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In classical macroscopic ultrafast optical four-wave mixing signals, phase matching selects three classes of
light–matter interaction pathways: double quantum coherence; non-rephasing; and photon-echo. Multiple path-
ways contribute to each of these signals. We show that a coincidence-double-heterodyne detection scheme that
employs two classical and two vacuum fields can isolate a single pathway contribution to each of these signals.
We further demonstrate the advantage of the proposed technique by comparing it with the classical photon-echo
signal for a model Frenkel-exciton dimer.
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1. INTRODUCTION
Femtosecond optical four-wave mixing signals are commonly
used for probing electronic and nuclear dynamics [1–7]. These
are usually performed with heterodyne detection [1]. Three
pulses interact with the sample to create a nonlinear polariza-
tion, while the fourth, reference, pulse acts as a local oscillator.
The induced polarization generates a pulse in the same direc-
tion as the fourth pulse and is heterodyne detected with it. For
macroscopic samples, signals from many molecules interfere
destructively in most directions, except in the phase match-
ing directions, where they constructively interfere [1,3,6,7].
Standard four-wave mixing spectroscopies have three dom-
inant phase matching directions: k4 = −k3 + k2 + k1 (double
quantum coherence); k4 = k3 − k2 + k1 (non-rephasing); and
k4 = k3 + k2 − k1 (photon echo) [1,3,6,7]. Each selects its own
class of pathways represented by ladder diagrams. The appear-
ance of multiple pathways complicates the interpretation of these
signals and further pathway selectivity is highly desirable.

Over the past decade, nonlinear spectroscopies which com-
bine quantum light and quantum interferometry were proposed
for achieving better resolution at low intensities of input fields
[8–23]. Due to the back-action of the material systems on the
quantum states of light, the light–matter interaction sequence
is distinct compared with those in classical nonlinear spectro-
scopies [24–26]. Interferometric techniques have been proposed
for selectively probing pathways contributing to various non-
linear spectroscopies [27–33]. This selectivity is not possible
with traditional spectroscopies which employ classical light and
only detect a single outgoing field. Detecting several outgoing

fields rather than a single one can distinguish and isolate these
pathways [30–33]. Selective probing of general multipoint corre-
lation functions in a platform independent manner was discussed
in Ref. [34].

Here, we show how a coincidence double-heterodyne detec-
tion scheme that employs classical coherent states and vacuum
fields of light can achieve pathway selectivity in photon-echo
signals. Pathway selectivity for other four-wave mixing signals
is discussed in Supplement 1.

2. COINCIDENCE DOUBLE-HETERODYNE
DETECTION
Four-wave mixing signals are described by several ladder
diagrams. Measuring the signals in different phase-matching
directions with heterodyne detection can achieve some pathway
selectivity. For example, the photon-echo signal is generated
in the phase matching direction k4 = k3 + k2 − k1, and has the
three contributing pathways shown in Fig. 1. To achieve further
selectivity, we propose a coincidence detection scheme, which
can select a single ladder diagram (along with its disconnected
component) as shown in Fig. 2. We demonstrate this path-
way selectivity for the photon-echo signal. Pathway selectivity
in other phase-matching directions (non-rephasing and double
quantum coherence signals) is discussed in Supplement 1.

The proposed coincidence detection setup for the quantum
light generated at the sample, Fig. 3, selects a single ladder dia-
gram for each phase-matching direction. Our setup uses four
ultrashort pulses. The first two, 1 and 2, with the wave vectors
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Fig. 1. Ladder diagrams contributing to the classical-heterodyne-
detected photon-echo signal: SE, stimulated emission; ESA, excited
state absorption; GSB, ground state bleach. The ladder diagrams
shown here are shorthand descriptions of various light–matter inter-
action pathways [1]. The rules for interpreting such diagrams are
detailed in Supplement 1. In these diagrams, the two vertical dark
strands correspond to the ket and bra of the sample–field joint
density matrix. Time flows from the bottom to the top. Within
the rotating wave approximation for the sample–field interaction,
inward (outward) pointing arrows at a specific time correspond to
excitation (de-excitation) of the sample accompanied by absorption
(emission) of photons from (into) the indicated laser pulse. During
the interval between the two arrows, i.e., between two sample–field
interaction events, the sample and field degrees of freedom evolve
independently.

Fig. 2. Ladder diagrams contributing to the proposed double-
heterodyne detected photon-echo signal. The diagram SE shown
in panel (a) is selectively isolated by the proposed signal. As a
consequence of translational averaging, the disconnected diagram
SE.DC, shown in panel (b), has to be subtracted from the connected
diagram SE, shown in panel (a), to obtain the macroscopic signal.

and polarizations k1 and k2, ϵ 1 and ϵ 2, respectively, in coherent
states are sent through the sample; as shown by the red lines
in Fig. 3. The other two photon modes denoted 3 and 4 with
the central wave vectors and polarizations k3 and k4, ϵ 3 and ϵ 4,
respectively, are initially in their vacuum state. Photons gener-
ated in these modes by the sample are represented by the dotted
blue (before interacting with the sample) and solid blue (after
interacting with the sample) lines in Fig. 3. The detectors in
Fig. 3 select the wave vectors of these pulses. Hence, the cen-
tral wave vectors, k1 and k2, are controlled by the propagation
directions of the incoming pulses. In contrast, the central wave
vectors of the outgoing pulses from the sample, k3 and k4, are
selected by the detection system. A finite signal can only be
observed when all the wave vectors satisfy one of the three
phase-matching conditions. In the photon-echo signal, the wave
vectors must satisfy k4 − k3 = k2 − k1. Each of the generated
pulses 3 and 4 is mixed with its respective local oscillator, 3̃ and
4̃, at the 50 : 50 beam splitters, as shown in Fig. 3. Note that,
these local oscillators do not pass through the sample, unlike
the classical signal which only involves a single local oscil-
lator. Finally, two heterodyne measurements are performed in

Fig. 3. Proposed coincidence double-heterodyne detection
scheme for selecting pathways contributing to four-wave mixing
spectroscopies. In this scheme, two incoming pulses (1 and 2), ini-
tially prepared in coherent states, interact with the sample. The
sample generates photons in the modes 3 and 4, initially in their
vacuum. Thus, generated pulses at the sample are mixed with ref-
erence pulses, 3̃ and 4̃, prepared in coherent states at the two beam
splitters. The detectors select the wave vector directions of outgo-
ing modes from the sample, 3 and 4. The proposed signal involves
coincident detection of these two heterodyne measurements.

coincidence to generate the signal,

S = ⟨: (ID1 − ID2 )(ID3 − ID4 ) :⟩, (1)

where IDn is the time-integrated electric field intensity opera-
tor at the Dn detector, given by the following Liouville space
superoperator expression:

IDn =
1

2πc2
n

∫ +∞

−∞

dt E⃗
†

DnR(t) · E⃗DnL(t),

where E⃗Dn is the positive frequency component of the electric
field operator at the Dn detector. The L/R indices are left/right
Liouville space superoperator indices defined below. The cn,
defined below, is a constant that depends on the transverse area
of the pulses and their central frequencies. We note that the
normal ordering of Hilbert space operators as implied by the
symbol : · · · : in the above coincidence signal, is automatically
accounted for by expressing the field operators in terms of Liou-
ville space operators [8]. Expressing the electric field operators
at the detectors in terms of the field operators at the input ports
of the 50 : 50 beam splitters gives the following expressions
for the differential intensity at pairs of detectors (D1 − D2 and
D3 − D4):

ID1 − ID2 =
i

2πc3c3̃

∫ +∞

−∞

dt⟨
[︂
E⃗

†

3̃R(t) · E⃗3L(t) − E⃗
†

3R(t) · E⃗3̃L(t)
]︂
⟩,

ID3 − ID4 =
−i

2πc4c4̃

∫ +∞

−∞

dt⟨
[︂
E⃗

†

4̃R(t) · E⃗4L(t) − E⃗
†

4R(t) · E⃗4̃L(t)
]︂
⟩,

(4)
where E⃗n is the positive frequency component of the electric
field operator of the nth pulse. Hence, in the above signal, S,
the two terms, (ID1 − ID2 ) and (ID3 − ID4 ), correspond, respec-
tively, to the product of electric field amplitudes of pulses
3 (generated at the sample), and 3̃ (its reference local oscil-
lator); and pulses 4 (generated at the sample) and 4̃ (its
reference local oscillator). These individual measurements are
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analogous to the standard-heterodyne detection, which probes
coherence between two fields. As in the proposed signal,
these two heterodyne measurements are performed in coin-
cidence; we refer to it as the coincidence-double-heterodyne
detection signal. This signal is analogous to the one pro-
posed in Ref. [31]. Here, S, depends on polarizations, wave
vectors, and temporal profiles of the four pulses 1, 2, 3̃, 4̃.
Hereafter, we shall fix the polarizations and wave vectors of
these pulses and vary the three time delays between the four
pulses.

The four pulses, I = 1, 2, 3̃, 4̃, are initially in coherent states,

|Ψ(−∞)⟩ = e
∑︁

i∈I
∫ +∞
−∞

dω
2π

[︂
αi(ω)a†iϵi

(ω)−α∗
i (ω)aiϵi (ω)

]︂
|∅⟩, (5)

where a†

iϵ i
(ω) is a bosonic creation operator for creating a photon

in the pulse “i” with frequency ω, central wave vector ki, and
polarization ϵ i. Here, |∅⟩ represents the vacuum state of the
field.

The Hamiltonian of the sample (a collection of non-
interacting identical molecules), the light, and their interaction
is

H = Hs
sample
+ Hf

field
+ Hsf

sample--field
,

Hf =
∑︂
i∈I

∑︂
ϵ i

∫ +∞

−∞

dω ℏωa†

iϵ i
(ω)aiϵ i (ω),

I = 1, 2, 3, 4, 3̃, 4̃,

Hsf =

∫
sample

d3r
4∑︂

i=1

[︂
e−iki ·rE⃗

†

i · V⃗(r) + eiki ·rV⃗(r)†·E⃗i

]︂
. (9)

Here the positive frequency component of the electric field
operator for the pulse “i,” with central wave vector, ki, fre-
quency, ω̄i, and the transverse area A, at the sample is E⃗i =

ici
∑︁

ϵ i
ϵ i

∫ +∞
−∞

dωaiϵ i (ω)
(︂
ci =

√︂
ℏω̄i

4πϵ0cA

)︂
. We assume that the fre-

quency bandwidths of the pulses are much smaller than their
respective central frequencies. Free space diffraction of the
waves is neglected. For dilute samples, the sample Hamilto-
nian is given by a sum of Hamiltonians for each molecule, i.e.,
Hs =

∑︁
n∈sample Hn. Moreover, V⃗(r) =

∑︁
n∈sample V⃗nδ(r − rn) is the

macroscopic dipole de-excitation operator for the sample, which
is written as the sum of de-excitation operators for each molecule
in the sample. We assume that the de-excitation operators of the
molecules correspond to electronic transitions in the ultravio-
let regime. Finally, the sample–field interaction is written in the
rotating-wave approximation. The electric field envelope of each
pulse at the sample is approximated by a plane wave with its own
central wave vector.

The proposed coincidence detection signal collects the out-
going fields from the sample in the directions k3 and k4 and
mixes them with the reference pulses 3̃ and 4̃ (local oscillators)
at the two beam splitters, respectively. This coincidence signal
can be expressed in terms of the fields entering the 50 : 50 beam
splitters, i.e., using Eq. (4) in Eq. (1),

SDH =

[︄∏︂
i=3,4

1
2πcicĩ

]︄ ∫ +∞

−∞

∫ +∞

−∞

dt4̃dt3̃ ⟨T
[︂
E⃗

†

4̃R(t4̃) · E⃗4L(t4̃) − E⃗
†

4R(t4̃) · E⃗4̃L(t4̃)
]︂ [︂

E⃗
†

3̃R(t3̃) · E⃗3L(t3̃) − E⃗
†

3R(t3̃) · E⃗3̃L(t3̃)
]︂
⟩

= 2

[︄∏︂
i=3,4

1
2πcicĩ

]︄
Re

∫ +∞

−∞

∫ +∞

−∞

dt4̃dt3̃
[︂
⟨T E⃗

†

4̃R(t4̃) · E⃗4L(t4̃)E⃗
†

3̃R(t3̃) · E⃗3L(t3̃)⟩ − ⟨T E⃗
†

4̃R(t4̃) · E⃗4L(t4̃)E⃗
†

3R(t3̃) · E⃗3̃L(t3̃)⟩
]︂

.

(10)

In the above equation, the second line is obtained from the first
by expanding the square brackets in its integrand, which gives
the sum of two terms and their complex conjugates. Combining
these gives the real part of the two terms retained in the second
line. Here the electric field operators are given in the interac-
tion picture and ⟨T · · · ⟩ = Tr

[︂
T · · · e− i

ℏ
∫ +∞
−∞

dtHsf−(t)ρ(−∞)

]︂
. The

joint sample–field initial density matrix is given by ρ(−∞) =

ρs(−∞) ⊗ |Ψ(−∞)⟩⟨Ψ(−∞)|, where ρs(−∞) = ⊗n∈sample |g⟩nn⟨g|
is the initial ground state of the sample and |Ψ(−∞)⟩ is the initial
field state defined in Eq. (5). Throughout this work, we use the
superoperator notation: OLX = OX, ORX = XO , O− = OL − OR,
and O+ =

OL+OR
2 [35,36]. A detection scheme analogous to the

above signal was used in Refs. [37,38].

Each term in the square brackets in Eq. (10) can be thought
of as operators corresponding to a heterodyne detection, i.e.,
pulses 3̃ and 4̃, individually heterodynes pulses 3 and 4. Since
the signal measures the correlation/coincidence between the two
heterodyne detections, we refer to our signal as the coincidence-
double-heterodyne detection signal, indicated by the subscript
DH .

Since pulses, 3̃ and 4̃, do not pass through the sample, the four-
point field correlation function between the outgoing and the
reference local oscillator fields can be decoupled. For the initial
coherent states of the local oscillators, Eq. (5), the electric field
operators can be replaced by classical electric field amplitudes
to get

SDH = 2

[︄∏︂
i=3,4

1
2πcicĩ

]︄
Re

∫ +∞

−∞

∫ +∞

−∞

dt4̃dt3̃
[︂
⟨T E⃗∗

4̃(t4̃) · E⃗4L(t4̃)E⃗∗

3̃(t3̃) · E⃗3L(t3̃)⟩ − ⟨T E⃗∗

4̃(t4̃) · E⃗4L(t4̃)E⃗
†

3R(t3̃) · E⃗3̃(t3̃)⟩
]︂

, (11)

where E⃗i(ti) = ⟨Ψ(−∞)|E⃗i(ti)|Ψ(−∞)⟩ is the classical field
envelope of the pulse “i.”

In Eq. (11), the first term corresponds to measuring the anoma-
lous correlation function of the entangled photons in pulses 3 and
4 generated at the sample, and the second term corresponds to
measuring the coherence between photons in pulses 3 and 4 gen-
erated at the sample. In the first process, the sample, with its χ(3)

optical nonlinearity, acts as a medium for entangled photon pair
generation [39–44]. We note that the diagrams corresponding to
the double quantum coherence signal contribute only to the first
term. In contrast, those corresponding to the non-rephasing and
the photon-echo signals contribute only to the second term (see
Supplement 1).

https://doi.org/10.6084/m9.figshare.26841046
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3. PATHWAY SELECTIVITY IN QUANTUM
ULTRAFAST PHOTON-ECHO SPECTROSCOPY
The four-wave mixing signals (see Supplement 1) are computed
by expanding the coincidence signal defined in Eq. (11) to the
fourth order in the system–field interaction. This gives

SDH = 2

[︄∏︂
i=3,4

1
2πcicĩ

]︄
1

4!ℏ4 Re
∫ +∞

−∞

· · ·

∫ +∞

−∞

dt4̃dt3̃dt4 · · · dt1[︄
⟨T E⃗∗

4̃(t4̃) · E⃗4L(t4̃)E⃗∗

3̃(t3̃) · E⃗3L(t3̃)
4∏︂

n=1

Hsf−(tn)⟩0

−⟨T E⃗∗

4̃(t4̃) · E⃗4L(t4̃)E⃗
†

3R(t3̃) · E⃗3̃(t3̃)
4∏︂

n=1

Hsf−(tn)⟩0

]︄
.

(12)
Here ⟨· · · ⟩0 stands for expectation value with respect to the
uncorrelated initial system and field state [ρ(−∞)]. In the above
equation, upon expanding each of Hsf−(t), we find a total of
29 terms and their complex conjugates. As in conventional
four-wave mixing spectroscopies, we only retain terms aris-
ing from a first-order interaction with each pulse. Below, we
focus on the photon-echo signal; the other signals are discussed
in Supplement 1. For homogeneous and isotropic samples, the
physical macroscopic signal is obtained by translational and
rotational averaging over all possible positions and orientations
of N molecules that interact with the four pulses 1, 2, 3, 4. Thus,
obtained macroscopic signal in the photon-echo phase-matching
direction is given as

SPE
DH = −

2(2π)3

ℏ4 Nδ(3)(k4 − k3 − k2 + k1)

Re
∫ +∞

−∞

dt4 · · ·
∫ +∞

−∞

dt1
t4≥t3≥t2≥t1

∑︂
n4 ,. . .,n1=x,y,z[︃

⟨V
n4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1
R (t1)⟩s

− ⟨V
n4

L (t4)Vn2†
L (t2)⟩s⟨V

n3†
R (t3)Vn1

R (t1)⟩s

]︃
× RT

n4 ,n3 ,n2 ,n1

⎡⎢⎢⎢⎢⎣
E⃗∗

4(t4) · E⃗3(t3)E⃗2(t2) · E⃗∗
1(t1)

E⃗∗
4(t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1(t1)
E⃗∗

4(t4) · E⃗∗
1(t1)E⃗3(t3) · E⃗2(t2)

⎤⎥⎥⎥⎥⎦
−

2(2π)6

ℏ4 N2δ(3)(k4 − k2)δ
(3)(k3 − k1)

Re
∫ +∞

−∞

dt4 · · ·
∫ +∞

−∞

dt1
t4≥t3≥t2≥t1

⟨V⃗L(t4) · V⃗†

L (t2)⟩s⟨V⃗
†

R (t3) · V⃗R(t1)⟩s×

E⃗∗
4(t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1(t1)
9

.

(13)

Here

Rn4 ,n3 ,n2 ,n1 =
1
30

⎡⎢⎢⎢⎢⎣
4δn4n3δn2n1 − δn4n2δn3n1 − δn4n1δn3n2

−δn4n3δn2n1 + 4δn4n2δn3n1 − δn4n1δn3n2

−δn4n3δn2n1 − δn4n2δn3n1 + 4δn4n1δn3n2

⎤⎥⎥⎥⎥⎦ .

See Supplement 1 for a detailed derivation of the signals in
all phase-matching directions. In the above, we assumed that
the classical pulse envelopes are temporally well separated and
arrive at the sample in the sequence 1, 2, 3, 4.

The above signal has two distinct types of contributions
[31,45–47], a single molecule contribution, which scales as N
with the number of molecules, and a two-molecule contribution,
which scales as N2. The former contribution, which we refer to
as genuine nonlinear response in the phase-matched direction
k4 − k3 = k2 − k1, has two terms, the genuine single molecule
contribution [Fig. 2(a)], and a pseudo two-molecule contribu-
tion [Fig. 2(b)], is given by the product of linear responses of
two copies of the same molecule. Both of these terms scale
as N. The latter contribution, which we refer to as the sig-
nal in the background phase-matched direction, k4 = k2 and
k3 = k1, is also given by the product of linear responses (absorp-
tion spectra) of two molecules. This is also represented by
Fig. 2(b). Its contribution, in contrast, scales as N2. We empha-
size that, as a consequence of translational averaging detailed
in Supplement 1, the disconnected diagram [Fig. 2(b)], con-
tributes to the signal in both the background phase-matching
direction, where its contribution scales as N2, as well as to
the signal in genuine photon-echo phase matching direction,
where its contribution scales as N, hence may be thought of
as pseudo-two-molecule contribution. We note that this discon-
nected diagram carries no additional information beyond linear
absorption spectroscopy. However, these unwanted N2 contribu-
tions can be suppressed (i) by collecting the signals in directions
k3/4 distinct from the propagation directions of the incoming
pulses, k1/2, or (ii) by using linearly polarized pulses and col-
lecting pulses 3 and 4 with polarization vectors, ϵ 3/4, orthogonal
to those of 1 and 2, ϵ 1/2. Despite eliminating this background,
the disconnected diagram contribution, which scales as N, the
pseudo-two-molecule contribution, still contributes to the sig-
nal in the genuine photon-echo phase-matching direction. This
pseudo-two-molecule contribution, a consequence of transla-
tional averaging, cannot be eliminated from the signal. However,
as discussed later, its contribution is expected to rapidly decay
as a function of the time delay between the second and third
pulses. By collecting signals in the photon-echo phase match-
ing direction k4 − k3 = k2 − k1 (with the additional constraint
of k4 ≠ k2 and k3 ≠ k1), we obtain the following expression for
the signal:

SPE
DH = −

2
ℏ4 Re

∫ +∞

−∞

dt4 · · ·
∫ +∞

−∞

dt1
t4≥t3≥t2≥t1

∑︂
n4 ,. . .,n1=x,y,z[︃

⟨V
n4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1
R (t1)⟩s

− ⟨V
n4

L (t4)Vn2†
L (t2)⟩s⟨V

n3†
R (t3)Vn1

R (t1)⟩s

]︃
× RT

n4 ,n3 ,n2 ,n1

⎡⎢⎢⎢⎢⎣
E⃗∗

4(t4) · E⃗3(t3)E⃗2(t2) · E⃗∗
1(t1)

E⃗∗
4(t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1(t1)
E⃗∗

4(t4) · E⃗∗
1(t1)E⃗3(t3) · E⃗2(t2)

⎤⎥⎥⎥⎥⎦ .

(14)

Here, we have dropped inconsequential factor of (2π)3Nδ(3)(k4 −

k3 − k2 + k1). The above signal then probes the difference of the
ladder diagrams in Fig. 2, i.e., the diagram in Fig. 2(a) and
its corresponding disconnected diagram Fig. 2(b). We note that
in macroscopic samples, it is not possible to fully isolate dia-
gram Fig. 2(a). Although the diagrams in Figs. 1(b) and 1(c)
and their corresponding disconnected contributions satisfy the
same phase matching condition as Fig. 1(a) and its correspond-
ing disconnected contribution, they do not contribute to SPE

DH
.

This is because the diagrams in Figs. 1(b) and 1(c) involve the

https://doi.org/10.6084/m9.figshare.26841046
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absorption of a photon from pulse 3 which is initially in the
vacuum state. However, if the time ordering of pulses 2 and 3̃
is interchanged in Fig. 3, the coincidence signal can selectively
isolate the diagram in Fig. 1(c) along with its disconnected con-
tribution. Hereafter, we refer to the above signal as the quantum
signal.

We next contrast the quantum signal, SPE
DH

, with the standard
classical heterodyne detected photon-echo signal, where a sin-
gle pulse, 4, is detected. For temporally well-separated pulses,
{E⃗1(t), . . . , E⃗4(t)} this signal is given by

SPE
H = −

2
ℏ4 Re

∫ +∞

−∞

dt4 · · ·
∫ +∞

−∞

dt1
t4≥t3≥t2≥t1

∑︂
n4 ,. . .,n1=x,y,z[︃

⟨V
n4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1
R (t1)⟩s

− ⟨V
n4

L (t4)Vn3†
L (t3)Vn2†

L (t2)Vn1
R (t1)⟩s

+ ⟨V
n4

L (t4)Vn3†
L (t3)Vn2†

R (t2)Vn1
R (t1)⟩s

]︃
× RT

n4 ,n3 ,n2 ,n1

⎡⎢⎢⎢⎢⎣
E⃗∗

4(t4) · E⃗3(t3)E⃗2(t2) · E⃗∗
1(t1)

E⃗∗
4(t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1(t1)
E⃗∗

4(t4) · E⃗∗
1(t1)E⃗3(t3) · E⃗2(t2)

⎤⎥⎥⎥⎥⎦ .

(15)

Hereafter, we refer to this signal as the classical signal.
This signal has contributions given by the sum of all dia-

grams in Fig. 1. The sum of contributions from the disconnected
diagrams corresponding to Fig. 1 vanishes.

We note that the sum of all diagrams contributing to the
classical signal, SPE

H
, can be expressed in terms of the clas-

sical causal response function χ(3)+−−−(n1, . . . , n4; t1, . . . , t4) =
⟨V

n4
+ (t4)Vn3†

− (t3)Vn2†
− (t2)Vn1

− (t1)⟩s. The quantum signal, SPE
DH

cannot be expressed solely in terms of such causal response func-
tions. Although it can be expressed as a combination of causal
and non-causal response functions, χ(3)+±±±(n1, . . . , n4; t1, . . . , t4).
The same conclusions hold for the signals in other phase-
matching directions discussed in Supplement 1. There-
fore, measuring several outgoing fields, as is done in the
present coincidence scheme, provides a rich avenue to
access non-causal response functions of material systems
[26,32,48].

Since the double-heterodyne detection scheme in the photon-
echo phase-matching direction selects Fig. 1(a) [along with
its disconnected piece, Fig. 2(b)] from the contributions to
the classical signal, we call this pathway selectivity. Hence,
measuring more than a single pulse provides pathway selectiv-
ity in our quantum signal. The proposed detection scheme also
achieves pathway selectivity for the signals in phase-matching
directions other than the photon echo; this is discussed in
Supplement 1.

4. CLASSICAL VERSUS QUANTUM ULTRAFAST
PHOTON-ECHO SIGNALS IN THE IMPULSIVE
LIMIT
We now consider the impulsive limit with linearly polarized
pulses, where classical electric fields are given by

E⃗n(t) = ϵ n

√
Ie−iω̄tδ(t − τn) n = 1, . . . , 4,

with the conditions τ4> · · · >τ1 and ϵ ∗
4 · ϵ 2 = ϵ ∗

4 · ϵ 1 = ϵ ∗
3 · ϵ 2 =

ϵ ∗
3 · ϵ 1 = 0, and ϵ ∗

4 · ϵ 3 = ϵ ∗
2 · ϵ 1 = 1. Here, I is the intensity of

pulses 1, 2, 3̃, 4̃. For this pulse configuration, the quantum and
classical photon-echo signals are simplified to

SPE
DH(τ1, . . . , τ4) = −

I2

15ℏ4

∑︂
n4 ,. . .,n1=x,y,z(︁

4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁
×[︃

⟨V
n4

L (τ4)V
n3†

R (τ3)V
n2†

L (τ2)V
n1

R (τ1)⟩s

− ⟨V
n4

L (τ4)V
n2†

L (τ2)⟩s⟨V
n3†

R (τ3)V
n1

R (τ1)⟩s

]︃
(16)

and

SPE
H (τ1, . . . , τ4) = −

I2

15ℏ4

∑︂
n4 ,. . .,n1=x,y,z(︁

4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁
×[︃

⟨V
n4

L (τ4)V
n3†

R (τ3)V
n2†

L (τ2)V
n1

R (τ1)⟩s

− ⟨V
n4

L (τ4)V
n3†

L (τ3)V
n2†

L (τ2)V
n1

R (τ1)⟩s

+ ⟨V
n4

L (τ4)V
n3†

L (τ3)V
n2†

R (τ2)V
n1

R (τ1)⟩s

]︃
.

(17)

For molecules initially in a stationary state, e.g., the ground state
|g⟩⟨g|, the signals in Eqs. (17) and (16) are independent of τ1.
It is then convenient to express the above signals in terms of
the time delays between consecutive pulses, Tn = τn+1 − τn (n =
1, 2, 3). Furthermore, as is customary in the four-wave mixing
spectroscopies [1,7,49], these signals are conveniently expressed
as half-Fourier-transforms with respect to T1 and T3 as

SPE
H/DH(Ω1, T2,Ω3)

=

∫ ∞

0
dT3

∫ ∞

0
dT1eiΩ3T3+iΩ1T1SPE

H/DH(T1, T2, T3).
(18)

Sum-over-states expressions can provide insight into the
information revealed by each of the signals, SPE

H/DH
. These

expressions, for a generic molecular aggregate with energy
levels grouped into (i) ground (|g⟩), (ii) single exciton
({|e1⟩, . . . , |eN⟩}), and (iii) two exciton ({|f1⟩, . . . , |fM⟩}) man-
ifolds [see Fig. 4(b)], coupled to a Markovian bath, are given

Fig. 4. The model system used for the computation of signals
presented in Fig. 5. (a) The Frenkel dimer model consisting of two
two-level molecules that are coupled through both the static and the
transition dipoles of each molecule. Site energies undergo stochastic
fluctuations. (b) In the absence of the noise, the model’s eigenstates
are grouped into the ground manifold (|g⟩), single exciton manifold
({|e1⟩, |e2⟩}), and two exciton manifold (|f ⟩). Please see Table 1, for
the nature of parameters used for simulations.

https://doi.org/10.6084/m9.figshare.26841046
https://doi.org/10.6084/m9.figshare.26841046
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as
SPE

DH(Ω1, T2,Ω3) = SPE.SE
DH (Ω1, T2,Ω3)

− SPE.SE.DC
DH (Ω1, T2,Ω3)

(19)

and

SPE
H (Ω1, T2,Ω3) =

∑︂
X=SE,ESA,GSB

SPE.X
H (Ω1, T2,Ω3),

where we dropped the unimportant factor I2

15ℏ4 . All contributions
to Eq. (19) are given by

SPE.SE
H (Ω1, T2,Ω3) =

∑︂
n4 ,. . .,n1=x,y,z

(︁
4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁ ∑︂
e,e′,ē,ē′

µ
n4
gēµ

n3
ē′gµ

n2
egµ

n1
ge′Gē,ē′;e,e′(T2)(︂

Ω3 − ωēg + iγēg

)︂ (︂
−Ω1 − ωe′g − iγe′g

)︂
SPE.SE.DC

DH (Ω1, T2,Ω3) =
∑︂

n4 ,. . .,n1=x,y,z

(︁
4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁ ∑̄︂
e,e′

µ
n4
gēµ

n3
e′gµ

n2
ēgµ

n1
ge′e

−i
(︂
ωēe′−iγēg−iγe′g

)︂
T2(︂

Ω3 − ωēg + iγēg

)︂ (︂
−Ω1 − ωe′g − iγe′g

)︂
SPE.SE

DH (Ω1, T2,Ω3) = SPE.SE
H (Ω1, T2,Ω3)

SPE.ESA
H (Ω1, T2,Ω3) =

∑︂
n4 ,. . .,n1=x,y,z

(︁
4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁ ∑︂
e,e′,ē,ē′

f

−µ
n4
ē′f µ

n3
f ēµ

n2
egµ

n1
ge′Gē,ē′;e,e′(T2)(︂

Ω3 − ωf ē′ + iγf ē′

)︂ (︂
−Ω1 − ωe′g − iγe′g

)︂
SPE.GSB

H (Ω1, T2,Ω3) =
∑︂

n4 ,. . .,n1=x,y,z

(︁
4δn4n3δn2n1 − δn4n2δn3n1 − δn3n2δn4n1

)︁ ∑̄︂
e,e′

µ
n4
gēµ

n3
ēgµ

n2
ge′µ

n1
ge′(︂

Ω3 − ωēg + iγēg

)︂ (︂
−Ω1 − ωe′g − iγe′g

)︂ , (24)

where µn
xy = ⟨x|µn |y⟩ is the transition de-excitation operator

and γxy is the dephasing rate between states x and y. Here
Gē,ē′;e,e′(t) = ⟨⟨|ē⟩⟨ē′ | |eL t | |e⟩⟨e′ |⟩⟩ are the matrix elements of the
Liouville space propagation superoperator in the single exciton
manifold, which in the secular approximation (Lindblad evolu-
tion) which decouples populations and coherences in the exciton
eigenbasis [7,50], are given by Gē,ē′;e,e′(t) = δēeδē′e′e−i(ωee′−iγee′)t +

δēē′δee′ ⟨ē|eWt |e⟩, where W is the population relaxation matrix.
When exciton relaxation is neglected or treated phenomeno-

logically, i.e., either (i) for isolated aggregates without dissi-
pation, or (ii) for treatments of relaxation dynamics through
the addition of negative imaginary relaxation rates to exciton
energy states, SPE.SE

DH
= SPE.SE.DC

DH
and hence the quantum signal,

SPE
DH

, vanishes. Therefore, the quantum signal is sensitive to the
relaxation dynamics of molecular aggregates.

In the sum-over-states representation [Eqs. (19)], Ω1 covers
the energy gap between the single and zero exciton manifolds;
T2 covers the temporal dynamics of population and coherences
in the single exciton manifold [Figs. 1(a) and 1(b)] and in the
zero exciton manifold [Fig. 1(c)]; Ω3 provides information of
the energy gap between the single and zero exciton manifolds
[Figs. 1(a) and 1(c)] and the two exciton and single exciton man-
ifolds [Fig. 1(b)]. Two types of resonances appear in SPE

H/DH
:

(i) diagonal (Ω1 = −Ω3), and (ii) off-diagonal (Ω1 ≠ −Ω3). For
both diagonal and off-diagonal resonances, in SPE

H
, generically

all diagrams in Fig. 1 contribute. Hence their interference
can complicate the interpretation of the signal. Only one dia-
gram [after T2 greater than the decoherence time of single and
zero exciton manifolds, Fig. 2(a)] contributes to SPE

DH
. When

only the dynamics in the single exciton manifold is of inter-
est, it can be advantageous to study SPE

DH
, as its computation

and measurement do not involve any knowledge of the two-
exciton manifold. Hence, the proposed quantum signal should
be useful for probing exciton dynamics in molecular and biolog-
ical aggregates [7,49,51,52], where the experimentally obtained
dynamical time scales are predominantly rationalized based
on phenomenological models. The proposed technique requires
fewer parameters to reconstruct the experimental signal.

5. APPLICATION TO A FRENKEL-EXCITON DIMER
We now compare the quantum and the classical photon-echo
signals for a Frenkel dimer model [7,51–53]. As sketched in
Fig. 4(a), this model consists of two coupled two-level Frenkel
sites [described by two-level system de-excitation operators
{B1, B2}, which satisfy the commutation relations [Bm, B†

n] =

δmn(1 − 2B†
nBn)]. The local dephasing of the Frenkel sites is

modeled by stochastic fluctuations of their site energies. This
system is described by the Hamiltonian

H(t) =
2∑︂

m,n=1

hmn(t)B
†

mBn + UB†

1B1B
†

2B2, (25)

where the single exciton Hamiltonian is given by h(t) =(︃
ω1 + η1(t) J

J ω2 + η2(t)

)︃
. Here, the classical stochastic process

ηn(t) represents an uncorrelated Gaussian colored noise statistics
with zero mean and variance ⟨ηn(t)ηn′(t′)⟩ = δnn′α

2
ne−γn |t−t′ | . The

de-excitation component of the transition dipole operator is
given by V⃗ =

∑︁2
n=1 µ⃗nBn. The parameters used in the simu-

lations, along with their physical interpretation, are given in
Table 1.

In the absence of noise, the eigenstates of H are (i) the ground
state |g⟩ (such that Bn |g⟩ = 0) with energy ωg = 0; (ii) the single

Table 1. Parameters for the Frenkel Dimer Used for
Simulationsa

ω1 ω2 J U α1 = α2 γ1 = γ2 µ⃗1 µ⃗2

1.95 eV 2.05 eV 0.1 eV 0.05 eV 0.05 eV 0.02 eV 1x̂ D 1ŷ D
aHere, ω1 and ω2 represent the transition energy gaps of isolated Frenkel

sites; J represents the transition dipole coupling between the Frenkel sites;
U represents the static dipole coupling between Frenkel sites. It can also
be interpreted as exciton-exciton binding/repulsion energy. Here α1, α2, γ1,
andγ2 characterize the Gaussian colored noise used to model dephasing and
transport in the Frenkel model; µ⃗1 and µ⃗2 correspond to transition dipole
vectors for each isolated Frenkel sites.
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Fig. 5. Here (a) SPE
H

(sum of all diagrams in Fig. 1), (b) SPE
DH

(difference of the diagrams in Fig. 2), and (c) disconnected contribution
to SPE

DH
[diagram in Fig. 2(b)] for various waiting times (T2). Green and yellow markers indicate the location of resonances from various

Liouville space pathways. Green represents resonances that appear in the diagrams in Figs. 1(a) and 1(c), and yellow represents those in
Fig. 1(b).

exciton states, |e1/2⟩ = [cos θB†

1 ∓ sin θB†

2]|g⟩ (θ is the mixing
angle determined such that the rotational matrix R(θ) = eiθσy

diagonalizes the single-exciton Hamiltonian h(t)|ηn(t)=0) with
their respective energies ωe1/2

; and (iii) the two exciton state
|f ⟩ = B†

1B
†

2 |g⟩ with the energy ωf = ω1 + ω2 + U.
We have computed the signals SPE

H/DH
using the hierarchical

equations of motion method [54–58]. Computed signals are plot-
ted in Fig. 5 and Visualization 1. See Supplement 1 for technical
and computational details.

As discussed below, the quantum and classical signals plotted
in Fig. 5 and Visualization 1 show distinct features. Two key
differences are (i) off-diagonal resonances appearing from the
excited state absorption diagram [Fig. 1(b)] in the classical signal
are absent in the quantum signal, and (ii) after a short transient
time, ground state bleach contribution [Fig. 1(c)] to both the
diagonal and off-diagonal resonances in the classical signal is
absent in the quantum signal. These differences reduce spectral

congestion and background in the quantum signal, making it
easier to interpret.

Figure 5(a) corresponds to the classical photon-echo signal,
SPE

H
, the sum of all diagrams in Fig. 1. Figure 5(b) is the quantum

signal, SPE
DH

, the difference of the diagrams in Fig. 2. Figure 5(c)
is the disconnected contribution toSPE

DH
, the diagram in Fig. 2(b).

The dynamics probed during T2 by the disconnected contribution
[Fig. 2(b)] toSPE

DH
is dictated by the dephasing between the single

and zero exciton manifolds. As the dephasing times between
the single and zero exciton manifolds are typically much faster
than the time scales of dynamics in the single exciton manifold,
this disconnected piece vanishes after a short transient time.
For example, for the parameters chosen here, this disconnected
contribution drops below 10% of the total signal, SPE

DH
, for T2 ≥

20 fs. Therefore, the double-heterodyne detected signal, SPE
DH

,
effectively selects the single diagram in Fig. 2(a) after a short
waiting time T2.

https://doi.org/10.6084/m9.figshare.25439209
https://doi.org/10.6084/m9.figshare.26841046
https://doi.org/10.6084/m9.figshare.25439209
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The green and yellow markers in Fig. 5 indicate all
possible resonances. Green markers represent the possi-
ble Liouville space pathways that contribute to the dia-

grams in Fig. 1(a) (the pathways |g⟩⟨g| →
T1

|g⟩⟨e′ | →

T2
|e⟩⟨e′ | ⇝ |ē⟩⟨ē′ | →

T3
|ē⟩⟨g′ | → |g⟩⟨g |) and Fig. 1(c) (the

pathways |g⟩⟨g| →
T1

|g⟩⟨e′ | →

T2
|g⟩⟨g | →

T3
|ē⟩⟨g′ | → |g⟩⟨g |).

The diagonal green resonances (Ω3 = −Ω1) probe these path-
ways with |e′⟩ = |ē⟩, while the off-diagonal ones probe |e′⟩ ≠
|ē⟩. Yellow markers represent the Liouville space path-
ways that contribute to the diagram in Fig. 1(b) (the path-

ways |g⟩⟨g| →
T1

|g⟩⟨e′ | →

T2
|e⟩⟨e′ | ⇝ |ē⟩⟨ē′ | →

T3
|f ⟩⟨ē′ | →

|ē′⟩⟨ē′ |). Time dependence of the off-diagonal peaks give
information on the dynamics in the single exciton manifold.
Off-diagonal green resonances have contributions from both
diagrams in Figs. 1(a) and 1(c). Moreover, for U → 0, the yel-
low markers overlap with the off-diagonal green markers. This
leads to the destructive interference of the contributions from
Figs. 1(a) and 1(c) with that from Fig. 1(b). This complicates
the interpretation of the signal. Such interfering pathways are
avoided in the proposed quantum signal SPE

DH
, which selects the

diagrams in Figs. 2. This can simplify further analysis of sin-
gle exciton dynamics. This can be seen from the absence of
resonances at the yellow markers and the ground state bleach
background at the off-diagonal green markers in the middle col-
umn of Fig. 5. In Visualization 1, both the signals, SPE

DH
and

SPE
H

, are plotted for a series of time delays (T2). The absence of
off-diagonal resonances from Fig. 1(b) and the background con-
tribution to the off-diagonal resonances from Fig. 1(c), makes
the coherent oscillations of the off-diagonal peaks in the sig-
nal SPE

DH
easy to observe as opposed to the standard signal SPE

H
.

This absence of interfering contribution from the ground state
bleaching, Fig. 1(c), to the signal SPE

DH
, can be advantageous

in two-dimensional electronic-vibrational spectroscopy [59,60].
Moreover, since the signal SPE

DH
does not carry any information

of the two exciton states, it can reduce the number of param-
eters needed to build the phenomenological models used for
the interpretation of the experimental data on the single exci-
ton dynamics. Hence, the proposed signal can probe dynamics
in the single exciton manifold without the ground state bleach
background and the knowledge of the two excitation manifold.

6. CONCLUSIONS
The proposed double-heterodyne coincidence detection scheme,
which employs two classical and two vacuum fields, can single
out a single pathway contributing to the signals measured in each
of the three dominant phase matching directions in the four-wave
mixing spectroscopies. This is illustrated for the photon-echo
signal. Such selectivity has an advantage in interpreting the
signals from molecules with complex vibronic and electronic
dynamics in the condensed phase. This is demonstrated by
computing the photon-echo signals obtained using the stan-
dard heterodyne and the proposed coincident double-heterodyne
detection schemes for a Frenkel dimer model. The proposed
coincident double-heterodyne signal should help understand the
exciton dynamics in complex molecular aggregates.
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I. RULES FOR READING LADDER
DIAGRAMS IN THE TIME DOMAIN

The following rules are used for translating ladder di-
agrams to the field and matter correlation functions [1].

• Time flows from bottom to top. Usually, the initial
time is −∞, and the final time is t.

• Left and right strands, respectively, correspond to
the ket and bra of the matter-field density matrix.

• Each matter-field interaction occurring at a definite
time is represented by various arrows, as discussed
below.

• Each matter-field interaction is represented by an
arrow, either on the left (left operators) or the right
(right operators) at distinct times, indicated by the
end points of inward pointing or starting points of
outward pointing arrows.

• Within the rotating wave approximation, the in-
teraction picture matter-field coupling Liouvillian
is given as,

Lmf (t) = −i
[ (

E†
L(t) · VL(t) + V †

L(t) · EL(t)
)

−
(
E†
R(t) · VR(t) + V †

R(t) · ER(t)
) ]

.

Clearly, in the rotating wave approximation, ab-
sorption (emission) of a photon involves excitation
(de-excitation) in the matter.

Each term in the above matter-field interac-
tion Liouvillian is represented by a distinct arrow,

Inward pointing arrow on the ket side V †
L(t) · EL(t)

Outward pointing arrow on the ket side E†
L(t) · VL(t)

Inward pointing arrow on the bra side E†
R(t) · VR(t)

Outward pointing arrow on the bra side V †
R(t) · ER(t)

• Moreover, at the final observation time, t, as a con-
vention, matter-field interaction is chosen to occur
as an outward pointing arrow on the ket side. This
can always be achieved by complex conjugation.

• Each ladder diagram translates into a correla-
tion function, given by the product of alternating
sequence of matter-field interaction terms repre-
sented by the arrows and free Liouville space evolu-
tion of matter and field degrees of freedom between
two consecutive arrows.

• Finally, the above obtained correlation function
must be multiplied by (−i)nl+nr (−1)nr to get
the final expression corresponding to the diagram.
Here nl/r are the number of interactions on the
ket/bra side of the diagram.

II. DOUBLE HETERODYNE DETECTION FOR
ULTRAFAST FOUR WAVE MIXING

SPECTROSCOPIES

To compute the four-wave mixing signals, we expand
the coincidence signal,

SDH = 2

 ∏
i=3,4

1

2πcicĩ

 Re

+∞∫
−∞

+∞∫
−∞

dt4̃dt3̃

[
⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

∗
3̃
(t3̃) · E⃗3L(t3̃)⟩ − ⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)⟩

]
,

(1)

to fourth order in the system-field interaction. This gives,
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SDH = 2

 ∏
i=3,4

1

2πcicĩ

 1

4!ℏ4
Re

+∞∫
−∞

· · ·
+∞∫

−∞

dt4̃dt3̃dt4 · · · dt1[
⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

∗
3̃
(t3̃) · E⃗3L(t3̃)

4∏
n=1

Hsf−(tn)⟩0 − ⟨T E⃗∗
4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)

4∏
n=1

Hsf−(tn)⟩0

]
.

(2)

Here ⟨· · · ⟩0 stands for expectation value with respect
to the uncorrelated initial system and field state. In
the above equation, upon expanding Hsf−(t), we find
that each term has 210 contributions, as each Hsf− con-
tributes four terms (hence 44 for four Hsf− terms) and
for each of the four terms, electric field can come from one
of the four pulses (hence 28×22 terms). These 210 terms
can be grouped as 29 terms and their complex conju-

gates. In conventional four-wave mixing spectroscopies,
only terms arising from first-order interaction with each
of the pulses are retained. Furthermore, for the system
initially in the electronic ground state, and assuming the
pulses are temporally well separated, i.e., arrive at the
sample in the sequence 1, · · · , 4, we find that only two
terms contribute to the first term in Eq. (2) and six
contribute to the second term. This gives,

SDH =
2

ℏ4

 ∏
i=3,4

1

2πcicĩ

Re

∫ +∞

−∞
dt4̃

∫ +∞

−∞
dt3̃

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1∫

r4∈sample

d3r4 · · ·
∫
r1∈sample

d3r1
∑

n4,··· ,n1=x,y,z

e−i(k4·r4+k3·r3−k2·r2−k1·r1)[
⟨Vn4

L (r4, t4)V
n3

L (r3, t3)V
n2†
L (r2, t2)V

n1†
L (r1, t1)⟩s⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

∗
3̃
(t3̃) · E⃗3L(t3̃)E

n4†
4L (t4)En3†

3L (t3)En2

2L(t2)E
n1

1L(t1)⟩f

−⟨Vn4

L (r4, t4)V
n3

R (r3, t3)V
n2†
L (r2, t2)V

n1†
L (r1, t1)⟩s⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

∗
3̃
(t3̃) · E⃗3L(t3̃)E

n4†
4L (t4)En3†

3R (t3)En2

2L(t2)E
n1

1L(t1)⟩f
]

−e−i(k4·r4−k3·r3+k2·r2−k1·r1)[
⟨Vn4

L (r4, t4)V
n3†
R (r3, t3)V

n2

R (r2, t2)V
n1†
L (r1, t1)⟩s⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3R(t3)E
n2†
2R (t2)En1

1L(t1)⟩f

−⟨Vn4

L (r4, t4)V
n3†
L (r3, t3)V

n2

R (r2, t2)V
n1†
L (r1, t1)⟩s⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3L(t3)E
n2†
2R (t2)En1

1L(t1)⟩f

+⟨Vn4

L (r4, t4)V
n3†
L (r3, t3)V

n2

L (r2, t2)V
n1†
L (r1, t1)⟩s⟨T E⃗∗

4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3L(t3)E
n2†
2L (t2)En1

1L(t1)⟩f
]

−e−i(k4·r4−k3·r3−k2·r2+k1·r1)[
⟨Vn4

L (r4, t4)V
n3†
R (r3, t3)V

n2†
L (r2, t2)V

n1

R (r1, t1)⟩s⟨T E⃗∗
4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3R(t3)E
n2

2L(t2)E
n1†
1R (t1)⟩f

−⟨Vn4

L (r4, t4)V
n3†
L (r3, t3)V

n2†
L (r2, t2)V

n1

R (r1, t1)⟩s⟨T E⃗∗
4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3L(t3)E
n2

2L(t2)E
n1†
1R (t1)⟩f

+⟨Vn4

L (r4, t4)V
n3†
L (r3, t3)V

n2†
R (r2, t2)V

n1

R (r1, t1)⟩s⟨T E⃗∗
4̃
(t4̃) · E⃗4L(t4̃)E⃗

†
3R(t3̃) · E⃗3̃(t3̃)E

n4†
4L (t4)En3

3L(t3)E
n2

2R(t2)E
n1†
1R (t1)⟩f

]
.

(3)

Here ⟨· · · ⟩s and ⟨· · · ⟩f are, respectively, sample and
field multipoint correlation functions. The sample cor-
relation functions entering in each of the terms in
Eq. (3) are represented by the ladder diagrams shown
in Fig. (1). Where the two terms appearing with
e−i(k4·r4+k3·r3−k2·r2−k1·r1) are respectively represented

by Fig. (1.DQC). The three terms appearing with
e−i(k4·r4−k3·r3+k2·r2−k1·r1) are respectively represented
by Fig. (1.NRP). Finally, the three terms appearing
with e−i(k4·r4−k3·r3−k2·r2+k1·r1) are respectively repre-
sented by Fig. (1.PE). Note that in Eq. (3), the sample
four-point correlators represented by various diagrams in



3

Fig. (1) are convolved with different field correlation
functions. Since the ladder diagrams in Figs. (1.DQC.B,
1.NRP.ESA, 1.NRP.GSB, 1.PE.ESA & 1.PE.GSB), in-
volve absorption of photons in pulse 3, either on the
ket or the bra side, and as this pulse is initially in
the vacuum state, these diagrams do not contribute to
the signal. This can also be clearly seen from the re-
spective field correlation function, which vanish for the
initial state of the pulses, I = 1, 2, 3̃ & 4̃, given by,

|Ψ(−∞)⟩ = e

∑
i∈I

+∞∫
−∞

dω
2π

[
αi(ω)a†

iϵi
(ω)−α∗

i (ω)aiϵi
(ω)
]
|∅⟩.

FIG. 1. Ladder diagrams contributing to the three domi-
nant phase matching directions in the four-wave mixing spec-
troscopies: (i) Double Quantum Coherence Signal (DQC:
k4+k3 = k2+k1), (ii) Non-rephasing signal (NRP: k4−k3 =
−k2+k1) and (iii) Photon-echo signal (PE: k4−k3 = k2−k1).

Finally, decoupling the field correlation functions for
various pulses and substituting the field operators corre-
sponding to pulses 1 & 2 with their respective classical

field envelopes, E⃗i(ti) = ⟨Ψ(−∞)|E⃗i(ti)|Ψ(−∞)⟩, we get,
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SDH =
2

ℏ4
Re

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1

∫
r4∈sample

d3r4 · · ·
∫
r1∈sample

d3r1
∑

n4,··· ,n1=x,y,z

e−i(k4·r4+k3·r3−k2·r2−k1·r1)⟨Vn4

L (r4, t4)V
n3

L (r3, t3)V
n2†
L (r2, t2)V

n1†
L (r1, t1)⟩sE

n4∗
4 (t4)E

n3∗
3 (t3)E

n2
2 (t2)E

n1
1 (t1)

−e−i(k4·r4−k3·r3+k2·r2−k1·r1)⟨Vn4

L (r4, t4)V
n3†
R (r3, t3)V

n2

R (r2, t2)V
n1†
L (r1, t1)⟩sE

n4∗
4 (t4)E

n3
3 (t3)E

n2∗
2 (t2)E

n1
1 (t1)

−e−i(k4·r4−k3·r3−k2·r2+k1·r1)⟨Vn4

L (r4, t4)V
n3†
R (r3, t3)V

n2†
L (r2, t2)V

n1

R (r1, t1)⟩sE
n4∗
4 (t4)E

n3
3 (t3)E

n2
2 (t2)E

n1∗
1 (t1).

(4)

For the dilute sample with a collection of identical non-
interacting molecules, which is considered here, the above

signal can be expressed in terms of single-molecule re-
sponse functions as follows,

SDH =
2

ℏ4
Re

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1

∑
n4,··· ,n1=x,y,z(

Φ(k4 + k3 − k2 − k1)[
⟨Vn4

L (t4)Vn3

L (t3)Vn2†
L (t2)Vn1†

L (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3

L (t3)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3

L (t3)Vn2†
L (t2)⟩s

]
+Φ(k4 − k2)Φ(k3 − k1)⟨V

n4

L (t4)Vn2†
L (t2)⟩s⟨Vn3

L (t3)Vn1†
L (t1)⟩s

+Φ(k4 − k1)Φ(k3 − k2)⟨V
n4

L (t4)Vn1†
L (t1)⟩s⟨Vn3

L (t3)Vn2†
L (t2)⟩s

)
En4∗

4 (t4)E
n3∗
3 (t3)E

n2
2 (t2)E

n1
1 (t1)

−
(
Φ(k4 − k3 + k2 − k1)

[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2

R (t2)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3†

R (t3)Vn2

R (t2)⟩s
]

+Φ(k4 − k1)Φ(−k3 + k2)⟨V
n4

L (t4)Vn1†
L (t1)⟩s⟨Vn3†

R (t3)Vn2

R (t2)⟩s
)
En4∗

4 (t4)E
n3
3 (t3)E

n2∗
2 (t2)E

n1
1 (t1)

−
(
Φ(k4 − k3 − k2 + k1)

[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1

R (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3†

R (t3)Vn1

R (t1)⟩s
]

+Φ(k4 − k2)Φ(−k3 + k1)⟨V
n4

L (t4)Vn2†
L (t2)⟩s⟨Vn3†

R (t3)Vn1

R (t1)⟩s
)
En4∗

4 (t4)E
n3
3 (t3)E

n2
2 (t2)E

n1∗
1 (t1).

(5)

Here, Φ(k) =
∑

m e−ik·rm stands for the phase match-
ing function, where the sum runs over N molecules in
the sample that interact with all four pulses 1, 2, 3 & 4.
For homogeneous samples this simplifies to Φ(k) =
N

∫
r∈V∗ d

3re−ik·r , where V∗ is the interaction volume.
For sufficiently large transverse areas of pulses and
large sample sizes, this further simplifies to Φ(k) =
(2π)3Nδ(3)(k). Hence, the signal has two distinct con-
tributions: (i) the single molecule contribution propor-
tional to N and (ii) the two-molecule coherent contri-
bution proportional to N2. The two-molecule contribu-

tion is expressed in terms of a single molecule’s two-point
correlation functions, giving the same information as lin-
ear spectroscopies. Furthermore, for isotropic samples,
the above signal has to be rotationally averaged to ob-
tain the macroscopic signal. This rotational averaging
has to be performed differently for the two contributions
discussed above. For the linear in N contribution, the
four-point correlation function of the molecule must be
rotationally averaged, while for the N2 contribution, the
two two-point correlation functions of molecules must be
rotationally averaged separately. The rotationally aver-
aged macroscopic signal [2] is finally given by
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SDH =
2

ℏ4
Re

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1

∑
n4,··· ,n1=x,y,z

Φ(k4 + k3 − k2 − k1)×[
⟨Vn4

L (t4)Vn3

L (t3)Vn2†
L (t2)Vn1†

L (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3

L (t3)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3

L (t3)Vn2†
L (t2)⟩s

]
×RT

n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗∗

3 (t3)E⃗2(t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗

∗
3 (t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗

∗
3 (t3) · E⃗2(t2)


−Φ(k4 − k3 + k2 − k1)×[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2

R (t2)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3†

R (t3)Vn2

R (t2)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗

∗
2 (t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗∗

2 (t2)E⃗3(t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗3(t3) · E⃗∗

2 (t2)


−Φ(k4 − k3 − k2 + k1)[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1

R (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3†

R (t3)Vn1

R (t1)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗2(t2) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗∗

1 (t1)E⃗3(t3) · E⃗2(t2)


+
Φ(k4 − k2)Φ(k3 − k1)

9
⟨V⃗L(t4) · V⃗†

L(t2)⟩s⟨V⃗L(t3) · V⃗†
L(t1)⟩s E⃗∗

4 (t4) · E⃗2(t2)E⃗
∗
3 (t3) · E⃗1(t1)

+
Φ(k4 − k1)Φ(k3 − k2)

9
⟨V⃗L(t4) · V⃗†

L(t1)⟩s⟨V⃗L(t3) · V⃗†
L(t2)⟩s E⃗∗

4 (t4) · E⃗1(t1)E⃗
∗
3 (t3) · E⃗2(t2)

−Φ(k4 − k1)Φ(−k3 + k2)

9
⟨V⃗L(t4) · V⃗†

L(t1)⟩s⟨V⃗
†
R(t3) · V⃗R(t2)⟩s E⃗∗

4 (t4) · E⃗1(t1)E⃗3(t3) · E⃗∗
2 (t2)

−Φ(k4 − k2)Φ(−k3 + k1)

9
⟨V⃗L(t4) · V⃗†

L(t2)⟩s⟨V⃗
†
R(t3) · V⃗R(t1)⟩s E⃗∗

4 (t4) · E⃗2(t2)E⃗3(t3) · E⃗∗
1 (t1). (6)

Here

Rn4,n3,n2,n1
= 1

30

 4δn4n3
δn2n1

− δn4n2
δn3n1

− δn4n1
δn3n2

−δn4n3
δn2n1

+ 4δn4n2
δn3n1

− δn4n1
δn3n2

−δn4n3
δn2n1

− δn4n2
δn3n1

+ 4δn4n1
δn3n2

.
Clearly, by avoiding collecting signals in the directions,
k4/3 identical to the incoming pulse central wave-vector

directions, k2/1, the uninteresting N2 contributions

to the signal, the last four terms in Eq. (6), can be
suppressed. This suppression can also be achieved by
choosing the polarization of pulses 3&4 to be orthogonal
to that of the pulses 1&2. For this sample irradiation
and detection geometry, the signal becomes,
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SDH =
2

ℏ4
Re

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1

∑
n4,··· ,n1=x,y,z

Φ(k4 + k3 − k2 − k1)×[
⟨Vn4

L (t4)Vn3

L (t3)Vn2†
L (t2)Vn1†

L (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3

L (t3)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3

L (t3)Vn2†
L (t2)⟩s

]
×RT

n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗∗

3 (t3)E⃗2(t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗

∗
3 (t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗

∗
3 (t3) · E⃗2(t2)


−Φ(k4 − k3 + k2 − k1)×[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2

R (t2)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn1†
L (t1)⟩s⟨Vn3†

R (t3)Vn2

R (t2)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗

∗
2 (t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗∗

2 (t2)E⃗3(t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗3(t3) · E⃗∗

2 (t2)


−Φ(k4 − k3 − k2 + k1)[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1

R (t1)⟩s − ⟨Vn4

L (t4)Vn2†
L (t2)⟩s⟨Vn3†

R (t3)Vn1

R (t1)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗2(t2) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗∗

1 (t1)E⃗3(t3) · E⃗2(t2)

 .

(7)

It is clear from the above that by choosing the po-
sition of the detectors, we can selectively measure one
of the three contributions to the four-wave mixing pro-
cesses represented by Figs. (1.DQC.A, 1.NRP.SE &
1.PE.SE), along with their respective disconnected con-

tributions represented by the Figs. (2.DQC.A.DC1/2,
2.NRP.SE.DC & 2.PE.SE.DC). This has to be contrasted
with the standard classical heterodyne detected signal,
where a single pulse is detected. For temporally well

separated pulses, {E⃗1(t), · · · , E⃗4(t)} this is given by,

SH = − 2

ℏ4
Re

∫ +∞

−∞
dt4

∫ t4

−∞
dt3

∫ t3

−∞
dt2

∫ t2

−∞
dt1

∑
n4,··· ,n1=x,y,z

Φ(k4 + k3 − k2 − k1)×[
⟨Vn4

L (t4)Vn3

L (t3)Vn2†
L (t2)Vn1†

L (t1)⟩s − ⟨Vn4

L (t4)Vn3

R (t3)Vn2†
L (t2)Vn1†

L (t1)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗∗

3 (t3)E⃗2(t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗

∗
3 (t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗

∗
3 (t3) · E⃗2(t2)


+Φ(k4 − k3 + k2 − k1)×[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2

R (t2)Vn1†
L (t1)⟩s − ⟨Vn4

L (t4)Vn3†
L (t3)Vn2

R (t2)Vn1†
L (t1)⟩s + ⟨Vn4

L (t4)Vn3†
L (t3)Vn2

L (t2)Vn1†
L (t1)⟩s

]
×RT

n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗

∗
2 (t2) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗∗

2 (t2)E⃗3(t3) · E⃗1(t1)

E⃗∗
4 (t4) · E⃗1(t1)E⃗3(t3) · E⃗∗

2 (t2)


+Φ(k4 − k3 − k2 + k1)[
⟨Vn4

L (t4)Vn3†
R (t3)Vn2†

L (t2)Vn1

R (t1)⟩s − ⟨Vn4

L (t4)Vn3†
L (t3)Vn2†

L (t2)Vn1

R (t1)⟩s + ⟨Vn4

L (t4)Vn3†
L (t3)Vn2†

R (t2)Vn1

R (t1)⟩s
]

×RT
n4,n3,n2,n1

E⃗∗
4 (t4) · E⃗3(t3)E⃗2(t2) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗2(t2)E⃗3(t3) · E⃗∗

1 (t1)

E⃗∗
4 (t4) · E⃗∗

1 (t1)E⃗3(t3) · E⃗2(t2)

 .

(8)
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FIG. 2. Ladder diagrams contributing to the three dominant
phase matching directions to the proposed coincident double
heterodyne detected four-wave mixing signals.

For this signal, phase matching only selects the sub-
class of the ladder diagrams given in either of Figs.
(1.DQC, 1.NRP & 1.PE). Hence measuring more than
a single pulse, along with phase matching, gives addi-
tional pathway selectivity in our double heterodyne de-
tection signal. In Ref. ([3]), an interferometric scheme
employing entangled photons was proposed for selecting
the diagram Figs. (1.DQC.A) in double quantum coher-
ence spectroscopy.

III. THE HIERARCHICAL EQUATIONS OF
MOTION METHOD FOR COMPUTATION OF

MULTIPOINT CORRELATION FUNCTIONS OF
NON-MARKOVIAN OPEN QUANTUM

SYSTEMS

Here we first provide a derivation of the Hierarchical
Equations of Motion approach for simulating the dynam-
ics and time-ordered multipoint correlation functions of
non-markovian open quantum systems [4–6], with focus
on the Frenkel dimer model.

The density matrix of the dimer in the presence of clas-
sical stochastic noise (modeling the environment-induced
site energy fluctuations) evolves according to the equa-
tion

d

dt
|ρ(t)⟩⟩ = L(t)|ρ(t)⟩⟩

L(t) = −iH− − i

2∑
n=1

ηn(t)
(
B†

nLBnL −B†
nRBnR

)
H =

2∑
m,n=1

hmnB
†
mBn + UB†

1B1B
†
2B2, (9)

where h is the single exciton Hamiltonian.

The formal solution for the system density matrix is,

|ρ(t)⟩⟩ = T e

t∫
−∞

dτL(τ)

|ρ(−∞)⟩⟩, (10)

which, in the interaction picture with respect to coupling
to stochastic noise, is,

|ρI(t)⟩⟩ = T e
−i

2∑
n=1

t∫
−∞

dτηn(τ)Vn−(τ)

|ρ(−∞)⟩⟩, (11)

where Vn− = B†
nLBnL − B†

nRBnR and O(τ) =
eiH−τOe−iH−τ . We are interested in computing the fol-
lowing correlation functions of the system,
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C(n)(t1, · · · , tn) =

〈
⟨⟨I|T e

−i
2∑

n=1

t∫
−∞

dτηn(τ)Vn−(τ)

O1(t1) · · · On(tn)|ρ(−∞)⟩⟩

〉
{ηn(τ)}

Ok(tk) = Vnkσ(tk)/V†
nkσ

(tk) (nk = x, y, z & σ = L,R)

V⃗ =

2∑
n=1

µ⃗nBn,

(12)

where ⟨· · · ⟩{ηn(τ)} stands for averaging over classical

stochastic Gaussian coloured noise, with zero mean and
variance given by ⟨ηm(t)ηn(t

′)⟩ = δmnα
2
ne

−γn|t−t′|. To-

wards this goal, we introduce the generating function and
the modified density matrix, respectively as,

Z[{Υ⃗σ(τ)}] = ⟨⟨I|ρI
Υ⃗
(+∞)⟩⟩ (13)

|ρI
Υ⃗
(t)⟩⟩ =

〈
T e

t∫
−∞

dτ

(
−i

2∑
n=1

ηn(τ)Vn−(τ)−i
∑

σ=L,R
[Υ⃗†

σ(τ)·V⃗σ(τ)+V⃗†
σ(τ)·Υ⃗σ(τ)]

)〉
{ηn(τ)}

|ρ(−∞)⟩⟩.

(14)

Functional derivatives of Z[{Υ⃗σ(τ)}] at {Υ⃗σ(τ)} = {0}
give the desired correlation functions. Note that here

Υ⃗R(τ) ̸= −Υ⃗L(τ). The average modified density matrix

of the dimer, obtained after performing noise averaging,
is given by,

|ρI
Υ⃗
(t)⟩⟩ = T e

t∫
−∞

dτ

(
−i

∑
σ=L,R

[Υ⃗†
σ(τ)·V⃗σ(τ)+V⃗†

σ(τ)·Υ⃗σ(τ)]−
2∑

n=1
α2

nVn−(τ)
τ∫

−∞
dτ ′e−γn(τ−τ′)Vn−(τ ′)

)
|ρ(−∞)⟩⟩.

(15)

The time non-local propagator in the above equation is
commonly referred to as the influence functional. One
standard way to handle this non-markovian evolution
is by deriving an infinite tower of coupled equations
called Hierarchical Equations of Motion. This infinite

tower of equations can be conveniently recast by intro-
ducing auxiliary oscillators (bosons). Here, we arrive at
these equations in a slightly different way. We decouple
the non-markovian evolution given above by a Hubbard-
Stratanovich transformation using the identity,

T e
−

2∑
n=1

t∫
−∞

dτ
τ∫

−∞
dτ ′On(τ)e

−γn(τ−τ′)On(τ
′)

= ⟨0, 0|e
2∑

n=1

t∫
−∞

dτ[−γna
†
nan−iOn(τ)(a†

n+an)]
|0, 0⟩, (16)

where |0, 0⟩ is the vacuum concerning the auxiliary bosons described by the annihilation operators {a1, a2}.
This gives,

|ρΥ⃗(t)⟩⟩ = ⟨0, 0||ρ̌Υ⃗(t)⟩⟩

|ρ̌Υ⃗(t)⟩⟩ = e

t∫
−∞

dτ

(
−iH−−

2∑
n=1

γna
†
nan−i

2∑
n=1

αnVn−(a†
n+an)−i

∑
σ=L,R

[Υ⃗†
σ(τ)·V⃗σ+V⃗†

σ·Υ⃗σ(τ)]

)
|ρ̌(−∞)⟩⟩,

(17)
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where in the second line, we introduced the joint modified
density operator for the dimer and the auxiliary bosons
and |ρ̌(−∞)⟩⟩ = |ρ(−∞)⟩⟩ ⊗ |0, 0⟩. Note that the above
equation is written in the Schrodinger picture. Stan-
dard scaled Hierarchical Equations of motion are now
equivalent to the infinite tower of coupled equations for

⟨m,n||ρΥ⃗(t)⟩⟩, the partial projections of the joint density
matrix on to the occupation number basis of auxiliary
bosons. Specifically, the physical density matrix is given
by ⟨0, 0||ρΥ⃗=0(t)⟩⟩.
Finally, the generating function for the dimer correla-

tion functions is given as,

Z[{Υ⃗σ(τ)}] = ⟨⟨I| ⊗ ⟨0, 0|e
t∫

−∞
dτ

(
Ľ−i

∑
σ=L,R

[Υ⃗†
σ(τ)·V⃗σ+V⃗†

σ·Υ⃗σ(τ)]

)
|ρ(−∞)⟩⟩ ⊗ |0, 0⟩

Ľ = −iH− −
2∑

n=1

γna
†
nan − i

2∑
n=1

αnVn−(a
†
n + an).

(18)

It is useful to note that ⟨⟨I| ⊗ ⟨0, 0|Ľ = 0. Finally, by
taking the functional derivatives of the generating func-

tion with respect to the source at zero sources gives the
following correlation function for a specific time order,

C(n)
k1,··· ,kn

(t1, · · · , tn) ≡

〈
⟨⟨I|T e

−i
2∑

n=1

t∫
−∞

dτηn(τ)Vn−(τ)

Vk1
1 (t1) · · · Vkn

n (tn)|ρ(−∞)⟩⟩

〉
{ηn(τ)}

tn>···>1
= ⟨⟨I| ⊗ ⟨0, 0|Vkn

n Ǧ(tn − tn−1) · · · Vk2
2 Ǧ(t2 − t1)Vk1

1 |ρ̌(∞)⟩⟩ with Ǧ(t) = eĽt.

(19)

Here to arrive at the last line, we used ⟨⟨I| ⊗ ⟨0, 0|Ľ =
0 and the steady state |ρ̌(∞)⟩⟩ = lim

t→∞
Ǧ(t)||g⟩⟨g|⟩⟩ ⊗

|0, 0⟩, where |g⟩ is the ground state of H. Numerical

computations are performed in the Hilbert space basis
{||N1l, N2l⟩⟨N1r, N2r|⟩⟩ ⊗ |n1, n2⟩ : N1l, N2l, N1r, N2r ∈
{0, 1} & n1, n2 ∈ N & n1 + n2 ≤ ncut} with ncut = 10.
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