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The static and dynamical properties of excitons in a lattice with a random distribution of
polarizable atoms are studied using Green’s function techniques. Exciton transport is related to
the configurationally averaged particle-hole Green’s function which is calculated using

the ladder diagram approximation. Degenerate four wave mixing (D4WM) wusing resonant
pump beams and an off resonant probe is shown to provide a direct probe for exciton
transport. A disorder induced extra resonance is predicted whose width is proportional to the
exciton diffusion coefficient. Numerical calculations are presented for the diffusion

coefficient and the D4WM signal as the excitation energy is tuned across the exciton band.

I. INTRODUCTION

The static and dynamical properties of excitons in dis-
ordered systems may be studied using Green’s function
techniques. The density of states is related to the configu-
rationally averaged single particle (1-p) Green’s function,
while transport properties are related to the configuration-
ally averaged particle-hole (p—#) Green’s function. For a
lattice where the atoms have a random transition fre-
quency (diagonal disorder), the configurationally averaged
1-p Green’s function has been well studied by methods
such as the coherent potential approximation (CPA) . Di-
agrammatic methods” as well as the replica method com-
bined with the mean spherical approximation (MSA )3
have been applied recently to calculate this Green’s func-
tion in liquids. Quantum transport in a diagonally disor-
dered model was studied by calculating the configuration-
ally averaged p~4 Green’s function using diagrammatic
methods.5” These calculations show the appearance of a
mobility edge and Anderson localization.

Loring and Mukamel® have developed a self-
consistent procedure [the effective dephasing approxima-
tion (EDA.)] for calculating exciton transport and quan-
tum localization in disordered systems. The approach is
based on the Liouville space Green’s function which is
equivalent to the particle-hole (p—#) Green’s function in
Hilbert space.

The optical response of excitons in a disordered me-
dium can also be studied using Green’s function tech-
niques. The linear absorption line shape is related to the
configurationally averaged 1-p Green’s function. Using the
MSA to calculate the configurationally averaged 1-p
Green’s function of a Drude liquid, Cheng and Stratt® ob-
tained the linear absorption line shape. Loring and Muka-
mel'%!! showed that the transient grating signal of a crystal
is related to exciton transport which is determined by the
p—h Green’s function. They studied the nonlinear suscep-
tibility ¥® for the Haken—Strobl model'! and predicted
that a narrow resonance that can show up in degenerate
four wave mixing (D4WM) is related to the Fourier trans-
form of the transient grating signal amplitude and can be
used as a simple and direct probe for exciton transport. A
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limitation of that treatment is that it contains a Green’s
function integrated over the entire exciton band and thus
does not provide any information regarding the variation
of the nature of the states across the exciton band. In this
article, we generalize the method of Loring and Mukamel
and develop an energy dependent self-consistent theory for
the p—/ Green’s function. The method is applied to a lattice -
with randomly distributed polarizable atoms, and we find
that the degenerate four wave mixing (D4WM) signal is
determined by the configurationally averaged p-# Green’s
function [see Eq. (30)]. Thus the D4WM experiment can
be used as a probe for exciton transport.

We use the coherent potential approximation (CPA)!
to calculate the 1-p Green’s function and then make the
ladder diagram approximation®® to calculate the p-7
Green’s function. Numerical calculations for the density of
states, the energy dependent diffusion coefficient, and the
D4WM signal are presented.

1. 1-P AND P-H GREEN’S FUNCTIONS FOR EXCITON
DYNAMICS

Consider a lattice with M sites, N of which are occu-
pied by hydrogen-like atoms, each having one ls orbital
and three 2p orbitals. We denote the fraction of occupied
sites by c=N/M. To describe this system, we will adopt
the lattice Hamiltonian

H= Z eraB;*c;Bra'l' E JaB(r_r')B;ZBr'ﬁ' (1)
na rsr’, B
Here a,B=p,, p;» p, denote the three excited p orbitals. The
operators B and B,, are the creation and annihilation
operator of exciton at site r with polarization «,

BL|0y= |ra). (2)

Here |0) denotes the ground state (i.e., all sites are in their
ground states) and |ra) denotes the state in which site r is
excited with polarization a and all other sites are in their
ground states. In Eq. (1), r and r’ run over all lattice sites.
Note that the Hamiltonian (1) conserves the number of
excitons. This is the result of the Heitler-London approx-
imation."? €, is the excitation energy of site r which is
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equal to () (the energy gap between s and p orbitals) when
site r is occupied and is equal to €; when site r is not
occupied by the atom. Therefore €, is a random variable
with a probability distribution of binary form

P(€o) =C8(€a— Q) +(1—0C)0(€s—€1). (3)

By taking the limit €;— «, we make the unoccupied sites
inaccessible and the Hamiltonian then represents our sys-
tem. Using this representation, the topological disorder is
mapped into a diagonal disorder with binary distribution
of excitation energy. We can therefore use the various
methods of calculating the Green’s function for a diago-
nally disordered crystal®®!3* to treat the topologically
disordered model.

In our model, each site can carry at most one exciton.
Considering the action of B,, and B, on the complete
basis set |0), |rp,), |rp,), |1p,), we can derive the com-
mutation relation

[ Braa -B:;,g] = 6r,r’ (‘Saﬁ_ B;-E'Bra_ 6aﬁﬁr) ’

[ Beop Bergl = [ B2 )

ra?

with
A= ZGB;;BW .

Here 7, is the exciton number operator at site r. Note that
B, and B:,' 5 commute when they act on different sites and
thus behave like bosons. However, when they act on the
same site, we find nonlinear corrections to this Boson char-
acter.

In Eq. (1), Jue(r) is the dipole—dipole interaction ten-
sor

Jop(r) = (3)

6(1[3 r2 —_ 3rarﬁ
s,
where p is the transition dipole moment. For simplicity, we
hereafter take p=1.

We next introduce the single particle (1-p) Green’s
function GaB(r,r',z),

1
GaB(l',l'l,Z)=<l‘a[z_H|l"B>, (6)

where z is a complex number. The exciton density of states
is proportional to the imaginary part of the trace of the
configurationally averaged 1-p Green’s function. We have

N
N(E) EﬁTr[cs(E——H)]

— e Tm 3 Gonlrm.E+10). )
3Nt ra
We use an overbar to denote the average over configura-
tions in this paper.
We next look at the transport properties of the single
exciton states. Let p,g(r.r’,t) denote the matrix elements
of the density operator j(¢) in the single exciton subspace

pO= 2 paprr’n)|ra)(r'B|. (8)

rr',afB
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The evolution of the density matrix is given by

paa(rl’r3’t)= 2 9%(r1,r3,r2,r4,t)pﬁy(rz,r4,0), )]
Byrory

G T (rr3rprat) =(ria| e |r,B) (ray || 130).

Here & is the propagator of the density matrix. We now
introduce the configurationally averaged particle-hole (p—
h) Green’s function ¢%(r1,r2,r3,r4,zl,zz) as

¢:§(1‘1ar2,1‘3,r4,21,22) =Gop(rr21) Gyolrers,zy).  (11)

Here z,, z, are complex numbers. The configurationally
averaged density matrix propagator is then given by

g Z%(rl,rg,,rz,r,;,t)

1 .
. —iwt
-—-1? f dwe de

@ (17}
X¢%(T1,l‘2,l‘3,l‘4,E+5+i0, E—’E—ZO) (12)

Here +i0(—i0) denote the retarded (advanced) Green’s
function. In order to study the transport properties of the
system, we need to calculate the configurationally averaged
p—h Green’s function ¢g};’(r1,r2,r3,r4,zl,zz), which describes
the complete propagation of the exciton’s density matrix.
For many applications, we need consider only the diagonal
elements of the density matrix (i.e., populations). This cor-
responds to adopting the master equation (rather than the
complete phase space) level of description. To that end, we
introduce the conditional probability of an exciton to move
to site r; with polarization « given that it is initially at r,
with polarization f3,

1 . .
Z ap(ri—rpt) = (e |rB)(rB| ™ |riar)

(13)

o]

g ‘ég(rl,rl,rz,rz,t ).

From Eq. (12), we have

1 + . + .
P op(rirot) =i f do e“"’"f dE

X¢aﬁ I'y,F9,I'1,Ts E+"w"+lo
aB 312511512 2 ]

_l-o),

The master equation can therefore be also described using
the p—h Green’s function. We will refer to this equation in
Sec. V.

P

E—

SRS

(14)
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Hl. GREEN’S FUNCTION EXPRESSION FOR OPTICAL
SUSCEPTIBILITIES

When an external field is applied, the total Hamil-
tonian becomes

Hp(t)=H— 2, Py Ey(r,0). “ (15)

Here E,(r,t) is the component of external electrical field
along the «a direction. P, , is the @ component of the dipole
operator at site r,

Pry=p(B+BE). (16)

The linear polarization of the system is related to the ex-
ternal field through the linear response function Y3 (r,?),
ie.,

_ t
P(r)= 2 dty x$g (x—r', t—1;)Eg(r',ty).
B an

The temporal Fourier transform of szlﬁ)(r—r',t) can be

expressed in terms of the configurationally averaged 1-p
Green’s function (see Appendix A)

Ly .
xB r—r'0)= f dt e @+ 0 () (r_r'1)
0

=— _aﬁ(r—-—r’,w+i0)

— G (¥ —1, —0—10). (18)

Note that the configurationally averaged @Q,ﬁ(r,r’,z) de-
pends on r and r’ only through r—r’.
Defining the spatial Fourier transform

B ko) = 2 e P (ro), (19)

X;(zz)yl.z};l( —k,—agkion—K—oykio) =(—1) X X

ry,rp,r'y  perm

Gop(k2)= X, 677G p(r,2), (20)

we have

X (ko) = — Gp(k,0+i0) — Ggo( —k,—a»—10).
- (21)

From Egs. (7) and (21), we see that the configurationally
averaged 1-p Green’s function contains the necessary in-
formation for computing the density of states N(E) and
the linear susceptibility sz};) (ko).

Nonlinear optical techniques provide additional infor-
mation not contained in the 1-p Green’s function. In our
model, the atom has no permanent dipole moment and X(3)
is the lowest nonvanishing nonlinear susceptibility. We ex-
pand the external field in plane waves

3
E(rt)= 2, Ey(rt)+cec. (22)
a=1

and

E, (r,t)=Efiexpli(ky r—wyt)], (23)

where fi, is the unit polarization vector of E,(r,?) and c.c.
denotes the complex conjugate. The third order polariza-
tion is given by

3 .
PPn=(-i) X X

a,By=1 rryrsy

" d fw dt,
0 0

(-]
Xfo d@Rf&LMLy(rt;r3t3,r2t2,r1t1)

X Eq(r3,t—1t3) Eg(rpt—t3—1,)

XEY(rl,t—t3—t2—t1). (24)
Here R ‘(i)a” B“y( X4,r3t3,r0,,rt) is the third order nonlinear

response function'> whose Fourier transform yields the
third order nonlinear susceptibility

o o )
0 dt3L dtz L dth'u#a#Buy(rt;r3t3,r2t2,r1t1)

Xexpliog;+i(wg+ o)t +iot Jexp[k, - (r;—r) +ikg: (r;—r) 4k, (ri—r)].

Here

ki=k;—k,+ks, o;=0—0,+0;,

and 2., denotes the sum over all permutations of the fields

(kacoa, kB(OB, k,,coy)=(k1a)1,——k2—co2, k3, [03).

(25)
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For the present model in which only the excited states are disordered, X ) is related to the product of three Green’s
function. When o, is off resonance, we show in Appendix C that X(3 ) can be expressed in terms of the configurationally
averaged p—h Green’s function

A, (—k—ogkio, —K—opkoy) = 2 Y explikg: (r4—r1) +iK,* (r—11)]
Fh perm r,ry
X ¢5Z’:B(r1,r2,r1,r4,a)y+i0,—coB—-iO)/(cos—Q)
p,y, z ¢ g (r19r2:r1’r47wy+i0,—wﬁ'—io)/(ws—ﬂ)

_¢Zﬁy(rlsr2:rl5r49w7+ioy ‘—CL)B—ZO)/(CC)S+ Q)

_aﬂ»u‘a 2 ¢ZZ§(f1,r2,r1,r4,wy+i0,—wﬁ—iO)/(a)s—i-.Q.) ]. (26)
o :

Since y'* is defined in momentum space, we define the p— q
Green’s function in momentum space as the spatial Fourier +i 3" (rj—ry+r3—18) ] . (28)
transform of the p—# Green’s function in coordinate space
1 ‘ From Eq. (26), we see that we need
STH(DD’,0.21,22) =27 > ¢Z}’g(l‘1:1‘2,l’3,l’4,21:22) ¢‘“ B(rl,rz,r3,r4,zl,zz) with r;=r; only, which corresponds
12T to summmg over p in momentum space. We define a new

Xexp[ —i(p+a/2) 11 +i(p' +0/2) ' T, quantity ¢Zh(p’ "l’zl’zz) as

+i(D—Q/2) ’ l'3_1'(1), _Q/Z) " 1‘4], d)aﬁ(p ,q,Zl,Zz) = z ¢ag(P: ’q’zlrzZ)

the inverse Fourier transform of which is 27 .

@7 = 3 ¢Th(ryrprpr)expli(p’ +q/2)

1 ry,Ty

¢aﬁ(rl9r2’r39r4,zl:zz) —M’i z ¢aﬁ(p: ’q:ZI:ZZ)exp lp (rl
e’ * (r—r)]exp[ —i(p'—a/2) « (ry—r) ].

—r3)+ip’ - (r4—r13) We can then rewrite Eq. (26) as 29

| L1 k,—kg , .
Xfi):{#?ﬂl( ks_ws;klwly’—kz_a)z,kg,w:;)=—-ws_ﬂ pez ¢Z:‘:B( > ,k1,+kﬁ,a)1,+10,—a)3———10)

ws+ a. 2‘, ¢""ﬁ( £ Kp-+K,,o,+10, mﬁ—zo)
- 20 k,—kg
trar 2 6##a2¢""ﬁ( 3 ,ky+kﬁ,wy+i0,—a)3——i0). (30)

This equation holds provided w; is off resonance. There are six permutation of &@fBy. We further assume that ; and w, are
tuned inside the exciton band, whereas «; is tuned far off resonance (see Fig. 1) and invoke the rotating wave approxi-
mation. The only resonance term in Eq. (30) is the term with =3, 8=2, and y=1. We thus have

3)
Xpprapiopy

k; +k
(—k,—agko, —ky— 0, k303) = ¢”3"2(1 2 kl—kz,w1+10co2—10>

w— T E 2
1 k;+k,
Hi _ P o
ws+Q¢y3ul( 2 k; —k,,01 40,0, ZO)
ier) 1+k2 7 0 ,
2 6##3z¢ap.l -k —ky,0,4 0,0, —10 . | (31)
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Single exciton
" band

HINI

05 W = O - W) +0

FIG. 1. A schematic representation of the degenerate four wave mixing
experiment. The w,, @, frequencies are tuned within the exciton band and
form a grating, which is probed by the off resonance beam ws, generating
a signal with frequency w, =, —w,+w; (direction k,=k;—k;,+k;). An
extra resonance observed when o, =w, provndes a dn'ect probe for exciton
transport. E=(w,4+®,)/2.

In Sec. V, we shall calculate this p—4 Green’s function and

predict the appearance of an extra resonance which pro-
vide a direct probe for exciton transport.

IV. 1-P GREEN’S FUNCTION AND THE LINEAR
OPTICAL SUSCEPTIBILITY

In this section, we evaluate the 1-p. Green’s function
using the coherent potential approximation (CPA).! The
details are given in Appendix D. In the CPA the configu-
rationally averaged 1-p Green’s function in momentum
space is ' '

G,y (k,2) = Q—3(2)] - 1-J() 13!

(32)
Here 1 is unit 3 by 3 matrix, J(k) is also a 3 by 3 matrix
whose aff matrix element is J,g(k), the spatial Fourier
transform of dipole-dipole interaction tensor

G[eff!(kyz) ={[Z—

Jup(k) = 2 Jog(r)e ™™, (33)
=0

The self-energy =(z) is determined by the self-consistent
equation

o € —Q—3(z)
(1=) 1—[6—0—3(2) |G (rrz)

cZ(z) "

C1+2(2)G(nnz) (34

As indicated in Sec. II, the topologically disordered model
can be obtained from this result by taking the ¢, - « limit,
we thus have »

5803

No(e)
}_‘,(z)fdez St et

We have used Eq (D12) Here N"(e) is the dens1ty of
states of the regular lattlce (¢=1), on which the atoms are
distributed,

(35)

N0(6)=—-Tr[6(e A%

1
dPkSle—Q—JT,(k)],
T lez [ ]
(36)
and ﬁo is the regular lattice Hamiltonian (c=1)
B°= X QBLB+ 2 Jup(r—1')BLBug. (37)

rsér’,a,8

In Eq. (36), Q, 57 is the volume of first Brillouin zone and
J,(K), a=1, 2, 3 are the eigenvalues of the matrix J(k).
The procedure for calculating J(k) is given in Appendix E.
By diagonalizing this matrix, we find the density of states
of the regular lattice N°(E). This is the only input to the
self-consistent equation (35). We have solved the equation
numerically for 2(z) by finding the complex root for a
given complex number z, using Newton’s method.!® Sub-
stituting 2(z) into Eq. (32), we obtain the 1-p Green’s
function.

Substituting Eq. (32) into Eq. (21) and using the ro-
tating wave approximation, we get the linear susceptibility

2 (ko) = —{[0— Q3 (0+10)] - 1- T} 3.
“ (38)

The behavior of J(k) near k=0 is pathological and needs
to be treated very carefully.!””'® Typically in macroscopic
experiment, the wavelength of light is much greater than
the lattice constant a, but also much smaller than the sam-

ple size R, i.e.,
ka<1<kR, (39)

where k is the opt1ca1 wave vector of the applied field. We
have!”

47
aﬁ(k)—_" Jo(aaﬁ 3k kB) (40)

Here Jy= | u|*/v, vis the volume of a unit cell and k=k/k.
Substituting Eq. (40) into Eq. (38), we have

€ (ko) = m,+47rJ0X(”(k )

5 4’)TJO
M 0—Q—3(0+0)+4rJy/3 '
47TJO A A
X | 8,4 kK,

w—Q— 2(60-}-10)—877']0/3
(41)

As the external field is transverse (E-k=0), we are only
interested in the isotropic part of e,

J. Chem. Phys., Vol. 98, No. 7, 1 April 1993
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€, (ko) =€(0)8,, , (42a)

4ar Jy/3
0—Q—3(w+i0)+4r /3"
The above expression gives the dielectric function e(w) for
a crystal whose physical size R is much greater than the
optical wavelength.
We next consider the linear polarizability ,,,(w) of an

aggregate whose size is much smaller than the optical
wavelength, i.e., kR<1, we have'” J,,(k) =0. Therefore

|n1? 5 43)
o—Q—-3(w4i0) *°
Combining Eqgs. (42) and (43), we have

e(w)—1 4ra(w)
e(@)+2~ 3

elw)=1— - - (42b)

a,u,v(w) =a(a))6y,v= -

(44)

This is similar to the Clausius Mussotti relation, except
that a(w) is the polarizability of a small cluster rather
than a single atom. When ¢—0, Eq. (35) shows

S=—(0-—-Q)/c.

Substituting this into Eq. (43) and then substituting into
Eq. (44), we obtain the standard Clausius Mussotti rela-
tion

e(w)—1 4dmpag(w)
eoy+2- 3

where p=c/v is the density of atoms and ay(®) = — |u|%/
{w—Q) is the polarizability of single atom.

We have calculated the density of states N(E) and the
absorption line shape 4(w)=Im )(“)(k—»O, w+i0) of a
face-centered-cubic (fcc) lattice with dipole-dipole inter-
actions. The results are presented in Figs. 2 and 3(B).
From Fig. 2, we see that the absorption peak is at the
bottom of the band. As ¢ decreases, the absorption peak
shifts to higher energy and the width increases, while the
maximum absorption decreases. However, for low density,
the absorption linewidth decreases again (not shown in
figures) because the band narrows. Therefore, the absorp-
tion linewidth attains a maximum value at some interme-
diate density. Huber and Ching'® calculated the absorption
line shape of a simple cubic lattice of binary alloy of two
level atoms with nearest neighbor interaction. They found
the width predicted by the simple CPA to be smaller than
simulation results. The simple CPA takes into account the
scattering from a single site and therefore underestimates
the effect of multiple scattering sequences. The CPA may
be improved systematically by using the cluster CPA,®
which exactly takes into account the scattering within a
small cluster.

L (45)

V. LADDER I?IAGRAM APPROXIMATION FOR THE
P-H GREEN’S FUNCTION

In Sec. ITI, we derived a formal expression of ¥©’ of
D4WM in terms of the configurationally averaged p-h
Green’s functions [see Eq. (31)]. In this section, we will

Wang, Leegwater, and Mukamel: Exciton transport in disordered systems

evaluate it using the ladder diagram approximation. A de-
tailed description of the ladder diagram approximation is
given in Ref. 8. We start with the Bethe-Salpeter equa-
tion®® for the configurationally averaged p—# Green’s func-
tion
%(P,P',(Lzl,zz) =Méaﬁ(p + q/zszl) éya(p - q/2’22)8p,p'
+ 1

M al’ﬁl’a,l',rl’pll

+q/2121 ) éa'a(P—q/Z,Zz)

(_;aa’ (p

X Fng'r (P,P",q,zl,zz)¢E:g(p",l"sq,21:22) .
(46)

Here I may be calculdted using a summation of all the
irreducible diagrams. The ladder diagram approximation®
keeps only those diagrams without crossing (single site
diagrams) in T, i.e., it assumes
. FZ:%I(D:I)""LZI’ZZ) =Agl?ﬁ/r(21:22): (47)

where Agiz: (21,2,) denotes the summation of all the single
site diagrams. Another way of formulating the approxima-
tion is by postulating that I" does not depend on p, p” q. In
r space, T is assumed to be a delta function hence the name
single site approximation. The physical significance of the
ladder diagram approximation is that it assumes that the
bra and ket of the density matrix are scattered by the same
sequence of impurities during the propagation and all scat-
tering processes are independent. Suppose the bra and ket
of the density matrix are scattered by sites ry, r,,...,r,, the
scattering strength is proportional to tfltfz- . -tfn, where 7, is
the scattering ¢ matrix of a single site ». Since we assume
the scattering processes to be independent, we have

TR - )

Here 4 is the renormalized single site scattering strength
£ to be determined self-consistently. In our model, each
site has three possible excited states, so 4 is a fourth rank

tensor AZ:E: (z1,2,) with 81 components. For a simple cubic
fce or bece lattice, the fourth rank tensor 4 which has cubic
symmetry, i.e., X, y, and z axes are equivalent and the
tensor is invariant for the inversion of any axis. In Appen-
dix B, we show that the only nonzero components of the
fourth rank tensor A4 are

AﬁﬁﬁAgLﬁ;’A‘g‘é a:ﬁ =Px:P y,Pz .

We will later derive a self-consistent equation to determine
these components.

Considering the special case f;=pu,, i.e., the external
fields E,|| E,, we show from Appendix F that when ¢= |k,
—k;| is along one of the principle axes (x, y, or z axis) of
the cubic lattice,

G (ky+ko) /2,1 —koy 21,2,

is nonzero only if u=p,. From Eq. (31), we have
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T i [ I T (I}=‘O.75

v N 4

!
1
- [V \, -
P/

FIG. 2. Linear absorption line shape A(E) (solid line), density of states
N(E) (dashed line), and diffusion coefficient D(E) (dashed dotted line)
as a function of energy E at three different densities. All curves are nor-
malized to the same height. The relative value of the maximum absorp-
tion are 41.5: 6.1 : 1 for ¢=0.75, 0.50, and 0.25. u=1, v=1, where p is
defined in Eq. (5) and v is the volume of the unit cell of the lattice. The
energy E is given in unit of u?/v.

Xpppp, (—Ks— 05K 101, — Ky — w2, K303)

2Q

=w§—026

ity

X Bl (e +1p) /2K — Ko,y + 10,00, —i0]

+ 2 U (kg ko) /2,k; — Ky + 0,0, — 0] |.
a #1
(49)

We define the fourth rank tensor Lg}(q,z,,2;) as the direct
product of two configurationally averaged 1-p Green’s
functions

L%(q,zlyzz) = z éaB(r!Zl)Gya(r’ZZ)e_iq.r
r

1 o . _
=727 2 Gap(0+0/2,2)Gyo(p—0/2,2)).
p

(50)

In Appendix F, we derive the relation between L and ¢,

5905

. 2~5 T T T i T T T T
2 -

1.5

0.5

0.0

0.25

o

—-

n
T

10

FIG. 3. (A) diffusion coefficient D(E) as a function of energy at three
different densities ¢=0.75 (solid line), ¢=0.50 (dashed line), and ¢=0.25
(dashed—dotted line). u=1, v=1, where y is defined in Eq. (5) and v is
the volume of the unit cell of the lattice. The energy E is given in unit of
12/v. (B) Density of states N(E) as a function of energy at three different
densities as in (A).

¢Z$I [k +ko) /2. ks —Kyp.21,2,]

= [1'—- L(kl —k2,Zl,Z?_)
-4 (21’22)1;311‘1(_;"1”1 (kl’zl ) Gx“l/“l (k2722)

with p3=p,,p,.p,.

Here L and A4 are 3 by 3 matrices whose a8 matrix
elements are Lﬁg and Agg Note that these matrices are
specific components of the corresponding fourth rank ten-
sor, they are not second rank tensors, and the symmetry
argument of Appendix B does not apply to them. The
matrix A(z;,z;) will be determined by the self-consistent
equation (see Appendix F)

(51)

% {[1—L(q=0,2,,2) - 4(z1,2,) 1 7} * L(4=0,2,2,) } o

=éaa(l'1,l‘1,22) —éaa(rlyrlazl) , (52)
Z—2 -

which is related to the conservation of the number of ex-
citons. We can solve the matrix 4(z,,z,) from Eq. (52) and
then substitute into Eq. (51) to determine 4; ﬁ . If the

lattice is simple cubic, fcc or bee, the x, y, z direction are
equivalent. The matrix Agg has only two independent
components—the diagonal element 4,(z,,z,) and the off
diagonal element 4,(2,,2,). We can write Agg as

A8 (21,2) =A1(21,22)Bep+ Ay (21,22) (1—8,5).  (53)
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Since we have only one equation for 4 matrix [Eq. (52)],
we take 4, as a parameter, solve 4; in terms of 4, by Eq.
(52), and then substitute it into Eq. (51) to calculate
¢ﬁ ;’2 The result is expected to depend on the parameter

A,(z). Define
w1§E+a)12/2, szE—-(Dlz/z. (54)

We take E to be inside the exciton band, w,=w;—o, is
very small, and g= |k; —k,| is also very small (see Fig. 1).
In the hydrodynamic limit (¢—0, ©;;—0), we expand the
solution

¢#3M1((k1+k2)/2 kl—kz,a)1+10 wz—lo)

and keep only the lowest nonzero terms in g and wy,. The
result is

¢#3#1( (k;+k;)/2,k; —ky,01 40,0, —10)

2mieN (), (Kyyo1+i0) Gy (st —i0)
T lentb K PDBILE Y
where
D(E)=6mcN(E) Ly(E)/[ Lo(E) 13 (56)
Ly(E) and L,(E) are defined as
Lo(E)— > lGaB(r,E+10)|2
a3
=A—4 2 |Gop(p.E+i0) |7, (57)

paB

Ly(E) —5 D |Gl E+10)|

r,a,

> |8G,5(p,E+i0) /3P, |2
pof

—2M (58)

Note that in the small g limit, we can perform a Taylor

expansion on Eq. (50)

2 LY (q,E-{—lO E—i0)=Lo(E)—¢*Ly(E) +0(¢").

We now make a connection to exciton transport. From Eq.
(14), we see that the exciton transport is related to p—h
Green’s function with r;=r;, r,=r, which is equivalent to
the summation of p and p’ in momentum space. We then
define : ’

1
¢Zg(q,zl,zz) EW 2’ ‘I’Zg(P,P',Q:ZhZz)V

_H > Ga5(rrryry)expl —ig- (1'1—1‘2)]

Tr
(59)
From Appendix F, we have ‘
$B(az,z) = 2 [1—L(g212) *A(z12:) 1 5
B o
* Lpp(@,21,23)- (60)

Wang, Leegwater, and Mukamel: Exciton transport in disordered systems

In the hydrodynamic limit (g—0, ®—0), we have

B+ i0E- O i) = tTNE) gy
¢a3(q, +y+0E—5—0 ) =3
We thus identify D(E) [defined in Eq. (56)] as the exciton
diffusion coefficient”® at energy E. Note that the right-
hand side of the above equation does not depend on « and
B, which means that the diffusion coefficient does not de-
pend on the initial and final polarizations of the exciton.
The physical interpretation is that in the hydrodynamic
(large distance and long time) limit, due to the random-
ness of the system, the exciton loses memory of its initial
polarization and becomes depolarized. Consequently,

¢" 31 does not depend on w3, 4 [see Eq. (55)]. Note that
#1#1(1{1"”1 +10), G, M(kz,col — i0) does not depend on 4.
An interesting and useful feature of Egs. (55) and (61) is
that they do not depend on the parameter 4,(z,,2,), so that
in the hydrodynamic limit, we do not have an undeter-
mined quantity.
From Eqgs. (49) and (55), we have

3)

Y PAT (—k— ogk01, —ky—wp,k303)

167icQON(E) G, ,, (k1,01 +10) G, ,, (Kp,0,—i0)

=) [on kP D(E)  Lo(B) s
(62)

.. The result holds only when g=k;—k,, and fI; and fi; are

along the principle axis (x, y, or z axis of the cubic lattice).
Under this condition, Xl("s;l)‘:i/"'ly’l( —k,—ogkw,—k,—
@,,k30;) does not depend on q, fi;, and fi;. With the slowly
varying amplitude approximation, the signal 1ntens1ty

S(k,w,) is proportional to the absolute square of x

W(E) |k;—k,|*D*(E)
oh+ [ki—k|*D*(E)

S(kyw;) « IX(3)12= -(63)

It has a Lorentzian type resonance at ©;=w, whose width

is |k;—k,|?D(E). The peak of the signal W(E) is

6402

9( 2 QZ) |k k l4 [-LO(-E)/LZ(-E)]2

W(E)=

X ,ul,ul(klaa’l'l‘lo)l l ,ulpl(kmwz—io)izo
(64)

We have calculated the exciton diffusion coefficient D(E)

in a fce lattice for different values of density ¢. The results

are shown in Fig. 2 (dashed dotted line) and Fig. 3(A).
From Fig. 3(A), we see that D(E) increases with c. This
is reasonable because the exciton diffuses more rapidly if
there are more atoms on the lattice. We also see that the
midband states are more diffusive than the band edge
states. This is natural if one realizes that in this region, the
exciton group velocity usually reaches its maximum. We
have also calculated the peak of the signal W(E) as a
function of E=(w,+®,)/2 (Fig. 4, solid line). This is
analogous to the Raman excitation profile.?! We see that its
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T T T T,

T
c=0.75 __

FIG. 4. The peak of the D4WM signal W(E) (solid line), linear absorp-
tion line shape 4(E) (dashed line), and density of states N(E) (dashed—
dotted line) as a function of energy E at three different densities c. All
curves are are normalized to the same height. The relative value of the
maximum W(E) are 8293:85:1 for ¢=0.75, 0.50, and 0.25. The relative
values of maximum absorption are the same as in Fig. 2. p=1, v=1
where p is defined in Eq. (5) and v is the volume of the unit cell. The
energy E is given in units of u*/v.

maximum is at the bottom of the band which is slightly red
shifted with respect to the maximum absorption line shape,
but W(E) is considerably sharper than the linear absorp-
tion line shape A(E). As c is decreased, the maximum of
W(E) shifts to higher energy just like the linear absorption
line shape, and its absolute value decreases much more
rapidly than the linear absorption. This is because
W(E) ~ |x'V % while linear absorption ~Im(y‘?’). Note
that the energy scale in Fig. 4 is different for different
values of density c.

Vi. DISCUSSION AND CONCLUSIONS

We now examine y® in the regular lattice limit (c
=1) and the isolated atom limit ¢ —0. In the regular lattice
limit, i.e,, c=1, we have A% 5(zy,2,) =0. From Eq. (51),
together with Eq. (49), we have

(3) .
Xp3y3ulpl( ks'—wsaklwl’ —kz—

w,K303)
Q p= - i Y
_m Gulu,(kl’a’l +l0)Gﬂl#1(k2,C()2—lO) (6”3”1—!— 1)

20 1 1
T 02— Q% 0 —Q+47/30 0,— Q+47/3v

(65)

5907
In the isolated atom limit, ie., c—>0 we have
¢Z§Zl (rpr 2,1‘1,1‘4@1 +i0,0,—10)
2! ‘ Ix L .
=c: @— D) (=) 6“3“6,1,,26,1,,4. (66)
Substltutmg into Eq (49), we have )
“X;(J.z;)l.#lpl( k wyklwl’—kz_w21k3w3)
1(1.:;;)1.1( a)s’a)ly 0)2,0)3‘)', (67)
where a® is the‘thirdrordgr polarizability of the isolated
atom ] v
(3) (— Y= ) *29 1
T (0501 —0p03) = —o? @=9) ((02—9)

><(6#3F1+1). (68)

Equations (65) and (67) show that X,ZL gy (—Ks— 0
k01, —k, —@,,ksw,) depends on g, while Eq. (62) pre-
dicts no such dependence. This discrepancy results from
the fact that Eq. (62) is based on the hydrodynamic (dif-
fusion) limit. For a regular lattice, excitons undergo co-
herent motion rather than diffusion, while in the low den-
sity isolated atom limit, the exciton is localized rather than
diffusive. Since the diffusion is due to the random distribu-
tion of atoms, the exciton will be diffusive only beyond
some cross-over distance 7, and time z,,%* which allows it to
sample a sufficient number of atoms and holes. For any
0<c<1, there is some crossover g,=1/7,, w.=1/t; when
|k —ky| <q, @1, <o, Eq. (62) is valid. At high density,
there are only a small number of holes, while in small
density, there are only a small number of atoms. Therefore
7, t, increase in both the high density and low density
limits because the exciton has to travel a longer time and
larger distance to sample the randomness.  Consequently,
g, ©.—~0 in both limits. However, we can always control
the external fields to make g= |k;—k;| and w,=w;—w,
below g, and o, respectively, to make Eq. (62) valid.
Equation (62) shows that the signal of D4WM has a
resonance at @w,=a,, while there is no such resonance in
Egs. (65) -and (67). This is therefore a disorder induced
resonance. It is analogous to the dephasing induced reso-
nance.?® The experiment can also be performed in the time
domain result in the transient grating configuration.!%?*

- In this paper, we calculated the third order nonlinear
susceptibility of D4AWM for a lattice with randomly dis-
tributed polarizable atoms. In general, X(3) is related to the
configurationally averaged product of three Green’s func-
tions. We showed that ¥’ of D4WM is determined only
by the p—h Green’s function if the frequency of the outgo-
ing ‘signal is far off resonance. Then we used the ladder
diagram approx1matlon to evaluate this p—A Green’s func-
tion. In the hydrodynamic (small g, @) limit, the signal
intensity is shown to have a disorder induced resonance at
w;=0w, [see Eq. (62)] whose width is proportional to the
exciton diffusion coefficient. We also calculated the diffu-
sion coefficient and the peak of the D4WM signal as a
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function of E= (w; +®,)/2. In the numerical calculations,
we used the simple CPA for the 1-p Green’s function.
However, Eq. (62) does not depend on this approxima-
tion. We can use other methods to calculate the 1-p
Green’s function and then substitute into Eq. (62) to cal-
culate X(3 ),

ACKNOWLEDGMENTS

The support of the National Science Foundation, the
Center for Photoinduced Charge Transfer, and the Air
Force Office of Scientific Research is gratefully acknowl-
edged. We thank J. Knoester for most valuable remarks on
the manuscript.

APPENDIX A: DERIVATION OF EQ. (18)
The polarization of the system is
Po(r,t) =Tr[B,(r) p(£)]. (A1)

Here p(?) is the density operator at time ¢ According to
linear response theory, the density operator evolves as

p(t)=e‘iLt[1—ift dt eI L' (1) | p(— ),
Ten (A2)

where L and L’(z) are Liouville operators. For any oper-
ator 4,

LA=[HA], (A3a)
e~ Lig=e—HigH, (A3b)
L'()=— 2 ProEu(rt), (A3c)
P A=[P,,A]. (A3d)

Substituting Eq. (A2) into Eq. (A1) and comparing with
Eq. (17), we have

Xc(zlﬁ) (r—r"t)=i Tr[Prae_iLtPl"Bp( — ) ] (A4)

Note that since the system is translationally invariant, after
averaging over the configuration, X“) depends on r and r’
only through r—r’. Substituting Eq. (16) into Eq. (A4)
and using p(— o0 )=|0)(0| (which means the system has
no exciton initially), we have

szg (r—r',t) =i{ra|e " |r'B) +cc o

Here c.c. denotes complex conjugate. Performing Fourier
transform with respect to time, we obtain Eq. (18).

APPENDIX B: NONZERO COMPONENTS OF TENSORS
IN A CUBIC CRYSTAL

In this appendix, we identify the nonzero components
of tensors with cubic symmetry, i.e., the x, y, and z axes are
equivalent and the tensors are invariant under the inver-
sion of one axis. Let T,z denote any second rank tensor
with cubic symmetry. Since x, y, and z directions are equiv-
alent, we have

To=T,y=Ts,. (B1)

(A5)

Wang, Leegwater, and Mukamel: Exciton transport in disordered systems

Let us examine an off diagonal component T, Since the
system is invariant under the inversion y— —y, we have

Tyy= T, (B2)

3

_y= - Tx'y 4
which gives
T,,=0.

So all off diagonal components are zero and T must be
scalar, i.e.,

(B3)

In simple cubic, fcc, and bee lattices, the configurationally
averaged 1-p Green’s function G,g(r=0.z), G,g(k=0,z)
and the linear susceptibility X&?(k:o,z) belong to this
category.

Let T 4g,, denote any fourth rank tensor which is in-
variant under the inversion of two of the principle axes, say
the y or z axis (not necessary for the x axis), then the only
nonzero components are

TaB= t6a3 .

Taaﬁﬁ’ Taﬁaﬁr Taﬁﬁw a.B=p.p Dz

For any other component, €.g., T, since the system is
invariant under inversion y— —y, we have

T, Xz Tx,x, —ypz— Tx,x,y,z ’ (B4)

which gives
T yxy,=0.
The fourth rank tensor LZ}(q,z;,2,) belong to this category
when q is along one of the principle axes (x, y, or z axis).
The fourth rank tensor 47%(z,2;) [see Eq. (47)] is invari-

ant under the inversion of the x, y, or z axis, so it also
belongs to this category.

APPENDIX C: DERIVATION OF EQ. (26)

Our procedure is similar to that of Loring and Muka-

“mel.!! The third order nonlinear response function defined

in Eq. (24) can be obtained from the perturbation method
theory!?

R®

Waywy(l'f;l‘sts,l'zfz,l‘lf 1)

=Tr[Pye~*P,, e~ 2P, Be”"L‘IP, pP(— )]
(C1)

Here L is th‘éwlr,iouy'i’ll:: oberator defined in Appeﬁdix A.

When t_pe frequency of signal is off resonance, ie., |o,
—Q|>J, we have

f dt; e""’s‘3Rfi)auﬂuy(l't;l'3f3,l‘2t2,l‘1f1)

- f At T (P~ '50)

i i

. +
~p—g T Bu) + g Tr(BLO), (€2)
where

Q=ir:,yae_iljtzﬁfzﬁﬁe—iulférll‘vp( — ). (C3)
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We now evaluate the first term in Eq. (C2). Using the
commutation relation (5), we have

TI'(B,#Q) =Tr( [Br[uPr:;p.a] Q,)
= —6r,r3 [Tr( B;z.aBrpQ’) +6py,a Tr(4,0)1,
(C4)

where

Ql =e_—iLt2ﬁr2[.Lﬂe_iLtlﬁl‘lﬂ.’p( -— 00 ), (CS)
In deriving Eq. (C4), we have used the fact
Tr(Q) =Tr{[ P, e—fL‘lﬁ,lﬂy p(—®)1}=0. (C6)

Substituting Eq. (C5) into Eq. (C4) and using p(— )
=|0)(0|, we have

Tr(B,,0Q) —a,,,3[ (ept|expl — B (tp+ 1)1 [ rypag (gl €2 xpeg) +6,,, S (ro|expl —iH(t+1)]|rym,)
o

X (ropig| €2 xa) + (rypy | expliH (8, 4+11) ] | vpg) {rp | e~ H2 | vy )

+8, 2. (v lexp[iH(5+1) ] |x0) (ro| e_th2|"2HB>’

=Sur, [ aB, | aB,

¢#aﬂﬂ(l‘ 1,00y, By +i0,E, —i0)exp[ —iE; (t,+1;) ]e'E2t2+5W Z ¢a# (r,ry,r,r5,E 10,

E,—i0)exp[ —iE(f,+1) ]e™22+ ¢fo;7(l‘,l'2,l',l‘1,E1 +10,E,—i0)e~ Frexp[iE, (ty+1,) ]

+8ﬂl‘a E ¢ZZ;(I',I'2,I',I'1.,E1+i0,E2—iO)e_iEltzeXp[iEz(tz-*—tl) ] } /41T2
g

(C7)

Here ¢Z ;" B(r,ry,r,x,21,25) is defined in Eq. (11). Substituting Eq. (C7) into Eq. (C2) and then substituting into Eq. (25),
4

we have
X gy (—Bs— 05k1001, —ky —0p.ks3) = + x4, (C8)
1
(3= dE de exp[ikg* (ry—r) +k,* (r;—r
peEr;n 1 2477,2(0)5 Q)(E2~E1+0)B+CO7+IO) rlzrz p[ i (2 ) ¥ ( 1 )]
X | @4 (e,r 1,100, By +10,E, —i0) / (@, — E1 +10) +8,, 2, $7P(x,1 11,15, Ey +10,E, —i0) / (w,— Ey +i0)
s, e’ Ol

+¢5;f;r(r,rz,r,r1,El +i0,E,—i0)/ (@, +Ey+i0) +8,,, % ¢ZZ;(r,r2,1j,r1,E1+io,E2_io) /(o +Ey+i0)|.  (C9)

Here X(3) denotes the contribution to y* from the second
term in Eq. (C2). Interchanging r,, r, and 3, ¥ in the third
and fourth terms in the square bracket of Eq. (C9) and
combining the first and the second terms, we find the first
and second terms in Eq. (26). Following the same proce-
dure, we find that X(” in Eq. (C8) yields the third and
fourth terms of Eq. (26).

APPENDIX D: CPA FOR THE 1-P GREEN’S FUNCTION

In this appendix, we use the standard CPA method! to
derive the self-consistent equation for the configurationally
averaged 1-p Green’s function. Define the effective Green’s
function operator Geﬁ(z) and effective Hamiltonian opera-
tor H(z) as

1
z— H*f(z)

&(z) = G(z)=(z—H)"", (D1)

where the caret denotes the operator. Then we can expand
(z—H)~

(z—H)'=[z2—Hg— (H—Hyg)1™'
=6F(2) +6F(2) T (2) 6" (2).
Here the scattering operator T(2) is

T(2)=[A—-H%(2)]{1—GF(2) [A—H(2) ]}
(D3)

(D2)

From Egs. (D1) and (D2), we have
T (2) =0. (D4)

This means that all matrix element of the operator T(2)
are zero after the configurational average. Though
Eq (D3) and (D4) are exact, solving t them exactly for
H ¢(z) is just as difficult as calculatmg G (2).
In the CPA, we assume Heﬁ(z) has the form
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BT = D [+ 1BLBgt X Jap(r
r,aB r#r’ 0.8
_r')B;;Br'B: (DS)

where the self-energy 2,4(z) is a second rank tensor. For
simple cubic, fcc, and bee lattices, the self-energy tensor
has cubic symmetry. In Appendix B, we prove that any
second rank tensor with cubic symmetry must be a scalar
(Appendix B). We thus have = ,5(2) =2(2)6,5. The effec-
tive Hamiltonian becomes

HE(2)= 2 [Q+2(D] BBt 2 Jopr
r,a r£r' a8

—r)BEBug. (D6)

It is the Hamiltonian of a regular lattice with an effective
(frequency dependent) excitation energy Q4 2(z). From
this, we obtain Eq. (32).

From the effective Hamiltonian (D6), we see that Jif
—H,; is diagonal in 7 space

H—Ef(z)= Y [€a—Q—2(2)1 BB,

r,a

(D7)
Let f’, denote the contribution to 7" by a single site r, i.e.,

Tr(z) =Z [era_ﬂ_:z(z) ] B;:zBra

a

1—G*(2) %‘, les

-t

—Q—3(2)1B5Bg (D8)

in the CPA, the self-energy 2(z) will be determined self-

consistently by requiring the averaged scattering operator -

from any single site is zero'

(| T’y =0. (D9)
Using Eq. (D8), we have
- , [é‘w’—Q——z(Z)']
(o T [rp7) = % [~ e 021G ()
. (D10)

We have used tAhe fact that the second rank tensor
fof,(r,r,z) =(ru| G*f(2) Irv) is a scalar (Appendix B), ie.,
Gfg(r,r 2) = | GF(z) |rv) = G‘*ﬂr (rrz)8,,, (DI1)

where Ge (r, ,z) is independent of u and r (due to cubic
symmetry and translational invariance),

1 e
Go(rrz) =337 % {r# | G*(2) |rin)

1 1
=M Tr[z—fff(z)

No(e)
_J dez 3(z)—€"

Here ﬁo and N°(E) are the Hamiltonian and density of
states of the regular lattice (¢=1) given by Egs. (36) and
(37). Substituting Eq. (D10) into Eq. (D9) and using Eq.
(3), we obtain the self-consistent equation (34).

--(D12)
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APPENDIX E: EVALUATION OF LATTICE DIPOLE
SUMS

The procedure of calculating J,,,(k) is described in
Ref. 17. We quote the final result here

J(k) = =472 [Sc+Sp+ 2m7) T G- 88,1,
8 o= IZ [Arvexp(ik 1) @30 (7rim) ],
=20

-1 ;
So= oz SAQuH—KI Qrb{—K)  (ED

X @ol (27— K)¥/477]},

S,= 2 lexp(ik-r)@y,(rrim)].
=0

Here S, and S are summed over direct lattice r, Sp is
summed over reciprocal lattice b, v is the volume of unit
cell, and 7 is arbitrary which is chosen to make the sum-
mation in both direct and reciprocal space to converge
rapidly. For a fcc lattice, the basis vectors of the unit cell
are (0,1,1), (1,0,1), and (1,1,0) for the direct lattice, and
(35 4D, & 34 1), and (3, 3, ) for the reciprocal lattice.
The ¢ functions are given by

ont0)= [ " BrePp. (E2)
For m=0, 1/2, and 3/2, we have
@o(x)=e"%/x,
—
P12(x) =e~/x+ 1 [1—erf({x)],
(E3)

=(1+3/2x)e™"/ —3——\/E1 (>
@32=(143/2x)e™"/x 47— 5 [1—erf(yx)].

Here erf(x) is Gauss’ error function.

APPENDIX F: THE LADDER DIAGRAM
APPROXIMATION

In this appendix, we calculate ¢Z f: Nk +ky)/ 2.k,

—X,,2,,2,] using the ladder diagram approximation. Sum-
ming over p on both sides of the Bethe-Salpeter equation
(46), using Eq. (47) and putting a=u, B=y=4,, o=,
p’ = (k;+k;)/2, and q=k,—k,, we have

¢”3”1 [(ky+ky) /2,5 —ky,25,25]

=Gy, (ky,2) Gy, (Ka,2))

+ E

‘aB/l/

X ¢y/l[: [ (kl+ k2)/2,k1 _kZ’zl’ZZ] .

o’ o pa
L,l‘l:?l’ (kl'—kZ:ZhZZ)AZ""B/I (21522)

(F1)

The fourth rank tensor Lg};(q,zl,zz) is defined in Eq. (50).
If g=k; —k; is along one of the principle axes of the cubic
lattice, say the x axis, then the fourth rank tensor Laﬁ is
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invariant under the inversion of the y or z axis. From Ap-
pendix B, we know that the only nonzero components of L
are

LﬁB

aa? ng: Laﬁy a:B =px,Py7pz .

We now show that qSZZ‘: !is nonzero only when u=p,. It-
erating Eq. (F1), we have

¢u3u1 [(ky+ky)/2,k —ky,2,2,]

pyl(kl’zl) [ ,u3(k2:22)7

+ 2

a' By

X Aoyt (21:22) Gy, (K1,21) Gy (Kp2p) + -+

L#SU (kl _

na kz:zl:zz)

(F2)

Suppose the external field E,, E, are transverse, i.e.,
Kl 1, Kyl f1y, and condition (39) holds, we know from
Egs. (32) and (40) that G, (ky,z;) and Gy, (Ky2;) are
nonzero only if a=p, f=p;. We see that the first term in
the above equation is nonzero only if u=u;=p,, the sec-
ond term is nonzero only if B'=y"=p,, which in turn
requires ¢’ =a' to make 4 nonzero, which in turn requires

i3=p to make L nonzero. So the second term is nonzero -

only if p=p;. Following this procedure, we can prove that
all the higher order terms in the above equation are zero
whenever pz£u; So we have shown that ¢" 3 0k

+ ky)/2,k; — ky,21,2,] is nonzero only if p=p. The same is
true for ¢“"l [(k; + ky)/2,k; — Ky,21,2,]. From Eq. (31) we
see that X## 3#1#1( k, — 0.k0;, —k; — 0,,k303) is hon-

zero only if p=py,.
Now we calculate ¢" a 1[(kl + k,)/2,k; — Kky,24,2,]. Set-

ting p=u; in Eq. (F1), we see that the second term in Eq.
(F1) is nonzero only if ¢’ =a', y'=p'. It is convenient to
define the 3 by 3 matrix L(q,zl,zz), A(zl,zz) whose aff
matrix elements are Laﬁ(q,zl,zz), aB(zl,zz) then Eq.
(F1) gives Eq. (51) directly.

Now we determine the matrix A4(z,z;) self-
consistently. Summing over p and p’ on both sides of the
Bethe—Salpeter equation (46) and setting o=a, y=§, we
have

$28(a.21.2,) = LI(q.21.2,)

+ 2

ngl (q’zl;ZZ)Angl (21922 ) ¢gfg(q,21:lz),
a’BI )

(F3)
which gives Eq. (60) immediately. Here ¢Z§(q,zl,zz) is

defined in Eq. (59). From this definition together with
Egs. (6) and (11), we can derive

% $%5(q=0,2,,2,)

= Z (ra rzB)(rzB ric)
M 2 el HI I |1'
1 1
M 21—22 rzl< lal _H|r1a>
G r,r;é — Gy (1,112 ‘
_Gealruriz,) a(Fpry 1). (W
Z1—2y

Equation (F4) is an exact relation between the configura-
tionally averaged p—~h Green’s function and configuration-
ally averaged 1-p Green’s function; we will call it the Ward
identity.!® Note in deriving the Ward identity, we use the

fact that our Hamiltonian conserves the number of exci-

tons, so the single exciton states |r,3) are complete basis

‘sets given that the initial state |r;a) is a single exciton state

S B (B =1
B .

Substituting Eq. (60) into Eq. (F4), we obtain the self-
consistent equation for the matrix 4(z,,z,) [Eq. (52)].
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