-free transition where an electron passing close to an
ion accelerates, and the laser assisted electron scattering
where the probing electron is scattered by neutral matter in
the process of laser, since the electron and the laser pulse
have no temporal overlap in this proposed experiment.

The present self-heterodyne electron diffraction tech-
nique can be applied to single molecule or molecules
aligned in periodic structure, preferably on a single layer of
molecular film on lattice position, since the random
orientation or position of molecules will make the self-
heterodyne signal vanish. For a periodic sample, the
diffraction signal Eq. (6) becomes a function of discrete
value of g€ Ly, where Ly is the periodic structure’s
corresponding Bragg lattice [Egs. (S17),(S18)]. When
the focal point of the electron beam is at the molecular
location that only covers a single molecule, the measure-
ment of a periodic system is equivalent to single molecule
diffraction.

To obtain an analytical form for the window function, we
assume that the probe electron has a Gaussian profile
around the reference time #,. The heterodyne electron
diffraction of the single electron pulse should be measured
repeatedly to accumulate enough signal strength for the
detection of the diffraction pattern [39]. For each single
electron pulse, the position of the Gaussian center r, has a
random variation [39]. We thus describe the probe electron
as an ensemble of single electron pulses described by a
mixed-state density matrix at time ¢,

1 —R)?
p(ry.r) Z/d"o exp |:_(r02):|ppure(rl’r2)_
277"5pulsc 2Gpulse

(7)

This contains the pure state density matrix (pP""°) of
Gaussian wave packet centered at r,, whose wave function
in real space is

d(r) = (8)

e—ik0~r exp |:_

1 (r— rU)T
\/2_77:0 262 ’
while its center ry is distributed around R with a Gaussian
weight factor exp {—[(rg — R)?/207,..] }, as depicted in the
lower panel of Fig. 1. Here, k, is the average electron
wave vector, ¢ denotes the spatial width of single electron
at the reference time, o is the width of the Gaussian
wave center r, distribution. We use the same width in
the longitudinal and transverse directions. We further
used an electron average energy of E;= 100 keV,
lko| = 85.7 (h/ay), where ag is Bohr radius, c is the speed
of light and m, is electron mass. Its De Broglie wavelength
3.88 pm, determines the spatial resolution, i.e., the upper
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FIG. 2. Top row: real space charge density at time 7 minus the charge density at the initial time step, [o(r, 7) — o(r, —=3.9 fs)]. Second
row: the real part of charge density in g-space, (R[5(q,7) — &(q, —3.9 fs)]). Analytical integral Eq. (3) is evaluated with the algorithm of
Ref. [92]. Third row: the diffraction signal [Sg(q; 7p) — Si(q; —3.9 fs)]. The first, second, and third columns are at times 2.1 fs, 8.1 fs,

17.1 fs, respectively.

limit of |g| in the diffraction pattern. R is set at the origin,
while ¢ = 22.066 A, 6,,,c = 1103.3 A. The probe pulse
duration 1.18 fs is the pulse length (20p,) divided by
electron velocity. The electron coherence time is given by
its coherence length (20) divided by its velocity, 0.047 fs.
The window function is Eq. (S42) in Supplemental
Material. Using Eq. (6), we define the signal as

Sy(g. Astp) = ¢*So(q. A 1p). )

We have applied this technique to probe the electronic
dynamics in Mg-phthalocyanine (MgPc) initiated by a
circularly polarized light pump pulse. Details of the
dynamics are discussed in Supplemental Material and in
Refs. [50,75]. Phthalocyanines have many applications in,
e.g., dye-sensitized solar cells [85,86] and as photosensi-
tizers for cancer photodynamic therapy [87]. MgPc has a
rigid structure, which remains stable upon -electronic
excitation [88,89]. It is a planar molecule consisting of a
center porphyrin ring and four corner benzene rings (see
Fig. 1). Its high density of excited states in the 2 to 4 eV

regime, facilitates the coherent excitation of multiple
excited states by a broadband pump pulse [75]. The
circularly polarized pump drives the electron in the con-
jugated 7 bond moving in a circle, resulting in ring currents
proportional to the electronic state coherence, j(z) =
> AB.AB PaRIag, Where jup is transition current density,
analogous to the coherent charge density in Eq. (4). These
coherent ring currents vary with time due to the super-
position of multiple electronic states. Since different
coherent currents have distinct spatial profiles, some
concentrated in the central ring while others reside in
the corner rings, the ring currents redistribute among
different regions of the molecule with time, resulting in
a current migration process between the central and the
corner rings [75]. Similar to current migration, the interplay
of coherent charge-density oscillations induced by multiple
pairs of coherences causes the dynamics of charge density,
i.e., the charge density redistributes among the central
porphyrin and the corner benzene rings, as depicted in the
first row of Fig. 2 and Fig. S2 in Supplemental Material.
The charge density is more pronounced on the central ring
and left and right rings, and moves to the top and bottom
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rings, and back. Such change can also be reflected in the
real part of g-space charge density (second row of Fig. 2)
and the diffraction pattern (third row of Fig. 2). Although
electron diffraction does not directly image the current
density, it images the charge density, originating from the
same electronic coherence p,p. However, the continuity
relation —(dp/dt) = V - j connects the time evolution of the
charge density to the divergence of the current density
[90,91].

Figures S2 and S5 display the charge density in real
space and the diffraction pattern of the system prior to
the pump pulse where no current density exists. First
row of Fig. 2 depicts the charge-density difference
[o(r,7) — o(r,—3.9 fs)], where the charge density at time
—3.9 fs before the pump is subtracted from the charge
density at time 7. The second row displays the charge
density difference in g-space 6(q,7) — 6(q, —3.9 fs), while
the third row depicts the diffraction signal difference
Si(q, Astp) — Sy(q. A; =3.9 fs). The diffraction signal is
simulated by convoluting the charge density and the
instrumental window function. The window function has
both real and imaginary parts. Once integrated over the
charge density, both parts contribute to the diffraction
pattern. The real (imaginary) part of the charge density
is an even (odd) function of ¢ [see Eq. (3)]. We find that the
resulting diffraction pattern is dominated by the stronger
real part.

During the optical pump, the excited state population p, 4
increases, inducing a population ring current [75,93] and
charge density [first term in Eq. (4)]. Since the electronic
state population is time-independent once the pump pulse is
over, the time dependence of the signal after the optical
pump pulse only comes from electronic coherences. If the
pump has a narrow bandwidth that only covers one pair of
excited state and one coherent ring current like in
Refs. [93-95], the corresponding coherent ring current
and coherent charge density oscillate with the coherence,
i.e., the coherent current density reverses direction while
the coherent charge density changes sign at the frequency
of coherence. For a broad band pump, the superposition of
multiple pairs of coherence causes current migration and a
redistribution of charge density among different regions of
the molecule, as seen in the diffraction signal Fig. 2 and
Supplemental Material Fig. S5. The electronic dynamics
involves excited states of irreducible representation E,.
Since E,, in Dy, point group has character —2 with respect
to inversion, the charge-density change is symmetric for
inversion. For this reason, the charge-density change of the
electronic dynamics in real space has a central symmetry.
The diffraction signal integrates the window function and
the momentum-space charge density. The real (imaginary)
part of 5(q,7) is central symmetric (antisymmetric). The
resulting diffraction pattern has central symmetry, as the
real part of window function dominates. The diffraction

signal changes mostly occur within —2 to 2 A7, since the

window function decays rapidly for larger |q|. The dif-
fraction signal is thus only clear when the scattering wave
vector |g| is smaller than some threshold. To measure the
signal in a broader range of ¢, higher energy single-electron
pulses should be employed.

In a future study, we will apply relativistic theory for
describing higher energy probing electrons and simulating
their self-heterodyne diffraction signal. Reconstruction
of the real-space charge density from the diffraction
signal requires the inverse Fourier transform of the three-
dimensional momentum-space charge density (g, 7). The
diffraction signal integrates the window function with
6(q,7), thus mixing its real and imaginary parts.
Obtaining &(q,7) requires: (1) measuring the diffraction
signal at various ¢,; (2) performing phase-shifting [43,96—
98] measurement, i.e., varying the relative phase of the
signal and reference electron beam to separately obtain real
and imaginary parts of the complex valued function;
(3) deconvoluting the window function.

In summary, we have proposed a self-heterodyne elec-
tron diffraction method for imaging the molecular charge
density in real time and space. A single probe electron is
split into two beams, where only one travels through the
sample. The diffraction signal is obtained by the interfer-
ence of these two paths. This ultrafast imaging of the
charge density in g space can monitor electron dynamics in
real time. It is demonstrated by simulating the time-
resolved signal of MgPc electronic dynamics initiated by
a UV-visible circularly polarized light pulse. The proposed
technique is not limited to probing electronic dynamics
like current and charge migration, but can be also applied to
the imaging of various light-induced ultrafast chemical
processes.
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S1. SELF-HETERODYNE ELECTRON SPECTROSCOPY SIGNAL: DERIVATION DETAILS

In the present study, an optical source creates a driving optical field, induce the photoionization process in the
electron reservoir (like a piece of normal metal) and eject high energy probe electrons. On the other hand, another
optical field drives the sample molecule out of its equilibrium state and initiate electron dynamics.

In our case we have electrons in a sample under study, as well as in a subsystem, e.g., a piece of normal metal, referred
to as the reservoir, that serves as a source for the probe electrons. We should also introduce a sources, responsible for
the optical fields that drives the sample out of its equilibrium state, as well as an optical source creating a driving optical
field, responsible for the photoionization processes, thus creating high-energy probe electrons. A source is represented
by its time-dependent charge/current densities (p(r,t),j(r,t)) that satisfy the continuity equation O;p + divj = 0,
the latter ensuring gauge invariance of the interaction of the source with the scalar and vector potentials.

We further introduce the following simplifications/approximations. Since the sample, reservoir, and probe electrons
are well separated either in real space, or energy-momentum space, we will describe them using three independent
quantum fields. The Hamiltonion of the entire system can therefore be represented in a form

H(t) = Ho(t) + H™(t), Ho(t)=H,(t)+ Hy+H,, H™(t)=H+ H"(t). (S1)

In Eq. (S1), Hy(t) includes the kinetic and Coulomb energy H,(t) of the charged particles (electrons and nuclei)
in the sample, the energy H of the free transverse electromagnetic field (photons), the coupling H, of the photons
to the charged particles of the sample, as well as to the optical source, responsible to the sample driving field, as
prescribed by QED; its time dependence originates from the optical source-photon couplig. Hy and H, represent the
Hamiltonians of free probe electrons and the reservoir electrons respectively; Hliflt represents Coulomb interactions
between the probe and sample electrons, as well as the coupling between the probe electrons and photons. Finally,
H"(t) describes photoionization processes which convert the reservoir electrons to fast probe counterparts; this is a
simplified description of photoinization, compared to the original QED treatment that uses an optical source of the
photoinization field, coupled to the source and free electrons via transverse photons, obtained by invoking a classical
approximation for the photoionizing field. The initial density matrix of the whole system is assumed to be in a
factorized form

0= 0, ® 05 @ 0s, (52)

with g, representing the canonical distribution of the material/sample (including photons) at some actual temperature
T, o5 represents a pure state with no electrons, while g, is an equilibrium state of the electron reservoir. A more
detailed derivation of Eq. (S1), based on the effective action formalism, will be published elsewhere.

Neglecting the probe electron scattering on the sample excitations via a transverse photon exchange, i.e., limiting
it to pure Coulomb, we have

H" = / ddw ap(r) = —eW! (r)u(r), (83)
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where o,(r) is the charge density operator, associated with the sample, whereas ¥(r) and W'(r) are the probe
electron annihilation and creation operators, respectively. The reservoir-probe electron coupling Hamitonian can be
represented as

0 = [ ar@i e + ol e, 5

where O(r,t) and of(r, t) are time-dependent operators that represent collective reservoir variables, their time-
dependence originates from the time dependence of the ionizing field.

Hereafter we use the following standard convention: for a Hilbert space operator @), we denote @, with « = L, R, &,
the corresponding Liouville space operators, Q,(t) is the Heisenberg (time-dependent) counterpart of @, with respect
to Liouville space dynamics, associated with the Liouville operator £ = H_, whereas Qo (t) is the Heisenberg operator,
associated with the Liouville operator Lo = (Hg)—. It is convenient to consider the most general signal, associated with
counting the total number of beam electrons in the detector; it has a very simple form in terms of the Liouville-space
correlation functions of the beam electron variables

S(’I",t;?“/,t/)) = <\I’L(’r,t)\111];(7‘/,tl)> = TI(T(\IJL(T7t)\llg(’r/?t/))(g)% S(T7r/;t)) = S(’l‘,t;r’7t)) (85)

where T denotes Liouville space chronological time ordering, and the time dependence of the operators in Eq. (S5) is
determined by the Heisenberg picture/formalism, as per the convention, described above. To perform a perturbative
expansion, we recast Eq. (S5) in the interaction picture, treating H'™* in Eq. (S1) as a perturbation to Hy

S(r.t;7v' ) = <¢L(r,t)\i:;(r’,t')exp (ml /de{i”t(T))>. (S6)

Note that, by definition of the Liouville space correlation functions, the operators inside the angular brackets in
Eq. (S6) should be chronologically time-ordered, so that when expanding the exponential term in a Taylor series, one
can disregard the non-commutative nature of operators. Since interaction between the sample/material system and
the beam electrons is weak, due to the high energy of the free electrons, and the density of the beam electrons is low,
we will look at the lowest orders of perturbation theory that provide a non-vanishing signal, which is first order in
H}" and second order in H" [or, in Liouville space, it boils down to first order in H2'} and first order in H!'{], the
signal is linear in the density of beam electrons, so that their Coulomb interaction can be neglected.

To obtain a closed formal expression for the signal, we note that within the above approximations, the expression
in the r.h.s. of Eq. (S6) contains one of each of the operators &,, ©r, and ©r and 6 probe electron operators (3
creation plus 3 annihilation). Computing the 6-point Liouville space correlation function of the probe electrons by
applying the Liouville space variant of the Wick theorem[1], we obtain

13
S(r,r';t)) = — () / deTldTg/ drydridrau(rys, T)
h RS X><3
G(r,rp,t —7)G(rp,r, 7 — 1) (G(r', o, t — 72)) K (r1, 71,72, T2) + c.C., (S7)

where

u(ry,t) = /drﬂw, (S8)

is the Coulomb potential, associated with the photo-induced charge density in the sample, whereas G and K are the
retarded correlation functions of the probe beam electrons and the “population” correlation function of the reservoir
collective variables, respectively:

Gr vt —t') = —i(y(r, )0] (¢, 1)), K(r ;7' t') = (OL(r,1)OL (+',1)). (S9)

Note that G(r,r';t) = 0 for t < 0, and K(r,¢;7',t') completely describes the beam of high-energy probe electrons,
and plays a role of some kind of dynamical spectral density of the high-energy electron source. In what follows, we
will use the following expression for the retarded correlation function of the probe electrons

Glr,v'st) = —i ®/‘dki““”’m¢ () = 21+ s 1) ($10)
5 3 - ZX]R+ s (271_)36 € , Ek = 2m7 XR+ - 2 gn .
1, ift>0
where sgn is the sign function, sgn (¢) = < 0, ift =0,. Eq. (S7) can be further simplified under the reasonable
-1, ift <0.

assumption that the electron reservoir is located far away from the experimental sample, so that there is a moment



in time o, the ionizing pulse is gone [i.e., H"!(t) = 0, for ¢ > to], whereas the probe electron wavepacket is still far
enough from the sample, so that we can set H"(t) = 0, for t < to. This allows the time integration in Eq. (S7) to
be restricted to 7,72 € (—00,tp) and T € (to,t). Since the retarded Green function G(7,7';t) represents the kernel
of the one-electron evolution operator, it possesses the time concatenation property, allowing Eq. (S7) to be recast in
a simpler form

S(r,7r';t) /dT/ drydridrou(ry, )
to X X3

G(r,rp,t —7)G(rp,m1, 7 —t0)(G(r', r2,t — 1)) ps(r1, 25 t0) + c.C.,
to to
pf(’r‘1,’r‘2,t0 ( > / dTl/ dTQG 7‘1,7‘1,t0 )(G(’I‘g,’l‘lz;to — Tg))*K(’!‘ll,Tl,’l"IQ,Tg). (Sll)

where pf(71,72;t0) should be viewed as a reduced one-electron density of the probe electron beam at time ¢o, which
represents all relevant properties of the probe electron source, in application to the considered signal in the lowest
non-vanishing perturbative order described above. Note that the relevant properties of the probe electron source are
generally described by a one-elctron mixed state, rather than a pure state.

Egs. (S11), and (S8) together with Eq. (S10) constitute a complete set of integral expressions for the signal considered
in this paper. They clearly demostrate that the dynamical information that can be retrieved from the considered
spectroscopic measurement is the time- and position-dpendent charge density, induced in the experimental setup upon
photoexcitation.

The expression for the signal S(r,r’;¢,¢’) can be further simplified by introducing the Fourier transform of the
Coulomb interaction, induced charge density and the probe electron reduced density matrix,

dq iqry ~ / dq iq- U/t(QyT)
— Y9 igr -4 igq-ry 12
)= [ Gt i) —in [ e S (812

(Gu(r 7)) = /R (2(173)3 €70u(q,7), (S13)

and

dkl dkz ik, 11 —iko-
o) = [ oA ik -7y =ik T2 t S14
Pf("'la"’Qa 0) /Rd (271')3 /Rd (271')36 pk1,k2( 0)7 ( )

and substituting Eq. (S12), Egs. (S13) and (S14), together with the integral representation for the one-electron Green
functions Eq. (510) into Eq. (S11).

S(r,7';t) /dr/ drgdridrou(re, 7)G(r,rs,t — T)G(rp, 1,7 — to)(G(r', 72, t — t0)) ps(r1, rasto) + c.c.
XX3

iqrs 0u(QsT) / / dky / dk2 i, —iks-
:4 - d d q-ry K d d tki-r1—1ka-r2 t
. R T e WY e g e Pl s (f0)

. Ak ik (rerp) e (=-T) Akl ikt (rp )~ (T—t0)
(mixa(t=m) [ e e O (i () [ e e

R3
dk/ S 1./ ’ 7 ’ —
x (ixr. (t = to)) / (27r§3 e~k (v =) giewy (1=t0) | o

dqg o.(q, dk dk
=4dn— / / q k q / 3 / 23 Pk ko (to)
to R3 R‘5 R‘j

X (= ixe, (t — T)) ( — xR, (T — to)) (ZXR+ (t— to))

% / dkll / deQ / dké eisk/z (tfto)efiekzl (Tft())efiské (t*T) eikg'refik‘/z'rl
o @P Jos )P s ()
x 0(kfy —q — k})d(k] — k1)d(kb, — ko) + c.c.

(S15)



where the spatial integrations of 71,72, 7 is performed, resulting in the J-functions, that reflect momentum conser-
vation for all scattering processes involved. Performing the integration of ki, k5, k5, we have the expression

e dq o.(q T)/ dky / dks i[(k14q)-r—iks-r']
S(’I" 7" t t / /Rs (27T)3 (2 )3pk1,k2(t0)

X e lekl("' tO) Z€k1+q( )+15k52(t t0)+CC (816)

When the system consists of a large (macroscopic) number of randomly place molecules, the self-heterodyne signal
vanishes due to phase mismatching; in order to have a signal from a large number of molecules/systems, they should be
organized in a periodic structure. In this case, since for an optical pump, the phase matching condition is automatically
satisfied, we have

(Gula,m) = Y (2m)°3(a — k)(5s(k, 7)), (S17)

k€lLp

with 64(r) being the charge-density operator of the molecule/system, located at the center/origin of the periodic
structure, while Lp is the the (Bragg) lattice, associated with our periodic structure the expression for the generalized
signal adopts the form

O's q7 dkl dkg ’L’[(k1+q)-7‘7k2<’r‘l]
S(‘T’ 7' i1, t /0 dr Z /RS (27_[_)3 /]R3 (27T)3pk1,k2(t0)€

gELp
% e—iEkl(T—to)—i€k1+q(t—7)+i6k2(t'—to) +eec. (S18)

The interaction diagram of probing electron with the sample Coulomb potential formed in Egs. (516) and (S18) is
depicted in Fig. S1.

detector

1
7
(35(q, D)

sample

FIG. S1. Interaction diagram of self-heterodyned UED. Electron source eject electron, going through biprism and separate into
two replica. After scattered with the sample at time 7, one replica changes its wave vector from k; to ki +q. The other replica
has wave vector ka. Their trajectories are bent by applied magnetic field and gather at the detector at time tp.

In this work, we do not study periodic system. We thus use the form of the correlation function Eq. (S16) for the
following derivation.

The density matrix of the probe electron at time t is p(r,v’;t) = S(r,v’;t,t')|y—;. Its corresponding electron
current density at v is §(r,t) = —i5 (9p — Op) p(r,7’,)|pr—r. Then the detector measure the probe electron flux

through a section of A, fA d¢n(¢) - j(¢), where A is a surface embedded in R?, ¢ is a point on A, d¢ is the measure
on A, whereas n(¢) is the unit normal vector to A at ¢ in the direction of the flux. We introduce the fast/probe



electron flux function f4, associated with a surface/section A defined as a generalized function of two positions r and

,r,/

h
fA(ra T/) = _i%ahw(llﬁ‘v’r/% /d’l’d’l’,é;l’(/)('l", T/) = - /_Aan(C) : (81‘ - a‘r’) 1//(7°»7"/)|r=r/=c7 (Slg)

and ¢’ as a double-layer generalized function, associated with surface A. The time-resolved electron counting signal
is thus expressed in a simple and intuitive form

So(A;tp) :/dt/drdr’g(t—tD)fA(nT’)S(r,r’;ut), (S20)

where ¢ is the detector entrance section and time gate function. The electron counting signals Sy is obtained upon
the substitution of Eq. (S16) and Eq. (S19) into Egs. (S20), which adopts the form

st = 5 [ ar LDy e, q.) + e (s21)
to

with the window function
h dk, dko , k).
- — d to)eitkita—k2)C (L ko) -
Wo(A;tp,q,T) 2m/A C/R3 2 /]RB (27T)3Pk:1,k:2(0)6 ((k1+ g+ k2)-n(C))

% / dtg(t _ tD)e—’LEkl (T—to)—i€k1+q(t—T)+i€k2(t—to). (822)

Gate function g describes the temporal profile of the electron reaching the detector. For fast electron and a fixed
sample-detector distance, the temporal gate function may be approximated as a d-function. For periodic sample, Sy
in Eq. (S21) is a function of discrete value of ¢ € L, where Lp is the periodic sample’s corresponding Bragg’s lattice.

It is convenient to express the probe electron single particle density matrix in terms of its counterpart, whose origin
is located at the center of the electron Liouville space wavepacket at time tg

pi(r1,mait0) = Pr(T1 — 70,72 = T0it0)s  Ph s (to) = Py ey (Fo)e 1 7RI, (523)
If the setup includes a splitter that separates the heterodyne component of the electron pulse, e.g., to achieve the
scattered and heterodyne electrons entering the detector, while moving in the same direction, a simple way to describe
it is to use the following effective initial probe electron density matrix in a form
Pl ks (10) = Prey 5 (k) (B0) e F1TOTR2TH) (S24)
with S being an SO(3) matrix that describes the rotation of the heterodyne component of the wavepacket.

S2. ANALYTICAL FORM OF THE WINDOW FUNCTION

As previously mentioned, the probing electron is described by a mixed state density matrix at time to. Instead
of explicitly simulating the formation of the probing electron, as an approximation, we give the density matrix as a
superposition of pure state density matrix with different center position at tg with a Gaussian weight factor. Each
pure state is a Gaussian wave packet centered at r( at reference time tg after being ejected from the source and before

interacting with the sample. We assume the following electron wave function in real space at time ¢
1 gy _(r=r)?
r) = ——e 0T 202 S25
o) = o= (529)

where o describe the spatial width of the electron at that time point. The corresponding wave function in k-space is

o2 .
br, = 27T0-26—T(ko—h)ze—zi(ko—kl)'7‘0 (S26)

For the mixed state, we assume the center of Gaussian wave packet r( is centered around R and follows Gaussian
distribution

Dk ke 1/droe(;3§_l.if pRue = #47904/(”06* (;3;‘3_“22 e~ 5107 [(ko—k1)?+(ko—k2)?]+2i(k1 —k2)-ro}
e V 271'0'pulse F ko V 277(7'pulse
(s27)
where
T g i = Ao Ho ok ki) 829

Opulse 18 the variation of the rq distribution of the electron pulse. Since opuse > o, we define pulse duration as
2qulse/k0 .



S2.A. Window Function from Pure State Density Matrix

Substituting Eq. (S28) into Eq.(S22), performing Gaussian function integral of k1, ko, the window function corre-
sponding to pure state density matrix can be written as

4 o 1\ 1
WS (A rost =—— dtg(t—t d¢lg — : - S29
P srostn.an) o [Caegti—t0) (=) [ dla= @+ mi@ e (= 5onem) 52)
where
a1 (t) = [0 + it — to)], aa(t) = [0% —i(t —to)] (S30)
—0%ko — i +irg +i(t —7)q o?kg +irg — i
t) = L) =——FF-—"""— S31
ﬁl(q7C7T7 ) U2+i(t—t0) ) ﬂZ( aC) 02—i(t—t0) ( )
[02k0+ZC_ZTO—Z(t—T)q]2 272 . . 2
t) =— ki — 2iq - t— S32
71(q1CaTa ) 0_2 +Z(t—to) +o 0 q C+7’( T)q ( )
and
(t,¢) = TR0t o — i oy (S33)
72 o2 — it —to) 0
For simplicity, we choose the gate function of the detector to be d—function of time.
S2.B. Window Function from Mixed State Density Matrix
With mixed state density matrix Eq. (S27), the window function is
1 _ (TO;R)Z
W A,t ,q,T :7/d’re 2Upulse Wpure A,’I‘,t . q,T 834
o Dq)\/go-pure 0 o ( 0;tD,q,T) (S34)
Thus, we need to perform integration
,(ro;mz 1
I= [ droe " (B + o) expl(— 5 (0 + 72)) (535)
We define
m = o’ko +i¢ —i(t — 7)q, n2 = —0’ko +iC (S36)
the exponents in Eq. (S35) are collected as
1 — R)? —irg)? iro — M)>
_z {(7'02 ) _ (m —iro) +o?k2 +i(t — 7)q? — 2ig - ¢ — (iro — m2) +02k8]
2 Upulse (6751 (%)
1v e\> 11 1/ n* 1% R?
=— - (ro+i— —@2—(—1—2+ + 20°%kE +i(t — 7)q* — 2iq - ) S37
o (r+ic) —ge-g(- Lo o F 2K il T~ 2ig ¢ (37)
where we define
= ala?o—gulse (838)
V= Q20060 + Q100150 + Q102 (S39)

2 2 2 -
e = M 20 ,y1se + 2010 5y15e — X120 5y se +iRaraz (840)



The integral becomes
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The window function becomes
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S3. SIMULATION DETAILS

(S41)

(S42)

For Mg-phthalocyanine (Mg-Pc) molecule, the molecular geometry is optimized using DFT with the B3LYP
functional[2-5] and the 6-31g(d) basis set and Gaussian 16[6]. The excited states are simulated by TDDFT cal-
culations. Both valence and core excited states are computed with TDDFT in the Tamm-Dancoff approximation
(TDA) using the Chronus Quantum software package[7]. The TDA calculations employ the same density functional
and basis set used in the geometry optimization. For circularly polarized light (CPL) with circular polarization in x-y
plane, the excited states of F,, irreducible representation with two-fold degeneracy in Dy group are dipole allowed,
and denoted mFE,x and mFE,y, where x, y denote the transition dipole direction, and m,n = 1,2...,7 is the index of

pair of degenerate states. The excited states are listed in Tab. S1 in the supplementary information of Ref. [8]

We apply a circularly polarized pump pulse &eg (t) = Eple, cos(€2(t)) — e, sin(Q(t))] exp [— ;:;} propagating along

z perpendicular to the molecular x-y plane with an amplitude of 6.9934 x 10° V/m, central frequency Q = 4.0 eV
and 7, = 1.3 fs at 0 fs to create the superposition of excited state. To include the entire pump pulse, we simulate

the electronic dynamics from time -3.9 fs (-3 7,,,) to 21.1 fs. The time evolution of ground state and excited
population is depicted in Fig. S2 in the supplementary information of Ref. [8].

S4. SIMULATION RESULTS

state

We depict the the charge migration dynamics with the real space charge density in Fig. S2. The snapshots of charge
in g-space are given in Figs. S3 and S4, for real and imaginary part respectively. The time dependent heterodyne

electron diffraction is depicted in Fig. S5. The time evolution of the diffraction pattern is in the video.
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FIG. S2. Time evolution of molecular charge density in real space. The top left figure is the real space charge density
o(r,—3.7 fs). It is the ground state charge density, before the pump pulse. The following figures show the real space charge
density difference (o(r,7) — o(r, —3.7 fs)), where 7 = —0.9 fs, 2.1 fs, 5.1 fs, 8.1 fs, 11.1 fs, 14.1 fs, 17.1 fs, 20.1 fs respectively.

S5. COMPARISON WITH PINEM

The present self-heterodyne electron diffraction is different from an existing single electron pulse method known as
Photon-Induced Near Field Electron Microscopy (PINEM) in the spatial resolution and the sample type[9-24]. In
PINEM, a laser pulse excites a surface plasmon mode in a nanomaterial and an electron beam subsquently propagates
through the sample and gains energy from the plasmon mode. The laser pulse transfers the photon energy to the
electron through the molecular medium and the energy gain/loss spectrum of the electron due to inelastic scattering
is finally measured. Since that spectrum is found to reach the maximum at the maximum temporal overlap of the
optical and electron pulses, a combination of carefully overlapping laser and electron pulses together can be used
as a probe in the PINEM. Similar to other electron microscopy methods, the nanoscale structure of the specimen
can be measured by near-field imaging. The spatial resolution is determined by the focal point size of the probe
pulse, which can be used for studying the structure of nanoaterial[13, 22, 24, 25] and biological specimens[26, 27]. In
self-heterodyne electron diffraction, in contrast, there is a time delay between the laser and electron pulses resembling
a pump probe technique. The single-electron pulse iteself serves as a scattering probe which can direclty image the
structure of molecules with atomic spatial resolution, determined by the De Broglie wavelength.
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