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The nonlinear optical response of liquids subjected to a series of N femtosecond laser pulses is
calculated using a multimode harmonic model for nuclear motions, with nonlinear coupling to
the radiation field through the coordinate dependence of the electronic polarizability. Using
electronically off-resonant optical fields, this multidimensional spectroscopy is shown to provide
direct information regarding the homogeneous or the inhomogeneous nature of the spectral
density obtained from optical birefringence measurements. Complementary information can be
obtained using infrared pulses where the multiple time correlation functions of the nuclear
dipole moment (rather than the electronic polarizability) are being probed.

I. INTRODUCTION

The interpretation of vibrational line shapes in liquids
has been the subject of numerous experimental and theo-
retical studies.!”> Dephasing processes are crucial for the
interpretation of optical processes in condensed phases.
These processes are traditionally classified as either homo-
geneous or inhomogeneous.“‘6 When different molecules
have different transition frequencies because of varying lo-
cal environments or initial states, the spectral line shape is
said to be inhomogeneously broadened. This broadening
carries no dynamical information. Homogeneous broaden-
ing arises from an interaction with a bath with a very fast
time scale, causing rapid fluctuations in the local environ-
ment. Since nuclear motions in liquids cover a broad range
of time scales, it is not clear whether spectral line shapes
can be classified as either homogeneous or inhomogeneous.
Even when such classification is possible by virtue of sep-
aration of time scales, it is not easy to firmly establish it
experimentally.

Linear optical measurements result in a line shape that
is a simple convolution of the homogeneous and the inho-
mogeneous contributions, and they cannot therefore distin-
guish between the two mechanisms. Nonlinear techniques
such as fluorescence line narrowing, hole burning, and
photon echoes are, however, sensitive to this distinction.™
Early off-resonant picosecond coherent Raman measure-
ments were assumed to have the capacity of selectively
eliminating inhomogeneous vibrational dephasing and re-
vealing the homogeneous component.''®'? Loring and
Mukamel'® have formulated the problem using a multitime
correlation function approach and showed that this elec-
tronically off-resonant Raman technique, which contains
only a single time variable is equivalent to linear absorption
and is thus nonselective in principle. They pointed out that
only multitime techniques such as the Raman echo can
probe selectively the homogeneous linewidth. Several ex-
periments have been subsequently carried out in order to
measure the homogeneous vibrational linewidth.'*!” These
experiments were conducted on isolated intramolecular
high frequency vibrations and employed laser pulses longer
than the vibrational periods. As such they did not have the
time resolution to observe directly the vibrational motions.
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The decay of the signal with the delay between the excita-
tion and the probe pulses then reflects vibrational dephas-
ing.

Recent development of femtosecond techniques made
it possible to probe intermolecular vibrations in the fre-
quency range 0-700[cm™!] using an impulsive excitation
with pulses short compared with the vibrational peri-
0ds.’®2 Under these conditions the time resolved signal
can show the coherent vibrations as well as their dephas-
ing. Experiments conducted so far including impulsive Ra-
man, optical Kerr, and pump-probe spectroscopy have
yielded spectral densities in the frequency range of 0-500
cm ™! which provide characteristic signatures of intermo-
lecular nuclear degrees of freedom, both local and collec-
tive. It is tempting to attribute the structure observed in
these spectral densities to coherent nuclear motions, as
suggested by instantaneous normal mode descriptions of
liquids.>*?” However, since impulsive birefringence and
stimulated Raman techniques have only a single time vari-
able, the limitations of the picosecond Raman measure-
ments apply here as well; it is impossible to deconvolute
the inhomogeneous contributions to these spectral densi-
ties, and higher order measurements are called for.

In this article we employ path-integral techniques®® to
derive a closed form expression for the nuclear response
function to an arbitrary order in the field, using a harmonic
model for nuclear motions with a nonlinear coupling to the
radiation field (i.e., through the nonlinear dependence of
the electronic polarizations on nuclear coordinates). Inho-
mogeneous broadening is incorporated by using a multi-
mode Brownian oscillator model’ and assuming a static
distribution of its parameters. As an illustration we analyze
the possible application of a five-pulse (P>)) measurement
to a model liquid with a typical optical birefringence spec-
tral density. Adopting a correlation function terminology,
an off-resonant P®) measurement such as CARS is related
to a two-time correlation function of the nuclear polariza-
tion with a single propagation period and, as far as the
nuclear dynamics are concerned, is equivalent to linear
absorption. Higher order techniques P>, P(), etc., can
provide valuable additional information. By looking at the
joint dynamics of N evolution periods we have in effect an
N dimensional spectroscopy. Two-dimensional spectros-
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FIG. 1. Pulse configuration for a 2V + 1th order experiment. The system
first interacts with N pairs of pulses, which have the same time profile
E (1), but different wave vectors k, and k; and frequencies {1, and Qj for
the jth pair of pulses, respectively. The last pulse (ky, Q) is the probe
that generates the signal.

copy has proven extremely valuable in the analysis of
NMR spectra of complex systems such as proteins.?’ The
present analysis has some close connection with its NMR
counterpart, although the type of information obtained
here is very different, and nuclear systems are much more
complicated than spin systems. The present theory applies
also to experiments conducted using resonant infrared
(rather than off-resonant optical) laser pulses. Comments
to that effect will be made in the discussion.

In Sec. II, we formulate the vibrational polarizations in
the ground state using path integral techniques. In Sec. III,
we calculate the 2V 4 1th order off-resonant response func-
tions for a single harmonic oscillator system. We then ex-
tend these results to a multimode damped oscillator system
in Sec. IV. In Sec. V we show how the multidimensional
spectrum can be used to distinguish between homogeneous
and inhomogeneous line broadening mechanisms by calcu-
lating fifth order off-resonant signals. Concluding remarks
are made in Sec. VL.

1I. VIBRATIONAL POLARIZATION IN THE GROUND
STATE

Consider a liquid system interacting with an external
electric field. The Hamiltonian is

H=Hy,—E(r,1)V, (2.1)

where H, is the electronic and nuclear Hamiltonian of the
liquid and V represents its interaction with the electric
field. The external field consists of a train of N pairs of
simultaneous pulses, followed by a final (probe) pulse,
(Fig. 1)

E(r,t)= 'é E;(r,t) + Er(r,1), (2.2)
where j
E;(r,) =E;(t){exp[i(Qt1—k;r)]
+exp[i(Q}t—k}r)]}+c.c., (2.3)

and
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Ep(r,t) =Er(Dexpli(Qt—kor) ] +c.c. (2.4)

Here E;(¢) denotes the temporal profile of the jth pulse.
We assume that the pulse pairs are well separated in time.
We further assume that the system is initially in thermal
equilibrium in the ground electronic state.

Femtosecond measurements conducted with laser
fields tuned far below any electronic transition provide
valuable information regarding nuclear motions.!*2* Off-
resonant measurements have the following attractive char-
acteristics. (i) Excited state populations are limited by the
Heisenberg relation to very short times At=1/Aw, Aw be-
ing the off-resonant detuning. As Aw is increased, these
populations become practically negligible and the measure-
ments probe only ground state dynamics. (ii) The time the
system spends in an electronic coherence is also limited by
the same Heisenberg relation, and consequently, nuclear
dynamics can be neglected during coherence periods. In an
experiment conducted with 2¥ 41 laser pulses, related to
the polarizations P?Y*1), we need to consider therefore
only N (rather than 2¥) time evolution periods, in which
the system is in the ground state. The above arguments
greatly simplify the interpretation of these measurements.
On the other hand, simplifying assumptions such as the
rotating wave approximation and the independence of the
dipole moment on nuclear coordinates (the Condon ap-
proximation) which usually hold in resonant measure-
ments cannot be justified under off resonant conditions.

Because of (i) and (ii), the electronic excited states do
not play a role in the off-resonant experiments, and we can
describe the system by an effective ground state nuclear
Hamiltonian,”*° where all electronic excited states have
been eliminated,

H=H,(p,q) —E*(r,)a(q), (2.5)

where a(q) is the electronic polarizability. A derivation of
this effective Hamiltonian starting with a two electron level
system is given in Appendix A. The form Eq. (2.5) applies,
however, to a system with an arbitrary number of electron-
ically excited states. For clarity, we hereafter assume that
the polarizability is isotropic, and do not use an explicit
tensor notation; this can be incorporated with no major
difficulty.”® The 2N + 1th polarization is then expressed as

PONAD (1) =N+ 1B () exp(iQqt— k1)

N o N
[ ar, 5~ 3 =)
j=t1 k=j

0

X |2 cos(AQj(t-— klzi,j Tk) —-—Akjr) +1H

XREVED (7},

(2.6)

where the 2N+ 1th order response function is given by
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FIG. 2. Time variables for the Nth order response function [Eq. (2.7)].
In the figure, ¢; are the times of the actual interactions with the fields and
7, are the intervals between successive interactions.

AN =
R(2N+1)({Tj})5 (%) tria(q) Hl
j=

(2.7)

Xexp( % H}'r )X(Q)

Here a*A=[a,4] represents the commutator with the
electronic polarizability. This response function depends
only on the ground electronic state dynamics. The laser
pulses thus enter as an external driving force for the nu-
clear degrees of freedom, and the coupling is proportional
to the electronic polarizability. Since each ™ can act ei-
ther from the left or from the right, the above expression
contains 2% terms. For example, the two lowest order re-
sponse functions are written as

R (r) =2 ([a(t)a(n) 1 pg), (2.8)

1
R(S)(TZ/rl): _? ([[a(t3)aa(t2)]7a(t1)]pg>9 (29)

where a(t ) represents the operator a(q) in the interaction
picture at time z; —Zk Tk (Fig. 2)

a(t;)=exp(iH,t;)a(q)exp(—iHyt;). (2.10)

We can calculate all of these terms using a Liouville
space generating function.?® A typical term in Eq. (2.9),
for example, can be written as

(a(tz)a(t3)a(t1)pg) =Iim{&1d2d‘3F(a;t)}. (2.11)

a-0

Here

. _ (9
()

F(ajt)=tr

(2.12)

exp

i r
— fo dz(Hg(p,q>+V(t)q)]

3 t
Xexp[ —BH,(p,q) lexp % Jodt(Hg(p,q)

+V’(t)q)”, (2.13)

with

V(ty=—ifi[a;6(t—1;) +a6(t—15)],
(2.14)
V' (t)=iha5(t—1,),

and a={a,,a,,a;}, and lim,_, indicates setting a;,—0 after
performing the derivative a(d/da;). In a 51m11ar way, we
can define generating functions to any order FON+D (a;),
where a={a,,a;,a3,....ay,.1}.

Ill. RESPONSE FUNCTIONS OF A SINGLE HARMONIC
NUCLEAR MODE

We shall now apply our results to a model system with
a single nuclear degree of freedom. The generalization to
an arbitrary number of degrees of freedom is straightfor-
ward and will be made in the Sec. IV. We thus take for the
ground state Hamiltonian

H,(p,q) =p*/2m+3ma}q. (3.1)

The calculation of F(a;¢) is formally identical to the
Feynman—Vernon influence functional,' although the un-
derlying physics are very different, since ¥'(¢) in our case is
an external given function, that does not depend on the
system coordinate. We then have

1 t 7
_Zﬁma)o J-Od'r fo dr(V(r')

Fico,
—V' (7)) (cos(a)o(v"—r) Ycoth (L%)

F(a;t) =exp

X(V(r)+V' (7)) —isin(wo(r' —7))

x(V(T)—V'(T))) . (3.2)

The generating force V(¢) for the 2N + 1th order response
function can be defined by introducing the sign operators

€;, where €=— if a; operates on p from the left and
€;=+ for operation from the right. Each of the possible 2N
Llouvxlle space paths can thus be defined by a special
choice of €; (j=1,..,N). For the last interaction we al-
ways set €y, ;= —. Using this notation we have

N+1
V() —V'(t)=—ih 2 aj (r— E rk)

=1 (3.3)

N+1
V() +V'(t)=—ifi Z €, (t— E Tk)

The 2N + 1th generatlng function is then given by

NZ+1 E a]akC_Ek< ékf,,,)

FON+D (a:{7r.}) =exp
J=k+1 k=1

1 N+1
+5 ,-21 aﬁC’(O)}, (3.4)
where C_(¢) are the two-time autocorrelation functions
of the nuclear coordinate (C,(¢)={(q(t)g), C_(1)
={qq(t))) defined by
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C*(I)Ez (3.5)

Btiw,
cos( coot)coth( )

) +7sin(wq?) |,

and C'(¢) is the real part of C_ (#). We finally have for the
2N + 1th order response function

X X X oeae ey

€l=x 6= ey=

i N
R(ZN+ 1) ({Tj}) =1im(%)

a—0

X &8y Gy FV D (a{r;}).  (3.6)

The nonlinear response function can be interpreted in
terms of the time evolution of nuclear wavepackets in
phase space.”?® Each Liouville pathway has its own wave
packet which serves as a generating function for the optical
response. Since the response function is given by the trace
of the wave packet, it is not essential to calculate the wave
packets. They provide, however, a clear semiclassical pic-
ture of the optical response. For the present harmonic
model, these wave packets are Gaussian and are given in
Appendix B. For more complex (anharmonic) models
they can be calculated numerically using classical trajecto-
ries.

We next apply these results to two and three pulse
experiments. From Egs. (2.6), (3.4), and (3.6), the third
order polarization is given by

P‘f”(z):zzf dry Ep(8) EX(t—71))exp(iQqt—ikgr)
0

X [2 cos(AQ, (t—7;) —Akyr) +1]1RP (7).
(3.7)

The response function is calculated using the generating
function

R(”(Tl)—llmﬁ > €8,8,F (1)), (3.8)
a-0 €=
with
F® (a57)) =explaa;C_ (1) +i(al+a3)C'(0)].  (3.9)

The fifth-order polarization is given by

P (1) =23 f: dr, f: dry Er()E5(t—1) EX(t—Ty—T))

Xexp(iQrt—ikyr) (2 cos(AQ,(t—T1;)
—-Akzl‘) +1 ] [2 COS(AQl(t—TZ—T‘) —-Aklr)

+1]R® (1,11, (3.10)
where
R‘s’(rz,’rl)———hm? Z Z
a0 €1=x €=z
X €1€,818,8;F % (a;75,71), (3.11)

with

FO (&;1y,7)) =explasa;C_ (1y+7)) +a30,C_, (1))
+a,0,C_¢ (7y) +3(a] +}+43)

X C'(0)]. (3.12)
In Appendix C, we derive the same results starting from
the 2N+ 1th order response functions for a displaced os-
cillator system.

It is interesting to note that if a(q) depends linearly on
nuclear coordinates, the present model is linear and all
nonlinear response functions should vanish identically.
This can be easily seen from the Heisenberg equation for g,
which gives

j=—aw’q+E(t) (3.13)
(when a damping term ¥4 is added in the right-hand side,
this is known as the Drude model). In Liouville space this
is a result of an interesting interference of various paths, as
will be shown below.

The simplest model which yields a finite nonlinear re-
sponse is when the electronic polarization has an exponen-
tial dependence on the nuclear coordinate, i.e.,

a(q) =oayexplagq). (3.14)
In this case, the response functions are obtained by simply
setting a;=a in Egs. (3.9) and (3.12) and no derivatives
are necessary Expanding in powers of %, the lowest two
terms in the third and the fifth order response functions are
given by

2
RO (1)=5 a a*C" (1) +z aéa4c"(fl)c'(71>+ TR
(3.15)

and
RO (7y,m)) = ¢—‘iia a*C" (1) [C" (1)) +C" (114 72) ]

4
+3 a3a®C" (1) [C" (1) + C" (11+13) ]

X[C(r)+C" (1) +C' (11+72)

+3C(0) ]+, (3.16)
where C’(t) and C”(¢) are the real and the imagmary
parts of C (1), respectively. The absence of an @ term in
R® reﬂects the destructive interference that eliminates the
nuclear response for the linear model a@=caaq. Similar ex-
pressions for the seventh order response functions are
given in Appendix D. Since C” (¢) is temperature indepen-
dent and a is a small parameter (typically ag<0.1), the
temperature dependence of R’ and R is expected to be
weak. The response functions for a general form of the
polarizability (not necessary exponential) are given in Ap-
pendix E.
In the classical #— 0 limit, we have
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C'(1) —,skBT )
‘(t)= cos(wgpt),
mayg 0
(3.17)

d
= C'(1).

1
sin(eo) = =35 T 5

1 - 1
# ® T 2may
The classical correlation function C,(¢) is equal to C'(2).

Using Eq. (3.17), we obtain a classical approximation for
RON+1) 832

IV. HOMOGENEOUS VS INHOMOGENEOUS
MULTIMODE BROWNIAN OSCILLATOR SYSTEM

The generalization of the previous results to a multi-
mode harmonic system is straightforward. Consider the
ground state Hamiltonian

2
Ps
Hypa)=2 (§—+ mswsq%), (4.1
s
with the electronic polarization
a(q)=oq eXP( ZAﬂqs)- (4.2)

Here g, are the primary oscillators that couple directly to
the electronic polarizability. They can represent local or
collective coordinates. 4, is the coupling constant for the
ath oscillator. The dimension of 4, is chosen to be m ™!,
therefore, a is a dimensionless coupling parameter. In this

case, the generating functions are expressed as

FON+U (g0 = [T FOV+D (a3}, (4.3)

where

N+1 Jj
FPV* D (g{r})=exp|a® X E C_Ek( )y T,,,)
m=k

J=k+1 k=1

a2 z CIS(O)

j=1

(4.4)

1 N+1
27 £ 00

The correlation function for the sth mode is now given by

Fico
Cit)= f do F(w) [cos(cot)coth(BT)

:!:isin(wt)], (4.5)

where

Fw)=(n/20,)8(0—wy). (4.6)

We next assume that each nuclear mode is coupled to
an environment consisting of a set of bath harmonic oscil-
lators with coordinates x} and momenta p}.>*% The inter-
action between the system and the kth bath oscillator is
assumed to be linear with a coupling strength ¢}. The total
Hamiltonian is then given by,

(Pk)z

1
Hpa)=3 [—25’—+2 malg+ 2 [

2 _mi(w;)z

K $42 s 2
e (k Cls ) ] (4.7)

By tracing over the nuclear and the bath coordinates, we
obtain the distribution function for the sth mode in the
form?®

onsYy(o)
Flo)= oy (a) 2)2-{—602}’?(40) , (4.8)
where
(c)?
Ys(w) = 2 —¥——za(w—w;). (4.9)

k 2mk(@i)

The corresponding generating function is obtained from
Eq. (4.4) by replacing Eq. (4.6) by Eq. (4.8). Assuming a
frequency-independent damping ¥,(w)=%,, which repre-
sents a Gaussian white noise on the nuclear system, we
may rewrite Eq. (4.8) as

2 F(0) ~J(T) = Z nof (@30,,75), (4.10)
s s

where I'={7%,,0,,Y, represents the parameters of the
model, namely, the strength of the interaction (7)), the
frequency (w;), and the relaxation rate (y,) of the sth
mode and

DYs

f(@05,7) =5 D TR (4.11)
The coupling strength is given by
#42
Ns= my (4.12)

This model can be used to describe specific coordinates
whether local (e.g., intramolecular) or collective in na-
ture.® Even if we do not have a clear idea of the nature of
the modes of the sysiem, it can be used as a convenient
parametrization. In the liquid phase,¥¢?%27:3 the distri-
bution of the values of {%;,w,,7,} may reflect different
slowly interconverting local environments. Similar prob-
lems of inhomogeneity are of current interest in the studies
of dissipative kinetics observed in charge transfer in the
photosynthetic reaction center.*”*® To emphasize the para-
metric dependence on I', we change the notation J(w) to
J(o;T') and RV ({7;}) to R+ D ({r,},T). The cor-
relation functions are then given by

C. (D)= fdw J(w;T)

1/70]
cos(wt)coth (82——)

+isin{wt) |. (4.13)

The dependence of " on nuclear configuration intro-
duces an inhomogeneous contribution to the response

J. Chem. Phys., Vol. 99, No. 12, 15 December 1993

Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



Y. Tanimura and S. Mukamel: Femtosecond spectroscopy of liquids 9501

function. That dependence can be taken into account by
averaging over the distribution function of the parameters
S(I), ie,

RN+ £}y = fdr S(DRPNFD{RT), (4.14)

where

R(ZN*’”({T};F)

N
i
=a(2,N_l(%) > oy e X €16, €y

€= =% EN=
N+1 N j
xexp|la® X X C—ek( 2 Tm;r)
Jj=k+1 k=1 m=k
N+1
+=a 2, C(O;T)|. (4.15)
2% A

By using Egs. (3.15) and (3.16), this gives for the third
and the fifth order response functions

2
R(3)('rl)=%a(2,a2J-dF S(YC” (r;I), (4.16)

and
5 4 54
R¢ ’(Tz,fr,)=z2a0a J-drS(F)C"(TZ;F){C"('Tl;F)

+C" (i +73) ], (4.17)
2

where we have neglected terms higher order in a°.

V. IMPULSIVE EXPERIMENTS

The fifth order off-resonant experiment may be used to
distinguish between the homogeneous and the inhomoge-
neous contributions to the spectral density observed in bi-
refringence R experiments. Consider the following form
for the birefringence (Kerr) amplitude

2
R () =3 ala? f dr s(I) f do J(;T)sin(oT,),

(5.1)
where
R¥(w)= fdrl e“R™ (7))
C()AICI
T 2r[ (B —0%) 4 0*CY)
A,C.
et (5.2)

+2'rr[(§§—w2)2+w25{]'

Here 4,, B,, C,, etc., are chosen to represent the experi-
mental birefringence spectral density of CH;CN of these
parameters (in [cm™!]) are given by (see Fig. 3)%

A,=0.01, B,=50, C,=100,
A,=0.04, B,=350, C,=25.

(5.3)

RO(@)

0 100 200 300 400 500
o (cm?)

FIG. 3. The spectral distribution R® (@) of CH;CN obtained from the
optical Kerr experiment (Ref. 20).

R depends on the homogeneous J and inhomogeneous
components only through the combination

deS(F)J(w;F). (5.4)
There are therefore infinite number of choices of inhomo-
geneous distribution S(I') and homogeneous spectral dis-

tribution J(w;I'), that give the same optical Kerr signal
(Fig. 4),

19(T) =R (T %,

where R® is given by Eq. (5.2). Hereafter we adopt the
two extreme choices; (i) a purely homogeneous two oscil-
lator case, where the spectral density is attributed to the
two oscillator modes

(5.5)

2
S = 11 8012~ A40)8(w0a— B)8(ya—Ca),
- (5.6)

J(o;T1,00) =01 f (0;01,71) +72 f0;02,72);  (5.7)

(ii) purely inhomogeneous one oscillator case, where a
single harmonic frequency is inhomogeneousely distributed

1(3)(T1)

" ) s N L
0 1 2 3 4 5

T, (ps)

FIG. 4. The optical Kerr signal I (T,) for the system of Fig. 3. This
experiment is not sensitive to the homogeneous or inhomogeneous nature
of the spectral density.
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FIG. 5. The time domain 2D signal 7’(T,T,) for the pure homoge-
neous case (i) using the spectral distribution of Fig. 4.

S(Ty)=lim 6(n,—1)8(y,+¢€)[4,f(w,;B,,C)

€—~0
+4; f(w1;82,C) 1, (5.8)
J(a;Ty) =n1f (@;01,71). (5.9)

As can be seen from Eq. (5.1), the third order signal,
which corresponds to the optical Kerr (birefringence) ex-
periments, is identical for the two models. This is in agree-
ment with our previous analysis to the effect that we can-
not distinguish between homogeneous and inhomogeneous
contributions from experiments based on the third order
response function.

Let us consider now the fifth order signal. The fifth
order off-resonant response function is given by

4adat
RO () =g~ [ dTS(D)C" (D) [C"(rT)

+C"(r+1;D)], (5.10)
or alternatively,
R(S)('rz,r,)=;5a8a4de‘S(F)
x[ f do'J(w’;T)sin(w'r,)
x[ f do J(a;T) [sin(o7)
+sin(w(rl+7'z))]]- (5.11)

For impulsive pump probe experiments, such that
Ep(t)=86(t—T;—T,), E|(t)=6(t), and E,(t)=6(¢
—T,) for the fifth order, we can perform the time integra-
tions over 7;. Then the total signal intensity related the
square of the polarization is given by (up to a proportion-
ality constant)

\ i ll“‘ )
A ::M
i N f,lﬂ«
‘ &‘\'3/1” 'o" ‘\‘fa‘.‘%\“:,

™7, 7)

‘\\

\\‘ N
é\‘\\\\ .Z;.,{gc:,.»" ‘z",,/ ;::/M A\\\\;.,.

R = ’ =
..‘\\‘ & /é',;;\\\\\\“& ,b : l [’ [/ ’... ..,
P o S %
J “"f;"»z\‘;"o"‘w' N ~“ Sy <
K .,.,,,.,.,;.;,,._.1,, N // Sty
P 2 ...,,'...',’,'. 7/ /l"o,u , \ ~.~ i &y

FIG. 6. The time domain 2D signal 7*®(T"|,T,) for the pure inhomoge-
neous case (ii) using the spectral distribution of Fig. 4.

I®(T,,Ty)=|R®(T,,T))|% (5.12)

R®) depends on J(w;I') and S(I') separately and not
merely through the combination Eq. (5.4). This opens up
the possibility of observing the difference between the ho-
mogeneous and the inhomogeneous contributions to the
spectral density obtained from birefringence R® experi-
ments (Figs. 5 and 6). The two models Eq. (5.6) together
with Eq. (5.7) or Eq. (5.8) together with Eq. (5.9) have
dramatically different predictions for R®®). This is illus-
trated in the following numerical calculations. For (i) the
pure homogeneous and (ii) the pure inhomogeneous cases.
As seen from the figures, the fifth order (3-pulse) signal is
very different for the two cases. The I)(T,T,) signal
constitutes a two-dimensional spectroscopy with two inde-
pendent time periods during which the nuclear coherence
evolves.

A different perspective on these results can be obtained
by performing two-dimensional (2D) Fourier transforma-
tion, as follows:*>*

I(S)(wl,w2)=| fm dT, fw dT, @1 T+ Ty
0 0

2
><1<5>(T1,T2)’ . (5.13)
Calculations were made using a two-dimensional fast Fou-
rier transform (FFT) routine on a 256 by 256 grid. Figures
7 and 8 show, respectively, the 2D Fourier transform of (i)
the pure homogeneous (Fig. 5) and (ii) the pure inhomo-
geneous cases (Fig. 6). In Fig. 7, we observe peaks whose
positions are determined by the products [sin(w,T,)
+sin(w, 7)) }[sin(@,T) +sin{w,T)] and [sin(w,T>)
+sin(w, ) {sin[w, (T + T;)]+sin[w,(T)+ T;)]}, how-
ever, since their spectral width at (@,0,) = (£50,%50)
[cm™!] are broad (y,=100 [cm~!]), we cannot distinguish
them from the zero frequency peak at (@;,0,)=(0,0). In
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ey, ;)

FIG. 7. The frequency domain 2D signal /**(w;,w,) corresponding to
Fig. 5.

the purely homogeneous case, one can observe coherent
modes of the ground states as shown in this figure.

Figure 8 represents the pure inhomogeneous case,
where we can rewrite the response function as

RN(T,,T))= fdwl[Alf(a’l;Bl:Cl) +4, f(0;8,,C))]

X {cos[w(T,—T,)]+cos[o,T]
—cos[an(T1+T5)]
—cos[(T,+2T) 1} (5.14)

Thus the response function consists of functions of the
form f(T,—T,), g(T1+T,), j(T,+1T,), and k(T}).
Since we performed the Fourier transformation over Ty,
T,>0, the contributions of f(T,—T,) and k(T,) are
large compared with the contribution from g(7',+T,) and
Jj(T,42T,) and show maxima along the lines o= —w,
and w,=0. The distribution of the ground state mode fre-
quency can be observed on these lines as the peaks at

o, o)

FIG. 8. The frequency domain 2D signal J 5)(e;,w,) corresponding to
Fig. 6.

(01,0,) =(£w,,0) and (0;,0;) =% (0, —0}). The
functions g(T;+7T,) and j(T{+2T,) also show small
peaks at (w;,0,) = * (0;,0;) and (0;,0;) = = (@,,20;),
however, the contribution from @, cannot be distinguished
from the central peak.

In summary, the two models, which have an identical
1D (birefringence) spectrum clearly show very different
2D spectra. Realistic situations of the liquid spectral den-
sity are expected to be intermediate between these purely
homogeneous and inhomogeneous cases. J(w;I') and § )
may thus be probed separately by performing higher order
measurements, in addition to the optical Kerr experiment.

Vi. DISCUSSION

In this paper, we calculated the nuclear response func-
tion for an off-resonant experiment employing optical
pulses, by starting with the effective Hamiltonian Eq.
(2.5), and showed how the multidimensional spectrum can
be used to distinguish between homogeneous and inhomo-
geneous line broadening mechanisms. We can derive the
same result from the expression of 2N -+ 1th order non-
Condon response functions for a displaced two-level oscil-
lator system (see Appendix C). This model can be used to
describe electronically resonant as well as off-resonant
measurements, and in the off resonance limit it coincides
with our effective Hamiltonian approach.

We assume that the material part of Hamiltonian Eq.
(2.1) has the form

Hy=|g)Hy(p,q) (8| + | e} [H.(p,q) + @] {e|

5

52 s $y2 2
DS st i |
sk m

k 2 mi(ep)?
(6.1)
where H,(p,q) is given by Eq. (4.1) and
P o1
H(p)= 2 (5,;—;»5 me; (gs— D,)Z). (62)

The constant D, represents the displacement of the sth
oscillator mode. The dipole interaction between the system
and the electric field E(r,) is

V=|gu(q){e| +|edula) (gl (6.3)
where the transition dipole matrix element is a function of
the nuclear coordinates and denoted by u(q) (non-
Condon dipole interaction). We take it to be in the form,

u(q) =po CXP( » A,bqs), (6.4)

By expanding the density matrix in powers of the field
amplitudes, the polarization to 2N+ 1th order can be ex-
pressed as
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P(ZN'H)(I)

=tr{ Vp(2N+1) (,)}

= fo dtyyi1 Ef(rt—tyy,y)

ﬁ [ <«
j=1 Jo 1 Jo !

X

2N+1 2N+1
XEj(r,t— > tk>Ej(r,t— 2 tk”

k=2j k=2j—1
XREN+D(py, (6.5)

Here the 2V + 1th order non-Condon response function is
given by

i 2N+1
R(2N+1)(t)=p3N+2(—-%) E J-dFS(F)
a

Xexp[Q, () +X,(t1) ], (6.6)

where Q,(t;I") is the Condon contribution of the response
function, whereas X ,(t;I") is the non-Condon contribu-
tion. The sum over «a is taken for all possible Liouville
paths to 2N 4 1th order. Explicit expressions of Q,(t;I")
and X, (t;I") for different Liouville paths are given in Ap-
pendix C. The contribution of Q. (t;I") is larger than
X,(t;T') in a resonant case, whereas the opposite is true for
the off-resonant case. The function Q,(t;I') consists of the
function g_ (;I"), which is a double time integration of
C_. () plus D gl whereas X, (t;I") consists of C_(T)
itself.

Although the present analysis focused on off-resonant
measurements employing optical pulses, this is by no
means the only method for obtaining this information. An
alternative route will be to use infrared pulses to probe the
vibrational transitions directly.* In this case we should
replace the Ez(r,t)a(q) coupling in our effective Hamil-
tonian by E(r,t)uu(q), 1£(q) being the transition dipole mo-
ment. We can therefore use the present formation by sim-
ply replacing the multitime correlation functions of a(q)
by the corresponding correlation functions of u(q). By
assuming that u(q) has an exponential dependence on q
we can then use all the present results. Performing these
experiments in the infrared has some advantages since we
need lower order nonlinearities (an infrared photon echo is
a P process whereas the Raman echo is P(7)). On the

1

P(2N+l)(t) Etr{Vp(2N+1)(t)}

AL
=(_;i—) J- d12N+1ET(ryt‘"t2N+l)
V]

2N+1
tk) ]tl‘

xEj(I',t— Z

k=2j—1

2N+1
Vv

N 2N +1

o0 @0
H f dtzj J- dtzj_lEj(r,t— z tk)
j=1 Jo 0 Py

i
jl;[l exp(—% thj) yx

Y. Tanimura and S. Mukamel: Femtosecond spectroscopy of liquids

other hand, infrared detection and ultrafast technology is
less developed than its optical counterpart. Moreover, de-
spite the formal similarity in the description of off-resonant
optical and resonant infrared measurements, in practice
1(q) and a(q) may couple to different types of motions
since the dependence of a(q) on q is not only through
p(q) but also through the excited state energies. A recent
comparison of correlation functions of ¢ and « in liquid
water and water clusters shows major differences.’? Thus
the two modes of performing the experiment are comple-
mentary.
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APPENDIX A: DERIVATION OF THE EFFECTIVE
HAMILTONIAN FOR A TWO-ELECTRIC
LEVEL SYSTEM

In this Appendix, we demonstrate how one can deduce
the effective Hamiltonian Eq. (2.5) starting from a dis-
placed oscillator model. Denoting the ground and the first
excited electronic levels of the system by [g) and |e), re-
spectively, we can write the Hamiltonian in the form,

H=Hy—E(r,1)V. (A1)
Here
Hy=|g)H,(p,q){g| + |e) [H.(p,q) + @ ]{e|, (A2)

and H,(p,q) and H,(p,q) are the adiabatic Hamiltonians,
where p and q represent the coordinates and momenta of
the nuclear degrees of freedom. The interaction between
the system and the electric field E(r,z) is assumed to be of
a dipole form,

V=|gdu(q){e|+|edu(q){g|, (A3)

where the transition dipole matrix element is a function of
the nuclear coordinates and denoted by u(q) (non-
Condon dipole interaction).

By expanding the density matrix in powers of the field
amplitudes, the polarization to 2N+ 1th order can be ex-
pressed as

pg], (A4)
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where we introduced the superoperator notation
A"B*=AB—BA and explid*]B=exp[id]B exp[—iA],
for any operators 4 and B. Since each V' is a commutator
that can act either from the left or from the right, the above
expression contains 22V+! terms. Each term corresponds to
a distinct Liouville space path. The electronic state of the
system is initially | g) (g] for all paths. During the odd time
periods #,,; the system is in an electronic coherence
|e){g| or |g){e|, whereas during the even time periods ,;
it is in an electronic population |g){g| or |e){e|, where
1<k<N. For off-resonant excitation, ; and Q.} < g, the
pulses cannot create real electronic excitation |e){e| and
all paths containing at least one |e){e| period can be ne-
glected. The remaining terms represent Raman processes
whose Liouville paths only involve |g){e|, |e}(g| and
|g) {g|. For off-resonance laser fields, we can further make
the following approximation for the contribution of the
optical coherence periods |e){g| and |g){(e|”:

22 "
(—'%) J; dtzj_lEj(r,T)Ey(l',T-——tzj_l)<g'Vie)
X <e‘exp(:i:%H0t2j_1) ’e) (el V,g)

2i
= F7 | Ej(1)|%a;(@)[2 cos(AQ;r—Akr) +1],

(AS)
WhereAkjEkj—-kj'-,AﬂjEQj—Q}and
2
_u(q) 1 1
a;(q)= % (weg+ﬂj+weg—ﬂj)’ (A6)

is the linear polarizability tensor. For clarity we hereafter
assume that the polarizability is isotropic, and do not use
an explicit tensor notation; this can be incorporated with
no major difficulty.”®

For off-resonant excitation, the 2N + 1th polarization
is then expressed as

2N
W (p,g;t) =ZN=T

X‘ﬁmzﬁlﬂ TS S e

a-0 €=k €= EyN=d

Here the generating function for the phase space wave
packet is given by

- 1 1 o
G (P1Q;ar{7—j})=z CXP[—M (q—CI(l‘,a))

FO (a{r,}),
(B3)

1
305 (p—p(1,a))?

( I [ o - b al

9505
PRV (1) =2V Ep(n)exp(iQgt —fgr)

N » N
0 [ a5~ 3 )

X

X

se{a0, (1= § )i 1]

k=j

XR(2N+1)({TJ~}),
(AT)
where the 2N+ 1th order response function is now given
by

a(q)

N
I
j=t

AN
R(2N+1)({7‘j}) = (%) tr

Pel- (A8)

i
Xexp(—% H;'rj)ax(q)

Here a”*A=[a,4] represents the commutator with the
electronic polarizability, and we have neglected the weak
dependence of a; on the frequency €1; and assumed «;(q)
=a(q). This response function depends only on ground
electronic state dynamics and is equivalent to considering
the following effective ground state nuclear Hamiltonian,’

where the electronic excited state has been eliminated,
H=H,(p,q) —E*(r,t)a(q). (A9)
APPENDIX B: PHASE SPACE DISTRIBUTION

FUNCTIONS FOR 2Nth ORDER OPTICAL PROCESSES

We can calculate the density matrix elements relevant
for the 2Nth order off-resonant optical processes by per-
forming a path integral. Since the calculation is similar to
Ref. 28, we only present the results. In the Wigner repre-
sentation defined by

1 . X x
W(ZN)(p,q,f)——_:ﬁ fdx e—th/ﬁp(ZN)(q+5’q_5 ,t),
(B1)

the nuclear wave packet corresponding to a given Liouville
space path is given by

2 N-1
[2005<Aﬂj(t— 2 Tk)—Akjr)H”
k=j
rey@18y Ay GV (pogsas{T D) . (B2)
—
where
N j
g(ta)= 2 a,cej(z— 2 Tk),
j=1 k=1
(B4)
N j
P_(t,a)=M z ajce(t_ z Tk)y
j=1 4 k=1
(Fy=C'(0), PH=-—M7C(0), (BS)
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and
A=21{(p")().

APPENDIX C: CONNECTION WITH ELECTRONICALLY
RESONANT NONLINEAR RESPONSE FUNCTIONS

In this paper, we calculated the off-resonant non-
Condon response function by employing the effective
Hamiltonian Eq. (2.5). This derivation, does not require
specifying a potential surface of the excited state. We can
obtain the same results from a general expressions of the
non-Condon response function for a displaced harmonic
oscillators system, which applies to resonant as well as
off-resonant spectroscopy.

We consider the system described by the Hamiltonian
Eq. (6.1) with the dipole interaction Eq. (6.3) and calcu-
late the 2NV 4 1th order response function

.\ 2N+1
R(2N+1)(t)E ( _%)

2N+1

i
II exp(——% thj) px

j=1

(B6)

pg’

ol

(C1)

The response function contains terms denoted Liou-
ville space paths. They come from taking 2¥+1 commu-
tators with the dipole operator ¥ in the evaluation of the
density matrix. The electronic state of the system is ini-
tially |g){(g| for all paths. In each path the system under-
goes 2N +1 evolution periods denoted chronologically by
t1,ty,.stay 4 1- The paths differ by which electronic density
matrix element exists in each of these periods. Mathemat-
ically, we can represent the path by 2N¥+1 indices ¢;,
which are chosen as follows: When the density matrix dur-
ing the jth period ¢; is in the state pg,, Pees Prgr aNd Py,

22N+1

Y. Tanimura and S. Mukamel: Femtosecond spectroscopy of liquids

TABLE I Possible Liouville paths and the corresponding auxiliary pa-
rameters €; for calculating the response function to fifth order. In the
table (gg), (ee), (eg), and (ge) represent the density matrix elements
Peg> Pees Pegr a0d pg, , respectively. The complex conjugate paths to 1-16,
which can be obtained by setting €5= — (ge), are not shown. The system
is initially in the ground state (gg) and we set €= —.

a € € €3 €4 €s
1 + (eg) —(gg8) +(eg) —(gg) +(eg)
2 —(ge) —{(gg) + (eg) —(g8) + (eg)
3 + (eg) —(gg) —(ge) —(gg) + (eg)
4 —(ge) —(g8) —(ge) —(gg) + (eg)
5 + (eg) —(gg) —(ge) + (ee) + (eg)
6 —(ge) —(gg) —(ge) + (ee) + (eg)
7 + (eg) —(gg) + (eg) + (ee) + (eg)
8 —(ge) —(gg8) + (eg) + (ee) +(eg)
9 + (eg) + (ee) +(eg) —(gg) + (eg)
10 —(ge) +(ee) +(eg) —(gg) +(eg)
11 + (eg) + (ee) —(ge) —(g8) +(eg)
12 —(ge) + (ee) —(ge) —{(gg) + (eg)
13 +(eg) + (ee) —(ge) + (ee) +(eg)
14 —(ge) + (ee) —(ge) + (ee) +(eg)
15 + (eg) + (ee) +(eg) + (ee) + (eg)
16 —(ge) + (ee) + (eg) + (ee) + (eg)

we have €,=—1, +1, +1, and —1 respectively. We label
a combination of €; by a (i.e, as{ej}). As an example,
we present the Liouville paths of the fifth order optical
processes and corresponding sign parameters in Table 1.
For a non-Condon dipole moment Eq. (6.4), the
2N + 1th order non-Condon response function is given by

i 2N+1
R(2N+1)(t)=”(2)1\’+2(_%) oS
5 a

Xexp[ Q5 (t) + X5 (t) ] +c.c., (C2)

where Q(t) and X3, (t) are the Condon and non-Condon
parts of the sth mode response functions written as

N+1 Nt1 N+l N 2j—2
_— — 7 5 > n — . A .
Qo (t) = —iwyg, jgl €101 jgl AN C YY) j=§+1 IEI 621—1€2k—1[gi2k62k_1( 1=22k l‘1)
2j-1 2j-2 2j-1
—gz2k€2k—1( 1=sz t’) _giZk—IGZk—Z( 1=§_1 t’) +g;2k-152k—2( [=sz:_1 tl)] (C3)
and
2N+2 2N+2 2N+1 k—1 2N+2 bz
Xt= 2 K7+ 2 X b, ( 2 z,)+ 2 = Cr), (C4)
k=1 k=m41l m=1 mEm=1\ = k=1 2
where
k>2m4-1 k—1 k>2m k—1 m=N 2m
F)e=—if| 2 Eami1He, ¢ ( )y t1)— 2 ek . ( > tl)“ 2 ikl (z fl)
m=0 mAIMTIN o my 1 m=1 2m2m=1\ 1_2m 2m+1>k K=\ 1=k

m=N+1 2m—1
CE e (T

(373
2m>k Kk

(Cs5)

In the above we set wi,=w,+ m,D*w?/2#% and &,=m Dw?/#. The correlation function for the sth mode C 1 (¢) is defined
by Eq. (4.5) with Eq. (4.8) and C"*(¢) is the real part of C3 (#). Using this we defined the auxiliary functions

J. Chem. Phys., Vol. 99, No. 12, 15 December 1993

Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



Y. Tanimura and S. Mukamel: Femtosecond spectroscopy of liquids 9507

t
h;(z)sgsfo dr €3 (1, (C6)

and

t ’

The summations 2, in Eq. (C2) represents sum for possible sign €,, €,, “réy=<=%, and €5, =+, which yields the
necessary 22¥ Liouville space paths. The other 2% Liouville space paths are simply their complex conjugate and can be
obtained by choosing €5, = —.

We can introduce inhomogeneous broadening by the following average:

RN+ ¢y ='u(2)N+2( !

2N+1
ﬁ) s f dT S(T)expl Qu(T) + X (bit:T) ] 4+c.c., (C8)

where S(I') is the distribution function of the set of parameters '={7,,0,,7,} and we replaced

PEACEIAC DREDEAGES AT y) (C9)
As an example, we present the fifth order of Q,(t;") and X, (t;T');
Qo) = —iwgg(erny +€st3+€515) — e, e, (1157) —8eye, (13) —8ege, (155T) — 3618 e, (221) —8eye, (+135T)
—8eie {1+ 151) +8eiq, (1t 12+ 13 T) ] — €51 [gepe (B + 134+ 145T) —ge e (B + 13+ 14+ 253T)
—8aeo(h+ o+ i3+ 130) +8e o (t1+ D+ B3+ tat 15T) | —€se3[8e e, (143T) —8eye, (4 +155T)
—8eie(13H14T) + 86 (13414 +155T) ], (C10)

and

2

6 6
b
Xo(6T)=b 2 (G(6T))at 2 5 C(OD)+5[Cp (1;0) +C

> (1+1T) +C,
k=1

(t1+t2+t3;F)

1% 1%

FCoq(ithtt3+15T) +Co o (1t i3+ 1+ 15T) + Cop (857 + Ce g (14 15;T)

+C€2€l(t2+t3+t4;r) +C5251(t2+t3+t4+t5;r) +Cepe, (£3;T) +Ce3e2(t3+t4§r) +C,

L6, (B3 14+ 155T)

3€2

+Ce4e3(t4§r) +C,

4€3

(t4415;T) + Cee, (15T ], (C11)
where
(@D o= —ilerhee, (05T + €3hepe (1 + 0o+ 135T) +€she, (i + b+t tyt 155T) — €3k (14 155T)
—€shee (+n+5+14T)],
(B(ET) )= —if€hee (130 + €3k ¢, (1,4 135T) +€she e, (+ 14+t +15T) —€she e, (1;0) —€she o (4134 145T)],

(BT o= —il€rhe, (11+5;T) —€1he o, (1T) —€she e (13+143T) +€3hee, (1330) +eshe o (3444 15,T) ],
(C12)

(@(tT))a=—ilehee (1+ 1+ 153T) + €3k (133T) —€1he o (1 +135T7) —€she  (14;T) téeshee (tat+155T)],

6364

(56T ) o= —ilethee, (1t 13+ 13T) + €3k (134 143T) — €1 o (1+ 134 145T) —€shee, (14T) + €she e (257D ],
(Ge(6T)) o= —il€1heye (11 + 12+ 13+ 14+ 153T) +€3hese (1314 +155T) +€she o (15T) —€1he o (B + 13+ 1+ 153T)

—€3h (t4+t5;F)].

€36,

For off-resonance experiments, we can perform the time integrations over odd period [see Eq. (A5)] and the result can
be obtained by setting #,;, ;=0 in the above expression. All contributions of the Condon part Q,(t;T") for different
Liouville path & then vanish and we have only non-Condon contribution;
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6
X (D) =b 2 (Gu(tT))+6b°C'(OT) +26*(C.
k=1

leo(tZ;F) +C€261(t2;r) +C€1€0(t2+l4;r) +C52€l(t2+t4;r)
+C€3€2(1‘4;F)+C€453(t4;r)], (C13)
where
(1(T7)) o= (32 (;T") ) =0,
@ ET)) = (Ga(ET) g = —il€rhey, (1) —€1he e (1) (C14)

(g5(61))a=(Ge(t;T) ) o= —il€1he e (Ba+14;T) — €1 o (tr+14;T) + €3k (14;T) — €3k ¢ (14T |

For the Liouville paths which involves ee, the terms in Eq. o3 3q?
(C14) becomes real functions. For example, for the path R (tT)= ~7 2 2 e CXP{T (o)
a=9 in Table I, we have {(Z;(tT))o=(Z,(t))o= q=x e==

—Re(h_(t,)). These functions are positive in time and

2
a’[C_ D)+ Co ;T
thus the contribution of the response function from the FaIC (D) +Cg (Tl

Liouville paths @ =5-16, which involve the excitation pro-

cesses ee are smaller than those from a=1-4. Thus by +C_, ()] ], (C16)
setting €,, €,= —, the phase of the non-Condon response ]

function reduces to where we set a=2b, r;=1,, and 7,=1,. The Liouville paths

are replaced by all possible sets of €;, and the sum over «
is replaced by these sum. The sign factor €,€; arises from

X (£T) = 6b52C" (0:T) - 4B C . (- the time integration Eq. (AS5). This result is identical to
o(£T) =65°C" (OT) +462[C_ (1;T) By (415).
+C ¢ (+2T) +C_ (15T) ] (C15) APPENDIX D: THE SEVENTH ORDER RESPONSE
FUNCTION
From Eq. (2.6), the seventh order response function is
The response function is then given by expressed as

P<7>(r)=24f d1'3f d'rzf dry Er(t) EX(t—13) E5(t— 13— 13) B3 (t— 13— Ty — 71 )exp (iQ 1 — ik gT)
0 0 0

X [2 COS(AQ:;(t—T:;) —Ak:;l')-{-l] [2 COS(AQz(t—'T:;—Tz)—Akzr)-{—l]

X [2 cos(AQ, (t—T3— 1, —7;) — Ak T) +11R 7 (73,75,71), (D1)

where

RD(13,my,m) = —EIJ ({{[[a(t)).a(t) L,a(s) La(t) ] pg- (D2)

Using the generating function, the response function is written as

—i
R(7)(73,T2,T1)=1im;3‘ 2 2 2 €668d0:0,F 7 ({a}lm,mm), (D3)

a0 €1=% €=% €3=:x%

where

FO ({a;}im3,m3,m) =explasa1C_¢ (T3+ Ty +71) +422C_ ¢ (T34 T3) +84a5C_ ¢, (73) +a30,C_ (my+7)

+a38,C_,(12) +8,01C_ (1)) +1(a} +a;+a5+a;) C'(0)]. (D4)

Assuming an exponential form for the polarization [Eq. (3.14)], the first two terms in the expansion of the response
function can be calculated as
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8 8
RO (73,73,m) =33 afaC" (13) [ €7 (1) + C" (73%73) L[C" (1) + C" (my472) + C" (Ty+ 1yt 73) | 35 60" C7 ()

X [C"(1)) +C" (7172 + C" (11473 +73) 1 [€" (1) +C" (r2+ ) 1 [C' (1) + €' (71+72)
+C' (114 T+73) +C (1) + C' (14 73) +C'(13) +2C°(0) ]+ - . (D35)

By incorporating inhomogeneous broadening, the lowest order response function becomes
8
R(7) (73’729T1 ) =%§ 0006 f dr‘a S( Fa) C" (7-3 ;ra) [C" (T2;Fa) + C” (T2+T3 ;Fa) ] [C” (Tl ;Fa)

+C" (147 T} +C" (141 +733T) 1. (D6)

The seventh order response function has been studied in connection with the Raman echo,!? however, the expression of
the response function for the present model does not give a simple echo, since the nuclear timescale is finite, and the model
is not identical to a two-level system with a homogeneous and an inhomogeneous broadening mechanism.

APPENDIX E: RESPONSE FUNCTIONS FOR A POLYNOMIAL COORDINATE DEPENDENCE OF THE
POLARIZABILITY

We assume a non-Condon electronic polarizarility in the form
|
a@)= 2 =«

ol " (E1)

Using the generating function Eg. (3.9), the lowest two terms in the third order response function are calculated as
) 2ia? 2ia?
RO () == C" (1) + 52 C" (1) C () 4+ (E2)

By using the generating function Eq. (3.12), the fifth order response function are calculated as

4 2
RO (ry,m1) =33 @1y C" () [C" () + C" (1 +7) ]+ 32 a3y C" (1) [C" (1)) +C" (11+7)1C' (0)

4 4
+? a;C"(TZ) [C" () C (714 13) +C" (t1+71)C" (71} ] —i—? a10,a3C" (1) [C7 (1) C' (1)

+C" (1 +7)C' (T1+72) + (C" (1) +C" (11 +72)) (C' (1) +C"(0)) ]+ - (E3)

The expression of the Seventh order response function, calculated from Eq. (D4), is lengthy and hereafter we show each
term separately, in various orders in o 2

(D
8ia’a
ﬁl C"('T3)[C"(7'1)C"(7'2)+C"(’7'1+7'2+T3)C"(7'2)+C"(T1)C"(T2+7'3)+C"(7'1+7'2)C"(7'2+7'3)] (E4)
(2)
8ia
; 1C"(1'3)[C"(T1+T2)C"(Tz)+C"(7'1+T2+T3)C”(T2+’T3)] (E5)
(3)
. 4
2

—5 C" (1) [(C" (1134 73)C" (1) + C" (11 4-7) € (1y473)) ' (71)

+C" (1) C" (Ty473)C’ (11 4+73) + C" (1)) C" (1) C' (71 + 72+ 73) ). (E6)
(4)
4ic
gl (1) (€M r) 1) 4 C* (1 4 74 7)o 7)) (O). (ET)

J. Chem. Phys., Vol. 99, No. 12, 15 December 1993
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(5)

.22
41a3a1

- C"(13)[2C" (1) C" (1) C' (13) +2C" (71) C" (1 +13) C' (154 73) +2(C" (11+ 13+ 73)C" (73)

+C" (1 +7) C" (134 73))C' (73) +3(C" (114+7) C" ()

+C" (114 7+ 73)C" (13473))C'(0) ],
(6)

.2
8iazayay

(E8)

—r— CrI(C (1) + C" (114 7)) C(13) + (C” (71) +-C" (11 + 12+ 73) ) C" (12 +73) | ' (7y)

+[(C"(1) +C" (114134 73))C" (1) + (C" (1141) +C" (714 73+73) ) C" (1 73) 1€ (71 479) + [ (C” (7 +73)

+C"(11+72+73))C7 (12) + (C" (71) +C" (71+7) ) C" (12 +13) 1 C' (11 +Ta+73) + [C" (11 + T2+ T3) C” (15)

+(CU(T) +C(T1+1) + C (11 + 72+ 73) ) C" (12 +73) ] C' (7)) + [(CV (71) + C" (11 +73) + C" (11473 4-73) ) C” (13)

+C (11 + 1) C" (1 +73) 1C (T4 73) + [(C" (1)) + C" (1 + Ty +13) ) C" (73)

F(C (1) +C" (114 7)) C" (124 73) ] C'(0) + [C" (1) C”" (1) + C" (1) C" (14 73) 1C' (13) },

(7

8ia4a2a%

(E9)

—— O (14 m) C (1) €' (114 7) + C" (1 o+ 1y 13)C (134 73) € (114 Ty 73) + € (71 +13) €7 (1) C (73)

+C" (1) + T+ 713)C' (1o +73)C' (13 +73) + [C"(T1+1)C" (1) + C" (71 + T+ 73) C" (13 4+73) ] C' (73)

+C () +C" (14754 73) |C"(12) € (0) + [C” (7)) +C” (11 +75) | C" (1,473 C' (0)}.
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