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The third order nonlinear optical response of semiconductor quantum dots is calculated in the limit
of weak exciton confinement. We treat exactly the nonlocal photon—exciton interaction using Green
function techniques, without invoking the long wavelength approximation. This procedure provides
a unified treatment of systems with arbitrary size compared with the optical wavelength. Geometric
confinement gives rise to quantized polariton modes with a finite radiative lifetime. The variation of
optical nonlinearities with size, and the role of local field effects are analyzed. © 1994 American

Institute of Physics.

I. INTRODUCTION

Studies of geometric confinement effects on optical
properties of semiconductor nanostructures have mainly fo-
cused on the quantization of the relevant elementary excita-
tions (Wannier excitons or electron-hole pairs). An extensive
effort has been devoted to characterizing the relation be-
tween the optical response and exciton confinement in III-V
or II-VI compounds,'” mainly because of practical device
applications. The family of GaAs quantum wells (QW’s)
provides by far the best examples of 2D-confined systems. In
these materials, the Wannier exciton Bohr radius a is typi-
cally larger than the QW width which defines the confine-
ment direction and strength, and the quantization of excitons
has a preponderant effect on the optical response via the
strong modification of the exciton wave function and oscil-
lator strength. Typical values of Bohr radii and binding en-
ergies for III-V, II-VI, and I-VII materials are summarized
in Table L.

Due to the dominance of strongly confined structures in
mesoscopic spectroscopy, most studies have focused on this
limit, where the interaction with the light field can be treated
in the long wavelength approximation (LWA). The empbhasis,
then, has been put on calculating the material states,® by
neglecting the electromagnetic field degrees of freedom. This
is reminiscent of atomic physics. Each atom can be viewed
as a point dipole as far as the field is concerned, and polar-
iton effects are completely neglected. This may be justified
for systems such as GaAs-QW’s, where the direct electron—
hole Coulomb interaction is small compared with the kinetic
energy (which is increased by the confinement). Further-
more, in these materials the dipole-dipole (electron—hole ex-
change) interaction related to polariton formation which is
much smaller than the Coulomb contribution, is negligible.

The situation is very different, however, when the size of
the system is much larger than the exciton Bohr radius, as is
the case, for example, in I-VII compounds such as CuCl
(see Table 1) or a fortiori in organic materials where the
excitations are strongly localized (Frenkel excitons). In this
case the optical properties are related to the coherence asso-
ciated with the exciton center of mass. Indeed, these materi-
als are characterized by a small bulk Bohr radius a, and an
intrinsically large oscillator strength (which is inversely pro-
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portional to aé): fo ,u,Z,,/ 7ra8, M, being the interband-
transition dipole moment. For strong confinement, the oscil-
lator strength is no longer directly proportional to the volume
of the system. The size dependence is more complex and
enters via correlation between an electron and a hole charac-
terized by a confined Bohr radius a,. which can differ sub-
stantially from its bulk value.* For example, in an ideal
2D-QW the exciton Bohr radius is half of that in 3D, afD
= ag /2.2 ‘which leads to a fourfold increase in the exciton
binding energy EZ’ = 4Ex (E r=e2a,, e is the electron
charge). On the other hand, if confinement is weak, a, is not
affected by the confinement, the oscillator strength is simply
proportional to the volume, and all interesting confinement
effects are found in the coherence of the center of mass (CM)
motion. In addition the effects of the dipole—dipole interac-
tion (long wavelength longitudinal electromagnetic field) and
radiative corrections due to the coupling with the transverse
electromagnetic field, which are proportional to the oscillator
strength, increase as the Bohr radius decreases. Furthermore,
due to the large exciton binding energy (and small Bohr ra-
dius), excitons can be treated as point interacting particles,
pretty much the same as Frenkel excitons.

The weak confinement limit is of great fundamental in-
terest since it links confined and infinite systems through
confined polariton modes (CPM). These are the eigenvalues
of the nonlocal (in space and time) exciton equation (cf.
Appendix E) which contains the retarded interaction with the
transverse electromagnetic field through a self-energy. This
self-energy adds a finite size-dependent radiative width to the
quantized exciton levels. The procedure we employ in Ap-
pendix D to calculate the CPM is valid provided size is
larger than the exciton Bohr radius, and for infinite size it
reproduces the well known bulk polariton dispersion.

Polariton effects have clear signatures in nonlinear opti-
cal properties since they strongly renormalize the one and the
two-exciton energies and oscillator strengths. The oscillator
strength of each optically active exciton state, is proportional
to the volume. This scaling law is exact as long as we can
invoke the LWA and neglect the dipole—dipole interaction
(i.e., local field etfects). The possible increase of the magni-
tude of the third order resonant nonlinear susceptibility of a
microcrystallite has been suggested in Ref. 5. This enhance-
ment saturates for large radii and attains its maximum for
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TABLE I. Bulk parameters for typical semiconductors. Ey : Exciton binding
energy. ao: Exciton Bohr radius. A;y: Longitudinal-transverse splitting as
measured in the bulk.

Eg (meV) aq (&) Apr (meVy*
(II-V) GaAs 4.2 120 0.075
(I-VI) CdS 27 30 1.9 to 2.6 (A exciton)
(I-VI) CuCl 190 7 55

E. S. Koteles, Excitons, edited by V. M. Agranov1ch and A. A. Maradudin

(North-Holland, Amsterdam, 1982).

infinite volume if one uses the LWA and neglects local field
corrections.®

In this paper we calculate the linear and nonlinear (third
order) optical response of large semiconductor quantum dots.
We assume that the confinement size L is large compared
with the exciton Bohr radius ay: L»aq. Our calculation is
based on a two-band model using the effective mass approxi-
mation. This approx1mat10n requires that the size be suffi-
ciently large.

We provide a rigorous self consistent treatment of the
interaction with the electromagnetic field, without invoking
the long wavelength approximation, and consequently our
formulation holds all the way to the limit of infinite size. In
practice, as the size is increased we need to incorporate a
larger number of exciton states, and the calculation becomes
more computationally intensive. We further show that the
dipole—dipole interaction, which is usually neglected in the
calculation of optical properties of semiconductor nanostruc-
tures, is essential in order to calculate the exciton (or polar-
iton) radiative-decay rates, as well as the correct exciton en-
ergies. Our calculation interpolates between weakly confined
nanostructures and infinite systems in which the polariton-
radiative decay vanishes, and the dipole—dipole interaction
gives rise to the splitting between longitudinal and transverse
exciton states.

Ishihara’ used a numerical algorithm to solve the
coupled Schrodinger and Maxwell equations based on a gen-
eralization of a model proposed by Cho.® This procedure
involves the numerical calculation of the expansion coeffi-
cients of the electromagnetic field. Although these coeffi-
cients contain all the relevant information on exciton dynam-
ics such as radiative corrections and coherence effects, these
are implicit in the numerical expansion, which makes it d1f—
ficult to interpret.

The present calculation is based on a Green function
representation of the exciton dynamics and incorporates the
nonlocality of the electromagnetic field resulting in a self-
consistent confined-polariton picture. We apply the Green
function formalism of Chernyak and Mukamel® to a nonde-
generate two-band semiconductor model. The relevant Green
functions constitute the formal solutions of the linearized
Heisenberg equations for the expectation values of the one
and two electron—hole pajr operators. We can thus describe
the excitons as coupled anharmonic oscillators. In the weak
exciton confinement limit, the two-exciton Green function
coincides with the simple form obtained for the Frenkel-
exciton model.” Due to the difference in the starting Hamil-
tonian, our results, derived along the same lines as in Ref. 9,

differ slightly in form, in particular in the treatment of the
exciton anharmonicities giving rise to nonlinearities. By fo-
cusing on material operators with nonlocal retarded coupling
to the electromagnetic field, we can pinpoint the polariton
effects on the exciton Green function. Our procedure avoids
the diverging terms which show up in a density matrix for-
mulation. These divergencies cancel identically, but may
pose some numerical difficulties. Our results show the im-
portance of the size dependence of the radiative as well as -
nonradiative decay rates in the generation of optical nonlin-
earities. We found a local maximum in the nonlinearity ver-
sus size dependence whose position is determined by the
relative magnitude of the exciton—exciton interaction and the
decay rates.

In Sec. II we present the Hamiltonian, and the corre-
sponding equations of motion for exciton operators are de-
rived in Sec. III for the linear case, and in Sec. IV for the
nonlinear case, We then apply the present formalism to a
large semiconductor sphere in Sec. V. The analogous appli-
cation to a thick film geometry is outlined in Appendix F.

il. THE TWO-BAND HAMILTONIAN

We consider a semiconductor with two nondegenerate
bands, whose Hamiltonian can be expressed in the effective
mass approximation, and in the multipolar form (without
magnetic terms) as>°

ﬁ:f{()-*_ﬁeh-‘—ﬁint(t)_l_ﬁrada (1)
where
2

Ho=2, V%‘I’a(r)+2wf dr| - (0)|?

> dr dr’ W) ¥i(x")
it a,B=e,h

Xvaﬁ(r_r,)lpﬁ(r,)q,a(r)’ , (2)

Hy=— j drdr' @)W HOT(e—r )P, (r')¥,(x').

(3
Tr(r) (¥ (1), with a=e, h, is the creation (annihilation)
operator for the quasiparticle e (electron or hole). These op-
erators satisfy the Fermi-anticommutation rules

[V (), W5 (r')] s = 8,p8(r—1"). @
The polarization operator is, in the dipole approximation
SO MO HORS NOR OIS 5)

and fi, taken to be parallel to the z axis (see Appendix A) is
the interband transition dipole moment calculated with Wan-
nier functions. Z°' is the transverse part of P,
Vagr—r')=eqegllr—r'| is the Coulomb interaction between
particles «, 3, which is assumed to be identical to that of an
infinite system (no dielectric effects). e, = * e is the electric
charge of the particle @. In Eq. (1), we did not include intra-
band transitions. Furthermore, we explicitly separated, for
clarity, the matter Hamiltonian into two parts, A, and H,
the latter being the electron—hole exchange interaction.
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T(r—r') is a simplified form of this exchange interaction (cf.
Appendix A) obtained by expanding the Coulomb potential
in multipoles

Bev

T(l'—‘r’):ASRé\(r”r’)+:a'cv'vl‘vl," ir_._ r’l :

(6)
Agp is the short-range coupling.!! The ' symbol implies that
the contribution arising from |r—r’|<e is excluded, where €
is small compared to the dimensions of the system. The
electron—hole exchange interaction strength is a measure of
the significance of polariton effects. It is worth noting that
Hg, is equivalent to the dipole—dipole interaction of the
Frenkel-exciton model. This contribution becomes more im-
portant in systems where the exciton Bohr radius «, is of the
order of the lattice constant a (e.g., CuCl where ag=7 A,

a=5.4 A and the expectation value of b4 cn On the fundamen-
tal exciton state is of the order of 5.5 mev!!). In strongly
confined semiconductor nanostructures (e.g., GaAs) this term
is often neglected since it is much smaller than the quantized
kinetic energy.’ However, we shall concentrate here on
weakly confined systems where (H n and the kinetic energy
are comparable (around 1% or 2% of the exciton binding
energy Ep).

The electromagnetic field is treated quantum mechani-
cally, and we adopt the multipolar Hamiltonian in the Cou-
lomb gauge. (Eventually, we shall make a semiclassical ap-
proximation for the field, see Eq. (27).] H ra is the field
Hamiltonian

» 1 2(r))2+ (B
Ha=g7 f dr{(VXA(r)?+(D4(r))?], @)

where the vector potential field operator A and its conjugate
momentum D satisfy the commutation rules

D (), A(x")Y]=4mi s (xr—1"), ®)

and & is the transverse & function. These operators commute
with all material operators. The retarded interaction with the
transverse electromagnetic field is

flam(t)='fdi'§z’(r)-5l(r,t), B )

and the average electric (Maxwell) field is related to the dis-
placement operator D(rp) by

E(r,t)ZD(r,t)—47r9'5(r,t). 7 (10)

lli. LINEAR OPTICAL PROPERTIES CONFINED
POLARITONS

We start our study of the optical properties in the exci-
tonic region by introducing the following set of binary
electron-hole operators which represent the single-electron
reduced density matrix of the system

P ()= (r,,0) W (x,,1),

. (1D

PL(0)=T] (x1,)) ¥} (r,1). |
Their expectation values are denoted

Pp(£)=(P1a(2)). (12)
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The polarization operator [Eq. (5)] as well as the linear and
nonlinear optical properties of the system depend only on the
diagonal operator with r;=r,. However, by introducing this
extended set of operators we can derive simple closed equa-
tions of motion. This is done in Appendix B. '

To calculate the linear response using a confined polar-
iton picture, we first connect the matter variable P with the
Maxwell field. Using the Heisenberg equation for D, we find
that the electric field satisfies the Maxwell equation

1%\, 1 8 .
V/\V/\-l-zzaj-t- E(r,t)=4wc—‘2—:9?§9‘(r,t). (13)

The formal solution of this linear equation is

A t A
E(r,t)=E0(r,t)+f dt’f dr' Arx,x' t—t")Ax' 1),
(14)

where &F(r,r';t—1t') is the dyadic Green function defined by

: 56’(r,r’,t)=fdw Ar,x';q)eioM,

, (15)
, igle—r'] ®

o re  Y=1f 2 . - == e
Ar,x';q)={qg"+VV-} ] T
and E, is the external field. With these definitions, Eq. (B2)
linearized to first order in Ej becomes

Fun(ry,15,2) P (1) — f Jdrz FH(ry, 3,0 —1") o | PSS

X (') + P (1)}~ f drs T(r1— ;) PSY(2)

=b‘(r1—r2)/},w-E0(r1), (16)

., is the electron—hole Liouville operator [Eq. (B3)].
FL=%—-VV-1/[r—1'| is the transverse part of the Maxwell
equation Green function (15). Hereafter we apply the rotat-
ing wave approximation by neglecting Pgl3)* in Eq. (16). The
first-order polarization is related to the external field via the
one-exciton Green function [kernel of Eq. (16}]

U)(w) - J dl‘3 Gexc(rl ,Ip313,I3 ’w)ﬂCU.EO(rS ,(1)).

(17)
Equation (17), together with Eqgs. (14) which gives the scat-
tered field outside the system, and Eq. (5) which connects the
Maxwell equation source term with the matter variables, al-
low us to calculate all linear optical properties of the system.
The right-hand side of the linear equation (16) only depends
on the center of mass coordinate R,={(m,r,+m,r,/M),
M=m,+m,.

So far we did not specify the geometry or size of the
system, but hereafter we specialize to the weak confinement
limit

Liay®1, (18)

where L is the smallest geometric dimension of the system
and a, the exciton Bohr radius in the bulk. In this limit the
center of mass and relative motions of electron—hole pairs
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are decoupled. A discussion of the different confinement re-
gimes can be found in Refs. 12 and 13. The following deri-
vation holds for all sizes larger than a,. This has important
consequences since our expressions interpolate all the way
from mesoscopic sizes (e.g., 40 A for CuCl) to the bulk,
where they describe the formation of 3D polaritons.

Only the CM motion is affected by the weak confine-
ment and the relative electron—hole degrees of freedom do
not depend on the long wavelength external field. We can
then factorize the one-exciton amplitude as

—i

(ﬁlz(f»:ép(rl”rz)l//(Rlz)eXP[ 7 €,

)

where ¢, the relative motion wave function, is assumed to be
identical to that of the bulk. We consider only the first 1s
level, so that ¢,(x) = (wad)” /2%, This is justified
since the CM-kinetic energies are much smaller than the ex-

citonic binding energy. Other states can be included if nec--

essary.

The one-exciton CM~Green function can be constructed
from the solution of the one-exciton equation derived from
Eq. (16) by integrating over the relative motion and neglect-
ing the antiresonant part of the polarization, resulting in

2

) 72 ,
€,~ € T Q—M VR l/’v(R)

- j AR’ S(R,R';€,/R)r(R')=0, 20)

with the self-energy
Z(R,R';;):L}w‘E?(R_R,;Z/C)acv, (21)

where €x=E,—Ey (E, being the gap energy) is the bulk-
exciton energy for zero CM momentum (i.e., optically active
transverse state in an infinite crystal) and R the CM coordi-
nate. The eigenvalue €, is the single exciton energy which
fully incorporates retardation effects. In Eq. (20), we have
introduced the dipole moment d2,= u?2,|¢,,(0)|? which is
proportional to the experimentally measured longitudinal-
transverse energy splitting in the bulk A;p=4d2,.> We have
included the dipole—dipole interaction part arising from the
electron—hole exchange interaction as the longitudinal part
of the polarization [see Eq. (6)].

The linear polarization can then be written in terms of
the eigenvalues and eigenfunctions of Eq. (20) as

PUO(R,0)=2, ¢, (R)P ) (w), (22)

where we have defined

PO =3 )

vy'

E) (), (23)

l/,

with the second rank tensor

(24)
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EY(w)= | dR pX(RIEy(0). (25)

In Eq. (24), €;,=e,—i(I',+7,,) is a complex quantity which
contains the radiative width I, of the exciton as well as the
nonretarded width y,.. The form of the CM wave functions
#,(R) is discussed in the next sections and in Appendices D,
E, and F.

In the long wavelength approximation we assume that
the field varies very slowly inside the sphere and define the
linear polarizability « as

1 7

=a(w)E¢(o), (26)

where
- fo
a(w)=|dw|22v Fo—e,
fo= de U (R .

Equations (22) and (24) which contain all the necessary
information on the confined exciton states depend on the
following parameters: The exciton binding energy £, which
is the natural energy scale, the exciton Bohr radius a, as the
natural length scale, A;r which is a measure of the dipole
moment i, Y, @ phenomenological nonradiative decay
rate, L the confined dimension of the system (radius %2 in the
case of a sphere), and {=m /m, the ratio of the electron and
hole effective masses.

IV. THE THIRD-ORDER POLARIZATION

The nonlinear optical properties are determined by
higher order operators as described in Appendix B. We must
take the expectation value of Egs. (B2) and (B9) and close
the hierarchy. We first make a semiclassical approximation
by treating the electromagnetic field E* as a ¢ number. We
then have :

(E*A)=E*(4), (27)

for all material operators A. The third-order equation for the
exciton polarization is

J. Chem. Phys., Vol.-101, No. 11, 1 December 1994
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L1, T2, )P ()= = iy f dry PP E-(ry,0) = ficy f drs PSP E (r,1) + f dr; f dry(Vig— V33— Vyy

+V23) PSS () Q1) ~ f dry f dra(Doa P (£) 0F3ua()+ D14 P (1) 0Fua(1)). (28)
In Eq. (28) we have introduced the expectation value of the operator

Q1234(t)5_‘13>12(f)ﬁ34(f), (29)
which corresponds to the annihilation of two excitons. This satisfies the following equation [see Eq. (B9)]:

Zp(x1,0.,15,14,1) Q334 () = 8(x1 = ¥2) fiy B (1, 8) P+ 8(x3—14) frcy - B (15,2) PYY = 8(r 1~ X4) fhcy - E-(11,0) Py
—5(r2.—r3),&w'El(rz,t)P(lf,)+6(r1—r2)f drs D15Q(525)34+5(1’3_1'4)J drs D35Q(122)55

+8(r;—r1y) f drs D1sQ% s+ 8(r,— 1) J drs D50 (30)
Here, Q is second order in the field. Equation (28) can be recast in an operator form _
L PO = fiy EXO PV () PO() + PO (1)), (31)

The first contribution in the rhs comes from Pauli exclusion. It prohibits the optical creation of the same particle (electron
or hole) at the same place, prevents the filling of already populated optically active exciton states, and induces transitions to
initially forbidden states. This is usually denoted phase space filling (or band-filling effect).! The second term comes from the
Coulomb interaction between excitons. The relative magnitude of these two contributions depends on the material and
confinement size. The latter is much larger in compounds which have a large exciton binding energy (compared with dephasing
rate) and a confinement size much larger than the exciton Bohr radius. We shall address this point in detail in the next section.

Equation (28), together with Eqgs. (16) and (30) constitute a closed system which can be solved numerically. However, due
to the large number {six) of continuous coordinates, an expansion in a basis set is preferable.

With the aid of the Green functions of the one- and two-exciton equations of motion, the third-order polarization at

frequency w, obtained as the formal solution of Eq. (31) is given by

P§32)(w)=—f dr; dry drs Gexc(rl,rz;r3,r4,w)[f dow; dw, dos 5(w—w1——w2~w3)f drs

X[ foey - E* (1'4,601)1’(1)*(602)1’(1)(&’3)+#cu El(l's,w1)P(1)*(w2)P(5£1)(0’3)]+f dw; dw; §o— 0~ wy)

Xf drs drs[(Vas“"35fV46+ V45)P(516)*(w1)Qg26)34

In the same way, we define the two-exciton Green function
{Gaexo) s the formal solution of Eq. (30)

(122)34(w)——fdw1 dwqf II; dr]

X 80— 01— w3) GoexclT; ;ril 01+ ;)
X{ (x5 = 14) ey Eo(r} , 1) P} (@2)
+ 8(r{ = 15) fley - Eo(r} 1) Py ()}
(33)
We shall be interested in calculating the nonlinear scat-
tered field outside the system

E(r,w)= f dry Zrx130) e[ P (@) + P (0)].
(34)

(@3) = (DagPsY™ ()0 Zs6(1) + D3PSy

KO RONIE
(32)

The evaluation of P® requires the calculation of the
two-exciton Green function. It is difficult to find an analyti-
cal solution for a Hamiltonian as general as Eq. (1). Indeed,
even in the bulk, no analytical solutions are known for the
four interacting particle system, and we shall introduce an
approximate procedure for computing Go... Our goal is to
investigate the nonlinearities of a confined system at very
low exciton density, and point out their scaling with size and
other intrinsic parameters. Our approximation for the two-
exciton Green function in based on the following argument: -
The relative electron—hole motion which is dominated by
short range Coulomb forces, couples to the short wavelength
longitudinal electromagnetic field, whereas the CM motion is
affected by the long range dipole—dipole (i.e., electron—hole
exchange) interaction, as well as by the transverse electro-
magnetic field. Therefore, if the short range Coulomb inter-
action can be separated from the center of mass motion, as is
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the case in an infinite system, we can concentrate on confine-

ment effects on the CM alone (weak confinement). G(}/I)(w): o—c.’
In Appendix C we show that, due to the small Bohr i 1)
radius, we can invoke the point—dipole approximation for the . 14
exciton—exciton interaction, and neglect the correction due Lovyms ”4(“’)=1—_G§,'2W
exchange between the same particles in the dipole—dipole : Yi¥2:P3he
interaction. This approximation, although rather crude, al- v* and g* are numerical constants given in Appendix C ob-

lows us to greatly simplify the problem for the following two  tained by integrating the matrix elements over the relative
reasons: (i) the interaction with the field becomes local, and  motion.”* G§? is given by
may be evaluated at the exciton center of mass (hole and

electron at the same site), and the nonlocality of the field G(Z)( )|V 1 jdw G‘l)(w )G“)(w w').
enters through this CM variable and not through the relative 22
motion; (ii) we can establish a direct correspondence with . (42)
the Frenkel exciton model. We finally obtain - Equations (35)—(41) constitute our final expression for
the third order response, and form the basis for the subse-
(3)7 _ (3) uent analysis. The nonlinear response contains two terms
P, (Rw,) =2 (R, (@), (35) - 3/hich reflect the contributions of the Coulomb interaction

Ve

between excitons and of Pauli exclusion respectively. This

where ' - differs from the result for the Frenkel-exciton model® which

contains only the Pauli exclusion contribution. This is a di-

. rect consequence of the exciton—exciton interaction term

P (IZ)(ws) = f dw, dw; dws dw;— 0~ wy— w3); which exists in our Hamiltonian but is absent in the Frenkel-
o exciton model.

X ” d Z‘?” W W], W9, W :
{IE“ ”“"’”3( i1 02,03) . V.APPLICATION TO A LARGE SPHERE

XESI(“@I)E(I), ('w?)EO (w3) - - We consider a large semiconductor.sphere with rad'ius
2 : FBPay. We use parameters corresponding to CuCl which

: : provides a beautiful example of a weakly confined nano-

+ 2 %‘VM;, Vz(_ws 01 ,07,03) structure (cf. Table I). Using the symmetry, we decompose
Yiv2 the Green function in spherical functions as described in Ap-
pendices D and E. The dipole—dipole interaction is by far

XEO (wl)XE,, ,,l,,q((l)z)E,,](wg) (36) stronger than the pure radiative corrections. We then diago-
nalize the exciton Hamiltonian by keeping only Hy+H,,.

Using this partial diagonalization, we can express the one-

and the subscripts d and x refer to the contributions arising ¢ iton Green function as

from the Coulomb interaction and Pauli exclusmn respec- ,

tively. A complete real space expression for T is given in G (@)= G :
Appendix B. When expanded using the eigenfunctions [Eq. (w) Z (96 (@),
(24)] we obtain

(43)

where the states |v) are defined in Eq. (20). The observed

7",,3) -d s~ @53 01,02,03) signal is calculated from the electromagnetic field, given by
172 , ] Eq. (14). Far from the sphere, it has the following form:
w24 ey (D) s o ' iqr
= o, G G, (— r + e .
Meey v, (wy) v, ( (93) vy, ,1.'2113(“)1 ! (1)2) E(l’) E()(I')'I'f(l" q) (44)
XG{(01)GY) (@), (37) N ,
2 3 ' ' where Ey(r) is the incident field. The total cross section is
3)x . related, by the optical theorem, to the forward scattering
T oy (T W53 01,02, 003) amplitude'®
. » N A N v dar .
=18, Gy (0,) GW(— w03)*G (1), | (38) Ol @)=~ Tmle (F=)}, (45)
where ' € is the direction of the incident field. 7 is the direction of

observation. f is calculated in Appendix E.
In Fig. 1, we plot the linear total-scattering cross section
of a sphere of radius #/a;=40. We chose a relatively large
(39) radius in order to show a large number of levels and en-
hanced radiative width (proportional to the oscillator
strength). The figure shows the positions of the optically ac-
tive states as well as their relative strength. The inset

Vo, vy, = 0" f dR ¥} Ry (R) U (R, (R),

E =8 j dR % (R) i, (R) 1, (R)Eg(R), . (40)
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FIG. 1. Total linear scattering cross sectiofi"of a sphere of radius %8/a=40.
We have included a small nonradiative damping y,,=10"*E (Ep, is the bulk
exciton binding energy). Inset: Linear total scattering cross section of a
sphere of radius #%/ay=10. ‘

shows the linear spectrum of a 104, sphere. When the radius
is small (stronger confinement), the mixing between states

induced by the dipole—dipole interaction (i.e. local field ef-

fects) can be neglected, and the linear spectrum shows only
s-exciton states (/=0) whose energies are approximately
given by €,=€,+A/3+En?7*/2M A and oscillator
strengths f,%98°/n% n being the radial quantum number (n
=1,2,3,...). When the size is increased and the spacings be-
tween the quantized levels decrease, the local field effect
becomes more important and gives rise to a strong mixing of
s and d exciton levels (cf. Appendix E). Therefore, the stron-
gest oscillator strength is no longer associated with the low-
est exciton state. The maximum of the linear absorption is
found at e=e¢,+A;/3, and is connected to higher excited
states. The importance of the local field is well known from
the classical Mie theory.!® For not too large radii, i.e., when
wlc>.93 still holds, the optical resonances of the sphere are
determined by the following equation (for w):

Ji-1(k—(@) %)

2__ 2
EMA /A= k(@) 57 () %)

I+1
a2 ke (0)58)
+j,+1(k+(w)j?) ’

obtained from Eq. (D9) by setting c—0, j; are the spherical
Bessel functions of order /. Here, k., (w)*=2M (hAw—€.,)/f*
and k_(w)*=k%—2MA;JH*. We shall see that Eq. (46)
gives for large radius (but still small compared to the exter-
nal wavelength) the well known Mie theory. When #8—00,

@6)

the asymptotic properties of the Bessel functions
(j(x)—sin(x—17/2)/x for x—x) give
LA m K=0 4
2+1°F 2M T “7)
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(b)

R/a,

(e) (d)

35 70
R/a,

FIG. 2. Panels a to d show the dimensionless exciton radiative decay rate
Vere=ex/ (FBlag)’ER), as a function of Fla, for the four lowest exciton
levels, respectively. The solid line is the exact radiative decay and the long
dashed line has been calculated without dipole—dipole interaction. The short
dash curve in panels a and c is the LWA (levels 1=0, n=1, 2) without
dipole—dipole interaction.

The scattered field in Mie theory, to first order in g.72, gives
a pole in the total cross section of the form'’
—1' (48

" ew)+27 (48)

where only terms. with /=1 contribute, and e(w) is the bulk
dielectric function’ S

Agr
_w.

e(w)=1+ o (49)
Since k% =fiw—e,,, the identity between Eq. (46) with /=1
and the pole of Eq. (48) is evident. Therefore, there exists an
intermediate range of sizes where the classical Mie theory
holds. For smaller sizes, quantum confinement effects on the
energy levels and wave functions are preponderant, and the
complete description in terms of quantized exciton states is
necessary. In the opposite limit, when the radius is compa-
rable or larger than the wavelength, one cannot ignore polar-
iton effects (c is finite) and again the full nonlocal descrip-
tion (20) is required.

In Fig. 2 we plot the radiative decay rate per unit vol-
ume, i.e., the imaginary part of the exciton energy divided by
(j'}?/ao)”‘, of the four lowest exciton levels, using different
approximations. The solid curve represents the exact calcu-
lation while the long-dashed curve is obtained by neglecting
the dipole—dipole interaction. The short-dashed curve in
Figs. 2(a) and 2(c) is the LWA (levels /=0, n=1,2) without
dipole—dipole interaction. In this approximation the radiative
decay rate is given by T, <(5°/n”)8,,° and the decay rate
is simply proportional to the volume of the sphere. The non-
local calculation without the local field effects, differs only. at
large radii (230) since the interaction with the transverse
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FIG. 3. (a) Energy of the six lowest excitoni levels (real part of the ¢,). (b)
The exact dimensionless radiative decay rate 7,,., defined in Fig. 2.

field is rather weak. The combined contribution of the
longitudinal +transverse (i.e., local field+pure radiative cor-
rections) results in a much stronger dependence on the radius
(solid curves). It is interesting to compare the size depen-
dence of the real and imaginary parts of the energy, shown in
Fig. 3. Panel b shows the radiative decay rate, of the six
lowest exciton levels. Their variation with size is to be com-
pared with panel a which shows the real part of the exciton
energy and its scaling with size. Inflection points in the
damping rate curves correspond to level anticrossings of the
real part of the energy. Similar results have been obtained in
Ref. 16. '

The strong variation of the radiative decay rate with size,
which may be clearly attributed to the dipole—dipole interac-
tion (as seen, for example, Fig. 2) is due to the mixing of
different states. Our numerical diagonalization does not al-
fow us to pinpoint which unperturbed quantized state corre-
sponds to a particular radiative decay rate depicted in Fig. 2.
However, we can provide a physical explanation for the bell-
shaped Y{(2). The exciton-field interaction-matrix element is
proportional to o

5 2312 Knt .y _e
(0| P-E|nim)=. Wﬂ(q%) 9= (50)
The quantized exciton wave vectors are k,;= k,,/92 which
vanish when #8—oo for fixed quantum numbers #,l. There-
fore, when 72 increases, the optically active states (with a
nonvanishing radiative decay) will have higher quantum
numbers in order to keep a finite k,,. For an infinite system,
the selection rule k,;=¢g corresponds to n—° and k,,; finite
[for large n, k,;~m(n+1/2)/98]. This shows the successive

L. Belleguie and S. Mukamel: Excitons in semiconductor nanostructures

resonant character of higher quantum states and explains the
shape of Fig. 3(b). It should be noted also that the sum rule
2,v,=C=constant, should hold for each radius. In our cal-
culation this was verified to within 1%, and “C” slightly
decreases for larger 2. This is because the oscillator strength
redistributes to higher quantum states /= 1,3--- which are not
included in our truncated calculation.

We shall now apply our expressions for the nonlinear
response of a sphere, calculate a stationary pump-probe sig-
nal, and study its scaling with size. We look for the resonant
third-order polarization generated at probe frequency w; by
the interaction with a pump field with frequency wp. The
signal field outside the sphere is given by Eq. (14). Since we
expand the polarization in the external field, we can express
the scattering of the incident fields in terms of a cross sec-
tion, as discussed in Appendix E. The measured signal is the
difference between the cross sections at the probe frequency
with and without the pump

50‘(0)'[‘,wp):O'(O)T,EP;EO)_()'(_(I)T,E}):O)
o f dR ' TRPON(R, w,). (51)

As indicated in Sec. IV, the nonlinear polarization has two
contributions related to different physical processes, namely,
phase space filling and Coulomb interactions. The former is
proportional to g* [cf. Eq. (40)] and the latter to v* [cf. Eq.
(39)]. As discussed in Ref. 6, the former is much smaller
than the Coulomb contribution in the weak confinement
limit, when the exciton binding energy is much larger than
the damping parameters (as in CuCl), We shall therefore ne-
glect the g* contribution to the third-order polarization in the
following calculations. The present calculation does not hold
for materials such as GaAs, where phase space filling is sig-
nificant, and the calculation requires a much larger number
of quantized levels.

In our calculations, we have approximated the Coulomb
matrix element by its diagonal value

VV} 1/2V3 V4= Vlll 112 51’] D3 5}'2114' (52)
We have verified that the calculation with the complete ma-
trix elements (39) gives a very small correction. The differ-
ent matrix elements have the following scaling with size
Vo x %73 gt R B o B2 x5 and 3,x5° (for
small radii). %, reflects the correction due to the pure re-
tarded interaction. Using these matrix elements, the approxi-
mation (52) and integrating Eq. (32) to calculate the cross
section, we can show that at resonance, the third-order po-
larization scales as

Pt3)O<VVV'[MV|2IMV’|ZOC%3' (53)

Therefore, the polarization per unit volume is independent on
size in the limit of infinite radius, and the result has the
proper thermodynamic limit. Calculating the nonlinear re-
sponse using the density matrix as in Ref. 6 leads to an
expression which contains two diverging contributions in
PO/ %3 (when #—w). These contributions interfere de-
structively, yielding a size-independent X(3).18’19 Our present
calculation gives directly the correct scaling since the whole
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FIG. 4. Linear absorption cross section (upper panels) and pump-probe
signal (lower panels) as a function of probe frequency and size. Frames a to
d correspond to Slag=12, 20, 30, and 40. The pump frequency wp is
resonant with the maximum of the linear spectrum for each case. The pump-
probe signal curves are given relative to the (a) curve which was normalized
to unity. The dimensionless detuning of the probe beam is defined as
Awp=(fiwy— €. )Eg . The nonradiative damping parameter is y,,=10"*E.

nonlinear polarization arising from the Coulomb interaction
is proportional to V,,». The band-filling contribution contains
no divergence, as was shown in Ref. 6.

We shall now study the coherent enhancement of the
third order polarization, defined as the increase of the non-
linear response magnitude (at resonance) with the radius. It is
mainly determined by the above scaling rules and in particu-
lar it is proportional to the inverse of Coulomb matrix ele-
ment V, as long as it is larger than the decay rate. When
these two quantities become comparable, the enhancement is
canceled. For small radii, V& and the maximum of So
scales as (y*V)~'v*/y, where v is the total damping rate.
When V<€y (i.e., for larger radius) we have Soxvy v*/7y.
Therefore, the maximum value is reached when V< pro-
vided y does not depend on .#2. However, our nonlocal pro-
cedure includes the radiative decay which depends on 72, as
seen on Fig. 2. Then, Y=+ ¥aa(#), and the maximum of
S0 decreases when ¥, <v,,4(78). The model can be im-
proved by incorporating a size dependent nonradiative damp-
ing rate v,, e.g., due to coupling with phonons or surface
impurities™®). In Fig. 4, we show &o (lower panels) as a
function of probe frequency and radius together with the lin-
ear spectra (upper panels) for reference. All o have been
normalized to the curve in panel a. The pump frequency is at
the maximum of the linear spectrum. This corresponds to
higher exciton levels as 92 is increased. As discussed above,
it converges towards E, =€, +A;/3. We give a global per-
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FIG. 5. Variation of the pump-probe spectrum with size. All parameters
other than the sizes are identical to Fig. 4. Sizes #la, vary from 12.5 to
47.5 in increments of 4.

spective of the same calculation in Fig. 5. Figure 6 shows the
corresponding maximum of do as a function of size. The
dashed curve was calculated by keeping the pump frequency
at the lowest exciton state. The difference between the two
curves is due to the redistribution of the oscillator strength
among the higher exciton states, as 9% is increased.
Additional important properties of such systems can be
treated using the same formalism. For example it would be
essential to incorporate the size dependence of the nonradi-
ative decay channels due, e.g.,, to coupling with con-

R/e,

FIG. 6. Maximum of the pump—probe signal doas a function of size. The
full curve is calculated with the pump frequency as in Fig. 4. For the dashed
curve, wp is equal to the energy of the lowest exciton state for each size. The
nonradiative damping is y,=10™E.
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fined phonons. The scaling behavior of such decay is ex-
pected to be very different than the radiative one because of
the phonon quantization volume, which is the quantum dot
itself. We have neglected as in Ref. 9 the feedback induced
by the third-order polarization on the linear polarization
leading to a nonlinear Maxwell equation. This nonlinear lo-
cal effect can give rise to bistability and is also expected to
strongly depend on size.
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APPENDIX A: DERIVATION OF THE DIPOLE-DIPOLE
INTERACTION

In this Appendix, we derive the dipole—dipole approxi-
mation for the electron-hole exchange interaction. The origi-
nal electron—hole exchange part Heh of the Hamiltonian (1)*!

Hoy=— f dr dr’ U)W (e )YV(e—r)T,(x" )T, (F),
(A1)

can be rewritten by expanding the operators ¥ and ¥, in
terms of Wannier functions

Tir)=2, wi(r—ba,", (A2)

i

where a1+ is the creation operator of an electron (a=e) hole
(a=h) at site ], as

~

Hy=— 2 c,?:dz:dlfgf dr dr’ wi(r=1,)

Iy .ly

&2
Xw:‘(l" —1,) I—rT,I w(r' —)w,(r—1).
Here, w (r—1) is the conduction-band Wannier function at
site  and w,,(r—1’) the valence-band Wannier function at site
I'. Due to the localization of the Wannier functions only the
combinations /=1, and [,=1[; survive in Eq. (A3). In the
same way, the integrations over r and r’ are restricted to the
extension of the Wannier functions near the sites /;; 12 We
then have

Hy=-2, c,’:dl‘:dllclzj drd7d wH(Dw,(7)
ll,lz -
2
X w ¥ (YW (7).
“1_12_'_7“7" v( ) c( )
We now separate the sum over /;,/, into two contribu-
tions; a short range interaction with /,=1[,, and a second
term with all the other contributions [, # [,,

(A3)

— + g+
[SR_ASRE Clldlldllcll’
L

[g= 2, c::dllclzd;;f drd7 wi(Dw, (D

L%,
2
- %

Xlll—12+ 7‘_7J] WU(T’)WC('TI), (A4)

with

e?
Asnﬁfdfdf’ w (’r)w,,('r)l —T" w*(Fwe (7).

(AS5)

We expand the integral in Eq. (A4) in multipoles, bearing in
mind that [, %[, and that the Wannier functions are strongly
localized. The first two terms vanish by charge neutrality and
the first nonzero term is

A A - 2

My My (/‘l‘cv'(llwl'l))

RN L-LP h#la, (46)
where

fev=e [ drwi(nmm(n. (A7)

In the continuous form we then obtain the dipole—dipole
interaction Hamiltonian (3).

APPENDIX B: EQUATIONS OF MOTION FOR P AND Q

We detail, in this Appendix, the equations of motion for
the operators P and O. The Heisenberg equation of motion

ih — A=[A,H],

at (B1)

applied to P 12(#) with the Hamiltonian (1), gives (we denote
[A, B]+——AB+BA)
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Zeh(l‘l,1‘2,1‘)1312(5)=5(r1_r2)(llcu'EJ'(l‘1,f)+j drs T(l'l_l‘s)ﬁn(l))_{[ﬁe(rz,rl,t),El(l‘z,t)]+
+[ﬁh(l'1,rz,f),El(l'l,t)h}_[ﬁe(rz,l’w‘)f dry T(ry—1r3)Pas(2) +7,(r) ,1p,)

X f drs T(rl—r3>ﬁ33<z>}+ 2 oo | d[Vin—r) = V(=) it ) Pu@).  (B2)

a=e¢,h

Here, o,=1, 03,=—1, and the operator .%,;, is defined by

. d ) h? )
Ly, ¥,8) =1 ift - I, Ve~ T, Vi, Vi) (B3)
The two-point density

ﬁa(rl’rzat)='qf:(rl:t)wa(r’Z’t)y ‘ (B4)

satisfies the following equation of motion (taking a=e):

2

. (9 A
ih — ne(rl,rz,l)=

at (V2 =—vrq)n (rl’r2vt)+:ucv {[Pm(t) E.L(rl’t)]-t- [le(t) El(l'z,t)]+}

+P3(0) f dry T(r,—13) P33(6) = Pra(0) f dr; T(r—r) PR+ 2 o, J drs[V(r, —13)

oa=e,h
— V(= 13) ¥, (174 (r3,05,0) ¥ (r2). (BS)

The operator equatlon (B2) needs to be linearized in order to derive a closed equation for the expectation values of the relevant
operators, P and 7 P

If the density of excited particles is sufficiently high, one has to keep these two equations and find a proper factorlzauon
procedure for the expectation value of 7 P as is done for example in the time-dependent Hartree—Fock procedure Since we
are intérested only in nonlinearities up to third order, and the system is subject to transitions from zero-exciton states to one-
and two-exciton states, we shall introduce a new operator representing two-exciton quasiparticles

Q1234(t)51312(t)1334(1), (B6)

which appears in Eq. (B2) in the term that contains 72,. We could as well use the equation of motion for the operator Ay,
however, for the present case of strongly bound states, it is advantageous to work with this variable instead of the density of
electrons and holes.?

In order to calculate the third-order nonlinearities, we need conmder only the space spanned by the zero, one and two
exciton states. The time-dependent wave function can then be expanded as

I‘//(t»:l())‘*’f dry dry Yee(r1,r,,0) ) (r) ¥} (r,)[0)

+f dry dry dry dry i, :xc(l'1,l'zal‘z,1’4,I)‘I'e(1'1)+‘P;(1‘2)‘I’e(r3)+‘I’/:r(l'4)|0>+"'v

=|go())+ | (D)) + () + -+ . (B7)

When calculating the expectation value of 7 ,P,, using this state, only states up to |¢,(#)) contribute at third order. Further-
more, since the Hamiltonian does not allow the separate creation of electrons or holes [ie., the density of electrons (or holes)
is equal to the exciton density], we can use the identity

'7e(1'3,1‘3)1312(t)=J dry P30 03412(0), . S (B8)

which allows us to consider the operator O instead of n,. The advantage of working with Q instead of 7 is that it enables us
to point out the transitions from one- to two-exciton states. Hereafter we introduce the abbreviated notation

Vip=V(r;—ry), D =T(r;—r).

The equation of motion for Qis
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Eo(ry 1y, 13,84,0)0 1934(1) = 8(r; = 13) iy B (x1,8) Py + 5(1‘3—vl'4)ﬁcv"13125#3,t+5(1‘1—l‘2) J drs DsQss34
'*‘5(1'3"“1'4)J drs D3sQ1pss+ 5(1'1‘1'4)J drs D 50355+ 50'2“‘3)] drs D350 455

-2 U-af drs(Vys—Vys+ V35—V45)73a(1'5,1'5)Q1234‘fdl’s[ﬁe(rz,rl)Dzs

R C A R B A T,
+nh(r1’r2)D15]Q5534_f drs[ 7, (ry,r3)Dys+n,(rs,14)D3510 1955~ 5 Mev

A ~ . “ ” 1 . N n
'([ne(rz,r1),Ef2]+P34+[”h(r1,l’z),EJ{l]+)P12“ 5 /'ch'([ne(r4,r3):Et]+Pl2

+1An(rs,re), 5 14) P 1, (BY)

where we have defined

9 2 2 2 2-
. 2 2 2 2
”(.)/g(rl,rz,r:;,r‘],,t)—lﬁ '5;'" _‘zme Vrl+ Vr2+ V(rl—r2)+ Vr3+ 2—mh Vr4

2my, 2m,
FV(r3—r) = V(r;—r3) = Vi, —ry) + V(r;—14) + V(r,— r3). (B10)

Equations (B2), (B8), and (B9) form the basis for the following calculations.
Since our Hamiltonian does not contain relaxation (in particular pure dephasing), we can write!®

(P*Q)=(P*)(0), (B11)

and get a closed equation for the third-order component P,(¢) and second order Q,34=( Q,234). Note that the exchange
among the same particles (fermions) is correctly included in the equation of motion for Q. The above equations are valid for
an arbitrary size and geometry. Our Hamiltonian uses the effective mass approximation which assumes that the system size is
much larger than the lattice constant,3

Since it is straightforward to calculate the one-exciton Green function in the weak confinement limit, we shall express the
two-exciton Green function in terms of this Green function. We first write G, o, in the form

G(2)=G})2)+ G82)¥’G(2). (B12)

When the ground state is the vacuum of excitons, the solution of Eq. (B12) gives the true two-exciton states, and only ladder
diagrams contribute to the expansion. The operator V contains the Coulomb as well as the dipole—dipole interaction. For the
continuous part of the spectrum (weakly interacting excitons and no bound excitons) we search for an approximat€ function for
the zero-order Green function. We assume the following form:

GP=.2GHDG" , (B13)

where G is the solution of Eq. (16), and .# assures the proper antisymmetrization between fermions of the same species.
Note that G' contains the radiative corrections in the one-exciton level.
Using these definitions and Eq. (32), we finally obtain

P(3)(R,w)=J do; dw; dws S(w—w;~ 0~ 03) B (R,0;,0,,03), (B14)
where
FONR, v, ,wz,w3)=g“‘f dR; dR, dR3 GV(R,R;,0)GV(R[,Ry,— 0,) *GO(Ry, Ry, 03) ey Eo(R ), 01) fico
‘Eo(Ry, @2) fhey - Eo( Ry, @3)
+v* f dR;---dRs GV(R,R},0)G (R, Ry, — w3)*T (R, ;Ry, 0+ w,)

X G(U(Rz,R4’wl)G(l)'(Rz,Rs,wz)ﬂév-EO(R4,CU1),&»CU‘E0(R5,wz)/lcv'EO(R3 »@3). (B15)

The self-energy I" has the following expansion:
I'(R;R’,w)=8(R~ R')+uxc;g2>(R;R',w)+ux2f dR; GPN(R:R,,0)GE(R ;R ,w)+ ..., (B16)
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and
1
2lp-R! = r (L) ot
GA(R;R',w) 2iﬂfdw GO(R,R',0')
XGO(R,R ,w—0'). (B17)

Recasting this in the eigenfunction basis, we obtain Eq. (42).

APPENDIX C: POINT INTERACTION APPROXIMATION
FOR THE COULOMB AND DIPOLE-DIPOLE
TERMS

The direct and exchange interaction matrix elements can
be written as

Viiuz,u3v4= -ezf dre dre’ drh drh’ I/I;(Reh)lﬁj,_,(Re’h’)

Xthy (Rent ), (Rerp) @15(Fep) @15(Xerir) 015

1 | 1

X 1 ( ! - -

(rch )‘Pls(re h){ Foor + Fant Font re'h]’

(C1)
V‘zizlvz,u3u4=ezf dre dre’ drh drh”‘/’ul(Reh)lz

X]l;lfl»ul(]ge’h')|zﬂlol.s(reh)zgols(re’h')z

(1 1 1 1
X +— , (C2)

1 Veet Fppt Vept  Farp

where R;;=(m r;+m,r;)/(m,+m,); r;=r;—r;. It can be
shown'* that the echénge part of the Coulomb interaction is
much larger than the direct contribution. In fact the direct
part vanishes identically in the bulk and we shall ignore it.
The exchange term vanishes unless the exciton CM’s are at
the same site (overlap of the functions ¢). V* can then be
factorized into two iridependent integrals

>

Vo g™ —e”'f dR ¢ (R) Y (R4, (R) ¢, (R)

Xf dx dx, dx; f(X1,%;,%3),

26 ma’

=Ep g [ R g RPE R, R, (R).

(C3)

Finally, the Coulomb exchange interaction between two ex-
citons will be written as

V(R{Ry;R3R)=0v"0R g R,R,

with R; representing the exciton center of mass. v* is explic-
itly given by a3267/3Ey. Proceeding along the same way,
we can approximate the Pauli exclusion contribution as in
Eq. (40) [or Eq. (B15)] and obtain g*=—7ym/2a3/?. We
have thus reduced the many coordinate interaction to a point
interaction among the CM. The evaluation of the exchange
correction to the dipole—dipole interaction in terms of center

(C4)

of mass alone leaves a nonlocal operator as can be seen from
Eq. (B9). We shall however neglect this term since it is pro-
portional to

Po 8 8

ay (Rlag)® " (Blag)®’

(C5)

where-g is a numerical dimensionless parameter, and A; ¢ the
longitudinal-transverse splitting in the bulk. In most semi-
conductors the ratio Ep/Arr is very large (almost 40 in
CuCl), which justifies this approximation.

APPENDIX D: THE DIPOLE-DIPOLE INTERACTION
AND RADIATIVE CORRECTIONS FOR A
SPHERE

In this Appendix we derive the nonlocal exciton eigen-
value equation for a sphere in the weak confinement limit,
and show how quantized polariton modes are obtained. The
link with bulk polaritons is established. .

The equation of motion for the exciton center of mass,
including dipole—dipole interactions as well as radiative cor-
rections, can be written as

ﬁ2
( €, €T m V%{) l/"v(R)

~de’ S(RR;€,/A) ¢y (R')=0, (D1)
with the self-energy
S(RR';2)=d,,- ¥{R—R';z/c)d,, . (D2)

The eigenvalues of this equation €, give the exciton—
polariton quantized energies. For a finite system, they con-
tain a Lamb shift and an imaginary correction related to fi-
nite sample size. Let us first discuss an infinite system.
Equation (D1) can be solved directly by looking for plane
wave solutions

Y(r)y=e’*r, (D3)

The solution is straightforward and immediately leads to the
polariton dispersion

2

()| ho— e 537k | =4m(de,q" ~dey oy i),

(D4)
where i,j are the Cartesian coordinates. It is well known that
polaritons in an infinite homogenous system are stable (no
imaginary part of the eigenvalues>*).

In the case of a finite sphere, we can choose the Z axis

along the dipole moment and express the product z#(R) on a
vectorial basis of the form

Elﬁ( R) = E Cklmepklmé( R)7

kime

Prime(R)=J 14 (kR)Y], | (R)

Ji are the spherical Bessel functions and Y7, . the vector
spherical harmonics.” k is the eigenvalue to be determined.

(D5)

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994 ) ) ) i
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



9732

The quantum numbers [m e are given by /=1, —I<sm=/ and
€=0,%1. The angular functions Y7, .(7) constitute the basis
of the subgroups of the operator I®1, where 1 is the angular
momentum operator. It is important to note that due to the
dipole—dipole interaction, ! is no longer a good quantum
number. This is of paramount importance for the scaling de-
pendence with size. Substituting expression (D5) in Eq.
(D1), we obtain a set of equations for the unknown quantities
Crime» Which is equivalent to the scalar eigenvalue equation
(D1) (\=kime)
h? N
% cx[(ﬁw—eex-l— o VR) SR

—f dr’ E(R,R’;’c«))lpx(R’FO- (D6)
This system is diagonal in [,m. Furthermore, the subgroups
e=0 and e==1 are not connected. The states [m0 are trans-
verse in the sense that V-awdf(r)=0. The subspaces Im,
e€=*1 contain both transverse and longitudinal components.

This equation allows us to establish the link with the
infinite size limit, since the boundary conditions occur only
at the end of the calculation, when one determines the eigen-

L. Belleguie and S. Mukamel: Excitons in semiconductor nanostructures

values. Introducing the functions (D5) in Eq. (D6), we find
that the expansion holds provided one of the foliowing con-
ditions is met:

k? A .

il = (D7)
ho— €ax ™ ﬁ k?

K*=(ho—Arp)2M/A2. (D8)

These two equalities define the polariton solutions for each
. There exist then only three possible & values, k; and &k, for
the first, and k5 for the second equation. We further have the
following conditions:

1+1
Chyplm,=1= 7 N T Chyplm,1s
l
Ck3,lm,—1: I+1 Ck3’,lm,17

which show the transverse (solutions k;,) or longitudinal
(solAution k3) charact(:,r of the solutions since they assure
V-d_,#(xr)=0 or VAd,,#(r)=0. The final system determin-
ing the coefficients (together with the boundary conditions)
for the states {Im, e==x1} is

Jir1(k358)
d
co
(kR Cry
I+1 d, ¢k, | =0, (D9)

Iy 1(%7‘3)‘11} 1(q.k3)

k—q*

Jre1(k1 ) Ji+1(k98)
Ji—1(k,72) Ji-1(ky )
oI+l [+1 )
I141(q.kq)+ le+1(q,k1) I+ 1(q,k2) + 7 I151(g.k2)
k%_q2 ‘ k:‘,i'-—q2
where
I(q,k)=[gh{ (k)i (g R) — ki mwz?)h&“(qﬂ(?)]. )
D10

The eigenvalues w,;,,. of the coupled exciton+field system
are then obtained when the determinant of Eq. (D9) vanishes.
For each quantum number |/m) there exists an infinite series
of discrete complex values k,,, as discussed in Ref. 16.

The link to an infinite system is easily established if we
note that the integrations in Eq. (D6) give automatically a
diagonal matrix in k, and we recover the same dispersion
relation [Eqgs. (D7), (D8) as in Eq. (D4)]. The only difference
between the two is the basis chosen to expand the fields
(Cartesian+plane waves in the former case and vector-
spherical functions in the latter).

APPENDIX E: EIGENFUNCTION EXPANSION OF THE
EXCITON EQUATION FOR A SPHERE

Following Appendix D, we introduce here an alternate
treatment of Eq. (D1) which was used in the calculations of
Sec. V. Indeed, the form of the solutions obtained above is

not convenient for computing the Green function since the
expressions in Appendix D depend on complex arguments.
Therefore, we shall expand all the wave functions in a com-
plete set of eigenfunctions.

) We first expand Eq. (D6) in the basis set of the operator
v

N (//nlm[(r)=an(r) Ylm[(;)’

(r)= / 2; JlKpix)
Ant B jror(Kup)

(E1)
x=rl7,

where the quantum numbers are (=0, —Il=m;=<!] and
n=1,2,... . The boundary conditions

Wnlm[(r)llr[?‘fﬁ:O’ (EZ)
determines the parameter «,; via the equation
JilKa)=0, (E3)

and the one-exciton energies (without dipole—dipole inter-
action) are

J. Chem. Phys., Vol. 101, No. 11, 1 December 1994

Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



L. Belleguie and S. Mukamel: Excitons in semiconductor nanostructures

0 o 4o m,my Ky

€,=¢€

n e 2 (FBlay)?
h 0

Using this basis set and the transformatlon d1scussed in Ap-
pendix D (I=I[+¢), we can recast the eigenvalue equation
(D1) as an infinite system (AN =nlme)

(B4)
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hw—Ey— S Ay (8 0)=0, (E5)
}\/

where

Axx,(%,w)=dfvj drp;"(r)-f dr’ Ar,x ;0)py(r'),

v (E6)
I
2k 'I+E’Knl+5q~2 : A Bt v)\:
A (H0)=id7gd? |- - VAN i =,
w(Hw)=idnmg [(K,,rz+5"§2)(Kﬁz+s‘§2) JiedDhirdd) 577 q(Knl+e 7 ) ~Knite 3737
\/>\ 2"'<n’l+e’Knl-(-es‘i2 p .
:_.4 dz ; . _54.- h(l) ~
e 21+1 (K3'1+E'_62)(Kil+5—q2) Ji (Q) l+5(q) 27+1
. 2Kn’l+e’Knl+s(21+l) } ,
tel——3 LIV ) e=—¢€',
q(Knl+e—q )(Kn’l+5’-’Knl+e)
) 2 Kpr 1Ky ) ,
=idmqd,, -2 2 jl(Q)hl (g)—i ﬁ—_ e=¢e' =0,
(0= G (k=37 §(rkm—g")
. i*e v
A =1+ - g=q%. )

4

In the above equations [=1 and A, m'= 8y 6,
since the angular functions Y}, (7) are orthonormal. The
dipole-dipole interaction-Hamiltonian matrix elements are
given by taking the limit g—0 in Eq. (E6)

A gip-dip
+
477dw ! ’7l+1 e=¢'
B , VAN 26ntre
I3
—4ard,, 37+ 1 3 e*e
+ Kan_EI(K ’I+E'_Kﬂ[+€)

A remarkable feature is that A g, g, does not depend on
size. It cannot be neglected for symmetry reasons as was
suggested in Ref. 26. The only parameter which may justify
the neglect of the deole dipole interaction is the relative
magnitude of &), and d2,. For CuCl, 47d2,=0.025 and
€0(%8=10)=0.015 (in 3D exciton Rydberg units) which
shows the importance of this contribution in large spheres. In
our calculations we start with the eigenvectors of this Hamil-
tonian, and express At =A —Agip-dip Via an unitary transfor-
mation. The exciton—exciton interaction matrix elements are
also_calculated in this basis. The details have been discussed
previously in Ref. 14.

In the numerical calculations we use the followmg for-
mula for the eigenvalues

(EB)
where e, are the elgenvalues of H= Hy+Hg, and the self-
energy operator is

)

(E9)

E,,‘:e +“V(ey,)’

= Q H
~0HQ~QH,0

EV(Z)=(VIHqIV>+< v\ H

r

Q is the projection operator on the complementary space of
{r}, and H q contains the radiative corrections. Here, we have
made the Markov approximation, but this can be relaxed by
calculating the exact eigenvalues.
The resulting eigenfunctions and eigenvalues are used in
Sec. V to construct the one-exciton Green function (24).
The total cross section (45) can now be calculated from

f(r.q)= > {amYP(ANAF+e,YI(P),

I=1m

(E10)

where the coefficients are defined by

I+1
almzznzl{m)\'nlmlfnlm[“m)\_nlm,_]f”lm’_l}
Cim™= n>1)\nlm (lfnlm 0

€
J(z_IEI) l-I-T)
nlms lq\/—g T
Kpite )
D,
(K2pp = 5% J1+dq B qBF Kure
8 1

Ejl+1+s(Knl+s) q'%:’(nl:!-s-

The f’s are the coefficients of the calculated linear
+nonlinear polarization expressed in the Y77, . basis.

APPENDIX F: APPLICATION TO A THICK FILM

In this Appendix we briefly show how the present for-
malism can be applied to a thick film (i.e., a large quantum
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well). We consider a quantum well whose width L is much
larger than the exciton Bohr radius (a,), and let z be the
coordinate along the growth direction. In this case, the exci-
ton wave function can be written

Yy (D) =M R R=(xy), (F1)
with the boundary conditions (z=0)=#(z=L)=0, and

1
fkﬂ(z)=*?/‘f > Chyon sin(k,z) k,=nw/L (F2)

The nonlocal operator in

two dimensions is (g,
= \lq2~k]|,q=w/c)

A-(g*+VV-)ae™i®

L R ,
xf dz’ eladz—z Ifku(Z')’ (F4)
0 .

where &=Rw—E . )/a— k"(a #2/2M). By integrating Eq.
(F4) on both sides with sin(k,z), we obtain a linear system
for the coefficients ¢y, ,. Let us assume, for simplicity, that
f1.z. From the solutions Cy,n We can express, by a resum-
mation of the infinite series, the one-exciton Green function
in a compact form

I ki—q?
(1) ' y— i z . ._'
Gexc(""z awak") (k%__k%) kzl k,‘ Sin ki Sln(k14<)
. R*(2)R*(2")
Xsin(k,(1—25))+ 2, I
(F5)

k;=k(ky,w) are the confined exciton polariton wave vectors,
given by the solutions of the equation

@ —k*)(q; —k*)=dq; ( a== a) (F6)
and

s (k)

Ne= Frw—E,(k))"

n=2p—(1x1)/2,p=1

En(Kp)

W= (2)= Z fio—E,(0.ky)

a=2p—(1x1)/2

sin(k,z).

We have defined the following quantities:
Fevds

= E oyot+ a(kf +k2) + ,
E,=Ee. a(k[[ ) (2=

. K,
k) = Vul,q (1 £ e )i =i

Alternatively, we can write Gé}()c in the following form:

Gg}(g(wz o,k = 2 sin(k,z)H ,(w ky)sin(k,:z"),

llll
(F7)
which is more suitable for numerical evaluations. The prin-
ipal contribution comes from the diagonal elements of the
Green function. Near a particular pole £, , we can write

Gz o k)= 2 sin(k,z)
n=2p—(1*1)/2
1
Mo Bk —S,(wkyp k),
(F8)
where ¥, is given by
2
2u(w,Jg)= g”(k’gil ™ (F9)

L= S w—E, (k)

This expression for the diagonal element is exact. At this
point we make the following approximations: We only keep
the diagonal part and neglect the energy dependence of E,
and %, . Equation (F8) contains the exact poles of the sys-
tem, determined by the equation

1=2

201,00
EnlKjj)

r————— (F10)
hw— E,(ky)
Our approximation is certainly justified as long as we are
close to the one-exciton resonance.

The approximate expression for the scattering matrix is
then :

|4
]. ’ k I, S a—— Nw "= ’ ! ?
- Pyyr(w.kp)= 1~ VG (a, 9], N'={n,n'}
(F11)
where
(VGSz)(cu,l(]D)nln2 ingny
_v f K’ % :
nv‘1n22n3"4 Aw”‘éng(k,)—éh(kll—k,) ’
V"1"2;"3”4
L
=0/ f dz sin(k, 2)sin(ky,2)sin(k,,2)sin(k, )
. 2
and
E (k)= E,,(ky) + 2 (E, (1), ), (F12)

where, as above 3, contains the radiative corrections. With
these definitions, Eq. (32) may be used to calculate the non-
linear response.
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