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Two-pulse four-wave-mixing signals from molecular aggregates, including effects of two-exciton
states, static disorder, and exciton-phonon interaction represented by arbitrary spectral densities are
calculated. Three types of contributions to the signal are identified. The first, reflecting exciton
self-correlation, is similar to the photon echo from disordered two-level systems and dominates the
signal for long time-delays. The second is related to correlations of one-exciton states, whereas the
third reflects correlations between one- and two-exciton states. The information gained by
completely resolving the signal field~both amplitude and phase! is analyzed using Wigner
spectrograms. ©1997 American Institute of Physics.@S0021-9606~97!02031-X#
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I. INTRODUCTION

Molecular aggregates have recently become an objec
extensive studies using a variety of ultrafast nonlinear sp
troscopic techniques.1–7 Despite a relatively simple structur
of electronic excitations represented by Frenkel excit
~compared to inorganic semiconductor materials and co
gated polyenes!, optical signals from molecular aggregat
show signatures of complex physical phenomena: exci
exciton scattering due to their repulsive~Pauli exclusion! and
attractive~e.g., dipole-dipole! interactions, static disorder re
sulting in elastic scattering and exciton localization, wher
strong exciton-phonon coupling may induce inelastic exci
scattering and exciton-self trapping~also known as exciton
dynamical localization!. Coherent and incoherent exciton d
namics in J-aggregates4–7 and in light harvesting
complexes2,3 has been probed by various time-domain op
cal measurements such as fluorescence depolarizatio8,9

hole burning,10–13 pump-probe,14–16 and photon echoes.17,18

Interpretation of current experiments constitutes a com
cated task since a theory which incorporates exciton-exc
interaction, strong exciton-phonon coupling, and static dis
der is yet to be developed. Existing theories of nonlin
optical response in molecular aggregates are based on
Frenkel exciton Hamiltonian which describes an aggreg
made out of two-level molecules and conserves the num
of excitons. They can be classified according to the leve
reduction with respect to nuclear~phonon! variables. At the
lowest level one keeps electronic~excitonic! degrees of free-
dom only. Neglecting exciton-phonon coupling, exact e
pressions for the third-order nonlinear optical response h
been derived19 using equations of motion for one- and tw
exciton variables. These equations are closed using the
state factorization1 of higher order variables. These expre
sions have been later recast in terms of the exciton-exc
scattering matrix.20 For one-dimensional aggregates wi
nearest-neighbor intermolecular coupling, the third or
nonlinear response functions have been alternativ
calculated21 using the sum-over states approach and
Wigner-Jordan representation for two-exciton states.1,22 Both
formulations have been successfully employed in calcu
J. Chem. Phys. 107 (21), 1 December 1997 0021-9606/97/107(21)
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tions of optical signals from molecular aggregates and na
structures, incorporating effects of static disorder by Mon
Carlo simulations.21,23–26

Exciton-phonon interactions have been included in
model19 using equations of motion for exciton and phon
variables, with truncation of higher order members of t
exciton hierarchy.27 These equations can describe phono
induced incoherent exciton motion which shows up in d
generate four-wave mixing and transient-grating techniqu
however they do not include two-exciton states, and the
fore apply only far from two-exciton resonances. A mo
profound maximum-entropy factorization,28 has been pro-
posed, which interpolates between the coherent and the
coherent limits. However it does not fully describe the co
bined effects of two-exciton resonances and exci
transport. A theory which describes these combined effe
on third-order optical susceptibilities25 was developed
recently29 using equations of motion for exciton variable
where exciton-phonon coupling was taken into acco
through relaxation operators, evaluated using projection
erator techniques.30,31 Closed Green function expression
~GFE! for the third-order response were obtained by using
approximate factorized form of relaxation operators, as
posed to previous schemes of Refs. 27,28 where factor
tion is imposed directly on the dynamical variables in t
equations of motion. The same results were obtain
earlier25,32 using diagrammatic techniques with parti
infinite-order resummations of the most important terms
the expansions of optical susceptibilities in the excito
phonon coupling. The GFE and their generalizations33 to ag-
gregates made of three-level molecules have been rece
applied to study the role of exciton-phonon coupling in t
pump-probe signals from LH2 antenna complexes of pur
bacteria.34 Since exciton-phonon coupling is treated pertu
batively through relaxation operators, the approach is limi
to weak exciton-phonon coupling and is not sensitive to
detailed features of the nuclear spectral densities. This
serious limitation for one-dimensional systems such as lin
J-aggregates, and circular LH1 and LH2 antenna comple
since even weak exciton-phonon coupling leads to a pola
formation35 and weak static disorder results in Anders
8759/8759/22/$10.00 © 1997 American Institute of Physics
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8760 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
localization.36 Effects of exciton localization and self
trapping~polaron formation! on relaxed fluorescence of LH
antenna complexes have been studied in Ref. 37. Howe
that approach assumes that the aggregate is equilibrate
the excited state, and does not describe the time evolutio
the signal.

On the other hand, the model of a single two-level ch
mophore coupled to a harmonic bath is exactly solvable
strong exciton-phonon coupling can be taken into acco
explicitly.1,38 This model has been commonly used in t
analysis of four-wave-mixing measurements.39–41 A proce-
dure which allows to treat the dynamics of aggrega
strongly coupled to nuclear motions by identifying a fe
collective nuclear variables has been proposed.42 This yields
equations of motion for wavepackets representing the col
tive coordinates; solving these equations of motion rema
however a demanding task.

In summary, there are three types of theories which
scribe the photophysics of molecular aggregates~i! theories
which take into account the structure of electronic exc
tions explicitly using very simple models of exciton-phon
coupling, ~ii ! theories which treat exciton-phonon intera
tions explicitly, for a single electronically excited level, an
~iii ! theories which account for realistic structure of ele
tronic excitations and collective nuclear dynamics. Howev
efficient numerical methods for solving the resulting equ
tions of motion for wavepackets are yet to be developed

The goal of this paper is to develop a theory of fou
wave mixing in molecular aggregates which combines
advantages of~i! and ~ii ! and overcomes the numerical di
ficulties of ~iii !. This theory therefore corresponds to an
termediate level of description between~i!, ~ii !, and the
theory of~iii !. The present theory takes into account realis
structure of electronic excitations together with detailed
formation about exciton-phonon coupling represented
spectral densities and static disorder. Our main assump
which simplifies the solution considerably is that effects
static disorder are stronger than exciton-phonon interacti
The theory is applied to the analysis of two-pulse four-wa
mixing in LH2 antenna complexes. This is an optical tec
nique which allows the selective elimination of inhomog
neous broadening.1 The nature of the two-pulse four-wave
mixing signal is well understood in the case of a two-lev
system where the echo originates from self correlation of
excited electronic state. The echo decay in the case of
pling to a harmonic bath can be calculated exactly.1 Photon
echoes in molecular aggregates do not have a simple ph
cal interpretation since the electronic structure of the agg
gate is more complicated and photon echoes reflect o
exciton state correlations and correlations between one-
two-exciton states. Photon echoes in disordered aggreg
have been studied using analytical methods25,43 in the weak
localization limit, i.e. when one-exciton states are not loc
ized and the localization lengthl A is much larger than the
disorder-induced mean free path. It has been shown that
ton echoes in this situation originate from strong excit
correlations and can be conveniently described using m
dimensional spectral densities.25,44However, the approach o
J. Chem. Phys., Vol. 107, N
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Refs. 25, 43 treats exciton-phonon coupling on the simp
level by adding homogeneous dephasing, and therefore
not fully take into account effects of nuclear spectral den
ties. Nevertheless it gives insight into disorder-induced s
tistics of exciton levels.

The paper is organized is follows. In Sec. II we prese
the Frenkel exciton Hamiltonian coupled to a bath rep
sented by arbitrary spectral densities, and give express
for the third-order nonlinear optical response functions. Th
in Sec. III we employ the exciton representation and der
expressions for the optical response, assuming that b
induced nondiagonal coupling in the exciton representa
may be neglected. Explicit formulas for various two-pul
four-wave-mixing signals including the time-integrate
time-resolved and frequency-resolved FWM signals, as w
as the Wigner spectrogram, which is a mixed time-freque
representation, are given in Sec. IV. In Sec. V~see also Ap-
pendix C! we apply the results of Sec. IV to simple exciton
two-, three-, and four-level systems coupled to an ov
damped Brownian-oscillator. The analysis of the differe
FWM signals provides insight into the dynamics induced
the combined effects of excitonic structure, exciton-phon
coupling, and static disorder. Numerical results for FW
signals from the B850 band of LH2, modeled as a ring co
sisting of 18 Bchl-a monomers,45 with nearest-neighbor in-
teractions, are presented in Sec. VI. Recent photon e
studies on photosynthetic antenna complexes LH1
LH218 show the dependence of the time-integrated signals
the time delay. Experimental results have been interpre
using a two-level system coupled to a bath with comp
spectral densities.18 One important issue addressed in the
calculations is whether the experimental results of Ref.
can be interpreted using a realistic structure of electro
excitations with a simple model of homogeneous exci
dephasing, and to what extent they provide a direct probe
the underlying spectral densities. We compare different m
els for exciton-phonon coupling and disorder and dem
strate their signatures in the optical signals. Our results
finally summarized in Sec. VII.

II. MODEL HAMILTONIAN AND NONLINEAR OPTICAL
RESPONSE OF FRENKEL EXCITONS

We describe an aggregate made of two-level molecu
coupled to a bath consisting of nuclear~intramolecular, in-
termolecular and solvent! degrees of freedom, using th
Frenkel-exciton Hamiltonian46

H5(
n

Vn~q!Bn
†Bn1 (

mn

mÞn

Jmn~q!Bm
† Bn1Hph , ~1!

whereBn (Bn
†) are exciton annihilation~creation! operators,

with commutation relations

@Bm ,Bn
†#5dmn~122Bm

† Bm!, ~2!

Hph is the phonon Hamiltonian, andq represents the com
plete set of nuclear coordinates. Exciton-phonon coupling
incorporated through theq-dependence ofVn andJmn . The
o. 21, 1 December 1997
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8761Meier, Chernyak, and Mukamel: Femtosecond photon echoes
polarization operatorP representing coupling of the aggre
gate to the optical field2E(t)•P has a form

P5(
m

dm~Bm1Bm
† !, ~3!

where dm is the transition dipole of themth molecule.
Adopting a harmonic model for the bath and expand
Vn(q) andJmn(q) to first order inq, the Hamiltonian Eq.~1!
can be partitioned in the form

H5He2(
mn

qmn
~c!Bm

† Bn1Hph. ~4!

HereHe is the exciton~system! Hamiltonian

He[(
n

VnBn
†Bn1 (

mn

mÞn

JmnBm
† Bn1Hph, ~5!

and qmn
(c) represent collective bath coordinates. All releva

information about the exciton-phonon interaction is co
tained in the following matrix of spectral densities:

Cmn,kl~v![
i

2E2`

`

dt exp~ ivt !^@qmn
~c!~ t !,qkl

~c!~0!#&, ~6!

where the expectation value and the time evolution in
r.h.s. of Eq.~6! are taken with respect to the free phon
HamiltonianHph.

The time-domain optical response functionR(t3 ,t2 ,t1)
which relates the third-order nonlinear polarizationP(3)(t) to
the driving fieldE(t) it defined by1

P~3!~ t !5 i 3E
0

`

dt3E
0

`

dt2E
0

`

dt1 R~ t3 ,t2 ,t1!

3E~ t2t3!E~ t2t32t2!E~ t2t32t22t1!. ~7!

The response function can be represented as of a sum
eight terms1

R~ t3 ,t2 ,t1!5 (
a51

4

@Ra~ t3 ,t2 ,t1!2Ra* ~ t3 ,t2 ,t1!#, ~8!

Each of the contributions can be expressed in terms of
4-point correlation function of the polarization operator

F~t4 ,t3 ,t2 ,t1![^P~t4!P~t3!P~t2!P~t1!&. ~9!

We then have

R1~ t3 ,t2 ,t1![^P~ t1!P~ t11t2!P~ t11t21t3!P~0!&,

R2~ t3 ,t2 ,t1![^P~0!P~ t11t2!P~ t11t21t3!P~ t1!&,

R3~ t3 ,t2 ,t1![^P~0!P~ t1!P~ t11t2!P~ t11t21t3!&,

R4~ t3 ,t2 ,t1![^P~ t11t21t3!P~ t11t2!P~ t1!P~0!&.
~10!

In Eqs.~10! P(t) are Heisenberg operators whose time e
lution is determined by the material HamiltonianH, and the
expectation values are taken with respect to the equilibr
density matrix of the system corresponding to the sa
Hamiltonian. These formal expressions will be evaluated
the coming sections.
J. Chem. Phys., Vol. 107, N
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III. EXCITON REPRESENTATION OF THE THIRD-
ORDER RESPONSE

We shall be interested in the third-order optical respo
where only the ground, the one-exciton, and the two-exci
states of the electronic system are relevant. To recast
Hamiltonian using the exciton representation in the relev
vector space of states we introduce one-exciton and t
exciton creation~annihilation! operatorsBm

† (Bm) and Ym̄
†

(Ym̄), respectively, with m51, . . .N and m̄51, . . . ,
N(N21)/2, whereN is the number of molecules in the ag
gregate. The exciton operators can be defined as

Bm
† u0&[(

n
wm~n!Bn

†u0&, Bm
† Bm

† u0&50,

~11!

Ym̄
† u0&[(

mn
Cm̄~m,n!Bm

† Bn
†u0&, Ym̄

†
Bm

† u0&50,

whereu0& is the electronic ground state.wm(n) andCm̄(mn)
represent the one-exciton and two-exciton eigenstates o
exciton HamiltonianHe with energiesem and em̄ , respec-
tively. In this representation two-exciton states are obtain
by acting with two-exciton creation operators, which are
linear combinations of one-exciton creation operators. R
casting the Hamiltonian in terms of exciton operators yie

H5H01H1 , ~12!

with

H0[(
m

emBm
† Bm1(

m̄

em̄Ym̄
†
Ym̄1(

m
qm

~c!Bm
† Bm

1(
m̄

qm̄
~c!Ym̄

†
Ym̄1Hph, ~13!

H1[ (
mn

mÞn

qmn
~c!Bm

† Bn1 (
m̄ n̄

m̄Þ n̄

qm̄ n̄
~c! Ym̄

†
Y n̄ ,

and the polarization operatorP adopts the form

P5(
m

dm~Bm1Bm
† !1(

mm̄

dm,m̄~Ym̄
†
Bm1Bm

† Ym̄!. ~14!

Expressions for the transition dipolesdm , dm,m̄ and the col-
lective coordinates in the exciton representationqm

(c) , qm̄
(c) ,

qmn
(c) , andqm̄ n̄

(c) in terms of the original collective coordinate
qmn

(c) are given in Appendix A.
Using this representation, the correlation functionF can

be represented as a sum of two terms, which do not (F1) and
do (F2) involve two-exciton states, in the sum-over-stat
expansion1,22 of the r.h.s. of Eq.~9!,

F~t4 ,t3 ,t2 ,t1![(
j 51

2

F j~t4 ,t3 ,t2 ,t1!. ~15!

Equation ~15! together with Eqs.~8!–~10! yield a sixteen
term representation for the optical response functionR
o. 21, 1 December 1997
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8762 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
R~ t3 ,t2 ,t1!5 (
a51

4

(
j 51

2

@Ra j~ t3 ,t2 ,t1!2Ra j* ~ t3 ,t2 ,t1!#,

~16!

with

R1 j~ t3 ,t2 ,t1!5F j~ t1 ,t11t2 ,t11t21t3,0!,

R2 j~ t3 ,t2 ,t1!5F j~0, t11t2 ,t11t21t3 ,t1!,
~17!

R3 j~ t3 ,t2 ,t1!5F j~0, t1 ,t11t21t3 ,t11t2!,

R4 j~ t3 ,t2 ,t1!5F j~ t11t21t3 ,t11t2 ,t1,0!.

Using the notation of section II,F j can be represented in
form

F1~t4 ,t3 ,t2 ,t1!

5 (
abmn

dadbdndm^Ba~t4!Bb
†~t3!Bm~t2!Bn

†~t1!&, ~18!

F2~t4 ,t3 ,t2 ,t1!

5 (
abmn

(
n̄ m̄

dadb,m̄dndm, n̄

3^Ba~t4!Bb
†~t3!Ym̄~t3!Y n̄

†
~t2!Bm~t2!Bn

†~t1!&.

~19!

The response functions now represent a collection of fo
level systems~the ground state, two one-exciton states a
one two-exciton state, Fig. 1!. The various collective bath
coordinatesqm , qm̄ , qmn , and qm̄ n̄ coupled to these elec
tronic transitions are correlated.47 The calculation simplifies
considerably ifH1 in Eq. ~12! can be neglected. This ap
proximation is expected to hold for disordered aggrega
and will be justified in the next section. NeglectingH1, the
correlation functionsF j can be evaluated exactly, using th
matrix of line broadening functionsgmn(t), whose matrix
elements are related to the spectral densities by1

gmn~ t ![E
2`

` dv

2p

12cos~vt !

v2
cothS v

2TDCmn~v!

1 i E
2`

` dv

2p

sin~vt !2vt

v2
Cmn~v!. ~20!

The transformation from real-space to the exciton repres
tation is given in Appendix A@see Eq.~A1! and definitions
following Eq. ~A3!#. The correlation functions given by Eq
~18! and ~19! can be evaluated using straightforward gen
alizations of the procedure presented in Ref. 1, which yie

F1~t4 ,t3 ,t2 ,t1!5(
mn

dm
2 dn

2

3exp@2 f mn
~1!~t4 ,t3 ,t2 ,t1!

2 i em~t22t1!2 i en~t42t3!#, ~21!
J. Chem. Phys., Vol. 107, N
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F2~t4 ,t3 ,t2 ,t1!5 (
mnā

dmdndm,ādn,ā

3exp@2 f mn,ā
~2!

~t4 ,t3 ,t2 ,t1!

2 i em~t22t1!2 i e ā~t32t2!

2 i en~t42t3!#, ~22!

with

f mn
~1!~t4 ,t3 ,t2 ,t1![gmm~t22t1!2gmn~t32t1!

1gmn~t42t1!1gmn~t32t2!

2gmn~t42t2!1gmm~t42t3!, ~23!

f mn,ā
~2!

~t4 ,t3 ,t2 ,t1![gmm~t22t1!2gmā~t22t1!

1gmā~t32t1!2gmn~t32t1!

1gmn~t42t1!2gmā~t32t2!

1gmn~t32t2!2gmn~t42t2!

1gā ā~t32t2!2gān~t32t2!

1gān~t42t2!2gān~t42t3!

1gnn~t42t3!. ~24!

Equations~16!–~24! express the third-order response func
tions in terms of nuclear spectral densities convoluted w
the various optical transitions. These results will be used
the numerical calculations presented in the coming sectio

FIG. 1. Excitonic four-level system consisting a ground (g), two one-
exciton (e,e8), and one two-exciton states (f ). The third-order response of
an aggregate is a sum of contributions from various collections of four-le
systems. Bottom: The four double-sided Feynman-diagrams representing
time domain four-wave mixing@Eq. ~34!#.
o. 21, 1 December 1997
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8763Meier, Chernyak, and Mukamel: Femtosecond photon echoes
IV. IMPULSIVE TWO-PULSE FOUR-WAVE-MIXING IN
DISORDERED ONE-DIMENSIONAL AGGREGATES

We consider two-pulse four-wave mixing in sel
diffraction geometry,48,49where the system is excited by tw
ultrashort pulses with wavevectorsk1 andk2, and the signal
is generated in the direction2k22k1. We assume a model o
a cyclic aggregate with nearest-neighbor intermolecular
teractions. This model describes light-harvesting LH1
tenna complexes, as well as the B850 and B800 band
LH2, which are highly symmetric circular one-dimension
aggregates withN532, 18, and 9, respectively, as well a
J-aggregates with linear structure~formally a linear aggre-
gate can be obtained as a particular case of a cyclic aggre
by setting one nearest-neighbor coupling constant to zer!.

For this model, the many-exciton states are represe
by the Bethe Ansatz50 and can be expressed in terms of tw
sets of one-exciton states: ordinary one-exciton stateswm(n)
satisfying periodic boundary conditionswm(n1N)5wm(n),
and auxiliary one-exciton statesw̄m(n) with antiperiodic
boundary conditions w̄m(n1N)52 w̄m(n), both being
eigenstates of the one-exciton Hamiltonian with energiesem

and ē m , respectively~see Appendix B!.
The one- and the two-exciton states for the pres

model have the following form:

um&[(
m

wm~m!Bm
† u0&, ~25!

uab&[(
mn

emnw̄a~m!w̄b~n!Bm
† Bn

†u0&, ~26!

where emn51,0,21 for m,n, m5n, and m.n, respec-
tively, and in Eq.~26! a,b. The statesum& and uab& are
normalized provided the functionswm(n) and w̄m(n) are
normalized. For simplicity we further assume diagonal co
pling to the bath, i.e.,qmn

(c)5dmnqn
(c) , that all baths have the

same spectral density and that the baths acting on diffe
molecules are uncorrelated. This gives the following ma
of spectral densities

Cmn,kl~v!5dmndkldmkC~v!. ~27!

The HamiltoniansH0 and H1 representing the system
bath Hamiltonian~Eq. ~12!! can be represented as

H05(
a

eaBa
†Ba1 (

mn

m,n

~ ē m1 ē n!Ymn
† Ymn

1(
an

ga,nBa
†Baqn

~c!1 (
mnn

m,n

ḡmn,nYmn
† Ymnqn

~c!1Hph,

~28!

H15 (
abn

aÞb

gab,n
~1! Ba

†Bbqn
~c!1 ( 8

mnn8n

ḡmnn8,n
~1! Ymn8

† Ymnqn
~c! ,

~29!
J. Chem. Phys., Vol. 107, N
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where(8 in Eq. ~29! implies that a summation overm, n,
andn8 under the condition thatm, n, andn8 are all different,
and

gan[uwa~n!u2, ḡmn,n[u w̄m~n!u2u w̄ n~n!u2,
~30!

gab,n
~1! [wa~n!wb~n!, ḡmnn8,n

~1! [wn8~n!wn~n!.

The polarization operator adopts a form

P5(
a

da~Ba1Ba
† !1 (

amn

m,n

da,mn~Ymn
† Ba1Ba

†Ymn!,

~31!

with

da5(
m

dmwa~m!,

~32!

da,mn5(
mn

emnw̄m~m!w̄ n~n!@dmwa~n!1dnwa~m!#.

All relevant information about the bath is given by the spe
tral densities Cmn(v), Cm̄ n̄ (v), Cm n̄ (v), Cm,ab(v),
Cm,ā b̄(v), Cm̄,ab(v), Cm̄,ā b̄(v), Cmn,ab(v), Cmn,ā b̄(v),
and Cm̄ n̄ ,ā b̄(v), where the Greek indicesa, . . . represent
symmetric one-exciton states andā , . . . represent anti-
symmetric one-exciton states. The transformation relat
these spectral densities toCmn,kl(v) is given in Appendix A.

We are now in a position to justify the neglect ofH1 in
the derivation of Eqs.~20!2~24!. Consider an aggregate wit
static disorder which leads to strong exciton localization: A
cording to Mott, localized exciton states with close energ
do not overlap spatially. One can see from Eq.~29! that only
exciton states with overlapping wavefunctions intera
through the bath. This implies that if two one- or two-excito
states interact, they must have a substantial energy di
ence, which is controlled by the Anderson localization leng
l A . We can then treatH1 as a small perturbation in aggre
gates with strong localization. In the zeroth approximati
H1 may be simply neglected. The only effect missed by n
glectingH1 is relaxation of exciton populations which can b
taken into account using projection operator techniques
calculating a relaxation operator perturbatively inH1. How-
ever, in the two-pulse measurements studied in this pape
system is prepared in an electronic coherence~rather than a
population!. The femtosecond signals are therefore not s
sitive to exciton relaxation and we can safely neglectH1. In
the absence of static disorder one may not neglect the Ha
tonianH1, since bath-induced interactions between excito
with close energies represented byH1 are as important as
bath-induced exciton self-interaction represented by the t
and fourth terms in Eq.~28!. This state of affairs can be
formally described as follows. Letl A be the exciton localiza-
tion length in the aggregate if we switch off exciton-phon
coupling, whereasl p is the polaron size~dynamical localiza-
tion length! in our system in the absence of static disord
Exciton self-trapping~polaron formation! in an ordered sys-
tem is a self-interaction process, where the exciton is trap
o. 21, 1 December 1997
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8764 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
by lattice distortions, where the lattice distortion is caused
the presence of the exciton. Consider a system with st
disorder and exciton-phonon coupling. Ifl A, l p we can ne-
glect effects of lattice distortion on exciton localization, i.
the localization is primarily determined by static disord
Our theory is therefore valid providedl p. l A , i.e. in the case
of strong exciton localization which is believed to be t
case in photosynthetic antenna complexes.2,3,37Due to repul-
sion of localized levels51 off-diagonal exciton-phonon cou
pling terms with respect to the exciton basis set can
treated perturbatively, and the theory incorporates the s
tral densities explicitly.

All expressions for the optical response given in the p
vious section apply to the general third-order response. H
after, we consider a two-pulse experiment, where the ex
ing field is given by

E~ t !5E1~ t !~eik1•r2 iv1t1e2 ik1•r1 iv1t!

1E2~ t !~eik2•r2 iv2t1e2 ik2•r1 iv2t!

[E1
1~ t !e2 iv1t1E1

2~ t !eiv1t1E2
1~ t !e2 iv2t

1E2
2~ t !eiv2t. ~33!

Here, E1,2(t) are the pulse envelopes. The termsEi
1 (Ei

2)
refer to the components ofE with directions1k i (2k i).
This field will create excitations associated with differe
directions eiks•r, ks5nk11mk2, where n,m can be any
integers.52–54 While decomposing the signal with respect
the directions, we also invoke the rotating-wave approxim
tion ~RWA!. This can be done easily, since the directio
1k i (1k i) are associated with a negative~positive! central
laser frequencies2v i (1v i). Within the RWA we only
retain the resonant terms for each interaction. This appr
mation is well justified for a resonant excitation, i.
v1'v2'ea , where ea refers to the frequency of a one
exciton state, and for excitations with laser pulses wh
pulsewidths (Ê1, Ê2) are longer than the inverse of the o
tical ~band-gap! frequencies, i.e.Ê1 ,Ê2@v1

21 ,v2
21 ,ea

21 .
Even for the short 35 fs laser pulses used in Ref. 18
RWA is well justified.

In the following we consider two-pulse four-wave mix
ing experiments where the signal is emitted in the direct
ks52k22k1. The two-pulse four-wave-mixing signal in th
impulsive excitation limit is characterized by two times: t
time delayt between the two pulses and the time of obs
vation t. We make the following choice of time variable
pulse 2 comes at time 0, and pulse 1 at time2t. The po-
larization at timet will be denotedS0(t,t). A positive~nega-
tive! t implies that pulse 1 arrives before~after! pulse 2.
Note that, unliket, the time arguments of the response fun
tion R are positive and represent the time-intervals betw
successive interactions with the pulses. For short pulses~the
snapshot limit!, i.e., for E1

1(t)5E1
1eik1•rd(t1t),

E1
2(t)5E1

2e2 ik1•rd(t1t), E2
1(t)5E2

1eik2•rd(t), and
E2

2(t)5E2
2e2 ik2•rd(t) ~although hereEi

25Ei
1 we retain

our notation which keeps track of the directions!. Within the
J. Chem. Phys., Vol. 107, N
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RWA the time-resolved third-order polarization in the dire
tion ks52k22k1 adopts the form@cp. Eq.~7!#:

S0~ t,t!5 i 3E1
2~E2

1!2~Q~t!R~ t,0,t!

1Q~2t!R~ t1t,2t,0!!. ~34!

The time-resolved polarization is a complex valued funct
given by either its real or imaginary parts or by its amplitu
and phase

S0~ t,t!5uS0~ t,t!ueiw~ t,t!2 i ṽ~ t2t!, ~35!

whereṽ is an arbitrary reference frequency, which define
rotating frame. Ifṽ is close to the exciton energiesea it
suppresses the fast rotation with optical frequencies
leads to a slowly varyingw(t,t). The polarization in the
frequency-domain is given by

S0~v,t!5E S0~ t,t!eivt dt. ~36!

Heterodyne detection involves mixing the FWM pola
ization with an additional heterodyne fieldEhet

Ehet~ t !5Ehet~ t2t0!e2 i ṽt1 iks•r1c.c., ~37!

and the resulting signal is

Shet~ t,t,ṽ !5ImF E
2`

`

dt Ehet* ~ t2t0!S0~ t,t!G . ~38!

Using an ultrashort heterodyning pulse, i.e
Ehet(t)5Ehetd(t2t0), we have the time-resolved detectio
Shet(t0 ,t)5Im@Ehet* S0(t0 ,t)#. By varying the phase and th
temporal position ofEhet the total information contained in
S0(t,t) can be recovered.48 In the opposite limit
Ehet(t)5Ehete

2 i ṽt we have the frequency-resolved detecti
Shet(ṽ,t)5Im@Ehet* (ṽ)S0(ṽ,t)#. To obtain this information
experimentally the signal field mixed with the heterody
field Ehet* (t)S0(t,t) is spectrally resolved.55

The complex-valued time-resolved signal field may
conveniently displayed using its Wigner-spectrogram~WS!
defined by

SWS~ t,v,t!5E
2`

`

S0* S t2
t8

2
,t DS0S t1

t8

2
,t Deivt8 dt8.

~39!

The WS is by definition a real quantity which depends on
observation time, the frequency, and on the time-delay. U
integrating the WS over time~frequency! we obtain the am-
plitudes of the ordinary frequency-resolved~time-resolved!
FWM signals56

uS0~v,t!u25E
2`

`

SWS~ t,v,t!dt, ~40!

uS0~ t,t!u25E
2`

`

SWS~ t,v,t!dv. ~41!

The WS can be easily constructed from experiments48,55 in
which both the amplitude and the phase of the signal field
measured.
o. 21, 1 December 1997
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8765Meier, Chernyak, and Mukamel: Femtosecond photon echoes
Experimentally the time- and frequency-domain amp
tudes are obtained with a finite resolution determined b
gating functionF.57 For a time gating

STG~ t,t!5E
2`

`

dt8uS0~ t8,t!u2uF~ t2t8!u2. ~42!

A constant time-independent time-gating function cor
sponds to the time-integrated detection

SINT~t!5E
2`

`

uS0~ t,t!u2 dt. ~43!

For frequency-gating we have

SFG~v,t!5E
2`

`

dv8uS0~v8,t!u2uF~v2v8!u2. ~44!

In the exciton representation, the time-resolved polari
tion can be expressed as

S0~ t,t!5S~1!~ t,t!1S~2!~ t,t!, ~45!

S~1!~ t,t!5 i 3E1
2~E2

1!2Q~ t !Q~t!(
ab

2udau2udbu2

3exp@2 i ~ebt2eat!# f a,b
~1! ~ t,t!, ~46!

S~2!~ t,t!52 i 3E1
2~E2

1!2 (
amn

mÞn

dadmn
~2!da,mn@~Q~ t !Q~t!

1Q~ t1t!Q~2t!!

3exp@2 i @~ ē m1 ē n2ea!t2eat## f a,mn
~2! ~ t,t!

2Q~ t1t!Q~2t!exp@2 i @eat

2~ ēm1 ēn2ea!t## f a,mn
~2! ~2t,2t !#, ~47!

where

dmn
~2![(

mn
emnw̄m~m!w̄ n~n!dndn , ~48!

and

f a,b
~1! ~ t,t![exp@2 f̄ a,b

~1! ~ t,t!#,
~49!

f a,mn
~2! ~ t,t![exp@2 f̄ a,mn

~2! ~ t,t!#,

f̄ a,b
~1! ~ t,t!5~Caa1Cab!g* ~t!1Cbbg~ t !1Cabg* ~ t !

2Cabg* ~ t1t!, ~50!

f̄ a,mn
~2! ~ t,t!5Ca,mn

~1! g* ~t!1~Cmn,mn
~2! 2Ca,mn

~1! !g~ t !

1~Caa2Ca,mn
~1! !g* ~ t1t! ~51!

and

Cab[(
n

uwa~n!wb~n!u2,

~52!

Ca,mn
~1! [(

n
uwa~n!u2@ u w̄m~n!u21u w̄ n~n!u2#,
J. Chem. Phys., Vol. 107, N
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Cm8n8,mn
~2! [(

n
@ u w̄m8~n!u21u w̄ n8~n!u2#

3@ u w̄m~n!u21u w̄ n~n!u2#. ~53!

The contributionS(1) is related to correlations of one
exciton states, whereasS(2) reflects correlations betwee
one- and two-exciton states. We shall partitio
S(1)[S(A)1S(B), whereS(A) includes the terms witha5b,
whereasS(B) is the sum over the terms withaÞb in the
r.h.s. of Eq. ~46!. We further partitionS(2)[S(C)1S(D)

whereS(C) is given by the first two lines of Eq.~47! andS(D)

refers to the term in last line. We finally obtain~see double
sided Feynman-diagrams displayed in Fig. 1!

S0~ t,t!5S~A!~ t,t!1S~B!~ t,t!1S~C!~ t,t!1S~D !~ t,t!.
~54!

S(A) represents exciton self-correlation and is forma
equivalent to a signal from a set of non-interacting two-le
systems,S(B) describes correlations between pairs of sin
exciton states, whereasS(C) andS(D) originates from corre-
lations between one- and two-exciton states. For posi
time delays the single-exciton contributionsS(A) and S(B),
and the two-exciton contributionS(C) are non-zero. For
negative time delay only the two contributions involvin
two-excitonsS(C) andS(D) are non-zero.

V. INTERPLAY OF ONE- AND TWO-EXCITON
DYNAMICS

The third-order polarization given by Eqs.~45!2~47! is
expressed as a sum over contributions from various excito
four-level systems~see Fig. 1!, consisting of the ground, two
one-exciton, and one two-exciton states. To analyze the
natures of the various physical processes on the FWM sig
we study in this section a series of simplified two-, thre
and four-level models, which give physical insight into th
single-exciton and two-exciton dynamics associated w
each time interval and how they can be detected by differ
measurements.

In the following calculations we assume an explicit for
of g(t) corresponding to the overdamped Brownian oscil
tor model, which depends on an exciton-phonon coupl
strengthl, and a nuclear relaxation rateL. For this model
g(t) can be calculated analytically,1 and the formula includes
a summation over all Matsubara frequencies 2pnkBT/\,
n51, . . . . Even though it would be possible to perform t
calculations presented in this section with the complete
pression forg(t), we restrict our analysis to the high tem
perature limitkBT@\L, in which g(t) is given by1

g~ t !5S 2lkBT

\L2
2 i

l

L D @exp~2Lt !1Lt21#. ~55!

The real part ofg(t) describes the decay of optical excit
tions, whereas the imaginary part represents renormalizat
of the transition frequencies induced by nuclear dynam
~the Stokes shift!. If the nuclear relaxation rateL is small
compared to the effective exciton-phonon coupling stren
o. 21, 1 December 1997
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8766 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
(A2lkBT), the exponential in Eq.~55! can be expanded in
Taylor series, resulting in a short-time approximation ofg(t)
}t2.1 In the opposite extreme~largeL), the exp(2Lt) term
vanishes rapidly and may be ignored, and furthermore
long times the 1 is smaller thanLt, and may also be ne
glected. This results ing(t)5@(2lkBT/\L2)2 i (l/L)]Lt,1

which corresponds to a time-independent renormalization
the transition frequency given by half the Stokes shift (l)
and homogeneous dephasing, i.e., a single exponential d
of the optical coherence. The third-order polarization for t
model is given in Appendix C.

We start by assuming that only a single one-exciton s
~with frequencye1! is relevant, i.e. the excitonic system
represented by a two-level model. Under this assumption
summations overa and m in Eq. ~C1! reduce to the terms
with a5m51. We note that since only one-exciton stat
are involved, due to theQ(t) function in a11(t,t) @see Eq.
~C3!#, the FWM signal within the RWA only shows up fo
positive time delays. Without invoking the RWA we wou
have a very small signal for negativet. Apart from the
Q-functions contained ina11(t,t), the time dependence o
the terms appearing in Eq.~C1! is given by
exp@2i(e11

(1)t2e11
(2)t)#exp@2(n22n3)Lt2(n11n2)Lt#. In the

homogeneous limit the time dependence becomes sim
exp@2ie1(t2t)#exp@2(C11(2lkBT/\L2)2i(l/L))(Lt)#. The
time-resolved FWM amplitude then has a maximum att50
~note that the origin oft is right after pulse 2 has excited th
system!. It subsequently decays single exponentially w
time constantG2151/(2lkBT/\L), showing the usual free
induction decay of a two-level system58

S0~ t,t!}Q~ t !Q~t!d1
4e2 i ẽ 1~ t2t!e2G~ t1t!. ~56!

The optical frequency of the complex signal is given
ẽ 15e12C11l. Transforming into a rotating frame elimi
nates this frequency. In this frame the phase of the FW
polarization shows no dynamics; this is to be expected, s
the signal is characterized by a single frequency, and nei
excitonic-induced nor nuclear-induced frequency chan
are considered in the present model. The frequency-dom
signal has therefore a simple Lorentzian line shape wit
single resonance atv5 ẽ 1. The time-integrated FWM signa
can be calculated analytically and is given by the integ
over the square of the amplitude@see Eq.~43!#.58 It is char-
acterized as a single exponential decay with a time cons
1/(2G), where the factor 2 accounts for the definition of t
time-integrated signal. The WS for this model reads

SWS~ t,t,v!}Q~t!Q~ t !exp~22G~ t1t!!

3
sin~2~ ẽ 12v!t !

ẽ 12v
. ~57!

For the present model the FWM signal as well as its W
vanish for negativet. At short t, SWS grows linearly int, for
intermediatet'G21 it reaches a maximum, and for larget
and t decays exponentially with a time constant (2G)21.
Furthermore the WS is a symmetric function of frequen
J. Chem. Phys., Vol. 107, N
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aroundv5 ẽ 1. This symmetry, which is also present in th
power spectrum@the amplitude of the frequency domain si
nal, see Eq.~36!#, is a direct consequence of the absence
any non-trivial dynamics of the phase.59 It oscillates as func-
tion of v for positive and negative values, and the ‘‘oscill
tion frequency’’ decreases with increasing time, which de
onstrates that only resonant excitations survive at long tim
this behavior reflects the build-up of energy conservation
shown in standard derivations of Fermi’s golden rule.

We next analyze the effects of disorder on the two-le
model. The simplest way to include disorder is by averag
the signal over a distribution of transition frequencies, i
adding inhomogeneous broadening of the transition
quency. Assuming a Gaussian distribution

f 1~e1!5exp~2~~e12 ê1!/ ē 1!2!, ~58!

and performing the integration

S0~ t,t!5E
2`

`

S 0
ẽ1~ t,t! f 1~ ẽ1!dẽ1 ~59!

results in the FWM polarization

S0~ t,t!}Q~ t !Q~t!e2 i ê1~ t2t!e2~~ t2t! ē 1/2!2
e2G~ t1t!.

~60!

For small G the signal given by Eq.~60! is emitted as a
photon echo,58 i.e., the time-resolved polarization has
maximum att5t, concomitantly, also the maximum of th
WS is not determined by the dephasing rateG but appears
close tot't. For largerG comparable to the width of the
inhomogeneous distribution functionē 1, the signal will have
a maximum at earlier timest,t.

Another interesting case is the limit of slow nuclear d
namics, which for short times results ing(t)5lkBTt2/\. In
this limit g(t) is real, i.e. leads to no nuclear-induced reno
malization of the transition frequency, and merely describ
dephasing of the optical excitations. The time-resolv
FWM polarization is then

S0~ t,t!}Q~ t !Q~t!e2 i e1~ t2t!e2C11lkBT~ t21t2!/\. ~61!

Except for the replacement of the exponential used in
homogeneous limit by a Gaussian, all other statements c
cerning the absence of dynamics of the phase, the symm
of the WS, and the buildup of a photon echo for an inhom
geneously broadened system given above remain valid
this limit.

Evaluation of the full formula given by Eq.~C1! includ-
ing the summations overn1 ,n2, andn3 should allow us to
interpolate between these two extreme cases, which are c
acterized by exponential and Gaussian correlation functio
A numerical evaluation of Eq.~C1! would be easily feasible
since for largen1 ,n2, and n3 the magnitude of the term
decreases very quickly due to the factorials in the denom
tors. The terms appearing for largen1 ,n2, andn3 represent
fast decaying contributions as function oft andt, which in
the frequency-domain represent very broad lines with wid
niG.
o. 21, 1 December 1997
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8767Meier, Chernyak, and Mukamel: Femtosecond photon echoes
We next turn to a three-level system made of the grou
state and two one-exciton states with frequenciese1 ande2,
respectively. The time-resolved FWM signal in the homog
neous limit assuming a singleG is then given by

S0~ t,t!}Q~ t !Q~t!@d1
4e2 i ẽ 1~ t2t!1d2

4e2 i ẽ 2~ t2t!

1d1
2d2

2~e2 i ~ ẽ 1t2 ẽ 2t!1e2 i ~ ẽ 2t2 ẽ 1t!!#e2G~ t1t!.

~62!

The first two terms on the r.h.s. of Eq.~62! represent the two
two-level contributions of the two one-exciton states d
cussed above, and the last two terms represent interfer
terms which arise since the two optical transitions shar
common~ground! state. We thus have a genuine quantu
beat system~and not a polarization interference syste
which consists of two uncoupled transitions, compare disc
sion in Refs. 1,49,60!. Since only one-exciton states are co
sidered, the signals are finite only for positivet. As for the
two-level system, the temporal envelope of the amplitu
shows an exponential decay with rateG. If G is not larger
than ẽ12 ẽ2 and the transition dipolesd1 andd2 are compa-
rable it is modulated as function oft and t as
cos((ẽ12ẽ2)t)cos((ẽ12ẽ2)t), i.e., shows oscillation with the
energy difference the single and two-exciton states. Th
fore the phase of the signal will also show an oscillato
pattern with respect to a reference frequency chosen in
tween the two exciton transition frequencies. If the transit
dipolesd1 andd2 are comparable andG is not too large, the
frequency-domain signal has two-resonances. The am
tudes of these resonances vary with the time delay
cos((ẽ12ẽ2)t).60 The WS for the three-level system is the
given by

SWS~ t,t,v!}Q~t!Q~ t !exp@22G~ t1t!#

3 (
abgd51

2

da
2db

2dg
2dd

2ei ~ ẽ d2 ẽb!te2 i ~ ẽa2 ẽ g!t

3
sin~2~ ẽ ag2v!t !

ẽ ag2v
, ~63!

with ẽ ag5 (̃ea1 ẽ g)/2. The WS may have resonances
v5 ẽ 1, ẽ 2, and (ẽ 11 ẽ 2)/2. If d15d2, the WS and the
power spectrum are symmetric functions of frequen
aroundv5( ẽ 11 ẽ 2)/2, whereas ifd1Þd2 the phase dynam
ics will introduce some asymmetry.

A simple way to include disorder effects for the thre
level system is again to assume that the disorder does
influence the exciton-phonon coupling, but introduces an
homogeneous distribution of the two transition frequenc
f (e1 ,e2). While for the two-level model the distribution
function depends only on a single variablee1 ~which may
lead to echoes in the time-resolved polarization! this is more
involved for the three-level system, since two transition f
quencies need to be considered. The simplest case assu
completely correlated Gaussian disorder

f 2~e1 ,e2!5d~e12e21D!exp~2~~e12 ê1!/ ē 1!2!. ~64!
J. Chem. Phys., Vol. 107, N
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As in the two-level case, introducing such an inhomogene
broadening via

S0~ t,t!5E
2`

` E
2`

`

S0
ẽ 1ẽ 2~ t,t! f 2~ ẽ1 ,ẽ2!dẽ1 dẽ2 , ~65!

gives for the time-resolved polarization@denoting ê25 ê1

1D, see Eq.~64!#

S0~ t,t!}Q~ t !Q~t!e2~~ t2t! ē 1/2!2
@d1

4e2 i ê1~ t2t!

1d2
4e2 i ê2~ t2t!1d1

2d2
2~e2 i ~ ê1t2 ê2t!

1e2 i ~ ê2t2 ê1t!!#e2G~ t1t!. ~66!

For correlated disorder, the three-level signal also is emi
as a photon-echo with an maximum att5t.

Other examples for possible distribution functions i
clude a completely anti-correlated disorder, i.e.,

f 2~e1 ,e2!5d~e11e21D!exp~2~~e12 ê1!/ ē 1!2!, ~67!

or an uncorrelated disorder, i.e.,

f 2~e1 ,e2!5exp~2~~e12 ê1!/ ē 1!2!

3exp~2~~e22 ê2!/ ē 2!2!. ~68!

For both cases described by Eqs.~67! and ~68!, different
factors appear instead ofe2((t2t) ē 1/2)2 in front of the four
terms on the r.h.s. of Eq.~66!. While the first two terms
involving only a single exciton state show photon-echo
the latter two decay rapidly, due to the absence of any c
relation between the two frequencies. This implies that
gardless of the degree of correlation of the disorder,
terms involving a single exciton (A) are always photon echo
like, while the terms involving two one-exciton states (B)
generate photon-echoes only if the disorder is correlated

Finally we consider a four-level system consisting of t
ground, two one-exciton, and one two-exciton state, see
1. The total signal@Eqs. ~45! and ~C1!# can be written as a
sum over four-level contributions. In this case the tim
resolved polarization in the homogeneous limit~assuming a
single dephasing rateG for the optical transitions and 2G for
the coherences between ground and two-exciton state
given by @compare with Eqs.~C1!–~C4!#

S0~ t,t!}Q~ t !Q~t!@d1
4e2 i ẽ 1~ t2t!1d2

4e2 i ẽ 2~ t2t!

1d1
2d2

2~e2 i ~ ẽ 1t2 ẽ 2t!1e2 i ~ ẽ 2t2 ẽ 1t!!#e2G~ t1t!

2
1

2 (
a51

2

dadm~N11!n~N11!
~2! da,m~N11!n~N11!

3e2G~ t1utu!~~Q~ t !Q~t!1Q~ t1t!Q~2t!!

3e2 i ~eN11
a t2 ẽ at!2Q~ t1t!Q~2t!

3e2 i ~ ẽ at2eN11
a t!!. ~69!

Compared to the three-level case, two new frequencieseN11
a

appear, which describe the transitions between one- and
exciton states and may lead to additional resonances
o. 21, 1 December 1997
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8768 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
modulations in the frequency- and time-domain signals,
spectively. The presence of two-exciton states leads to fi
signals also for negative time delays, which are absen
only one-exciton states are considered. It should be no
that the two-exciton contributions appearing for positive tim
delay have a different sign compared to the one-exciton c
tributions @see2 sign in front of the third line in Eq.~69!#.
This sign-change introduces strong cancellations betw
one-exciton and two-exciton contributions to the FWM s
nal and its significance will be illustrated in the next secti
where the two-pulse FWM signals of LH2 will be calculate
For negative time delays there are two terms involving tw
excitons~see Feynman diagrams, Fig. 1!, which have differ-
ent signs and therefore partially cancel. As in the three-le
case, the two-exciton contributions to the FWM signals a
depend on the degree of correlation present in the disor
which can in this case be expressed by a distribution func
f 3(e1 ,e2 ,e3) where e3 refers to the frequency of the tw
exciton state. The correlations present inf 3 determine
whether the time-resolved FWM signal is emitted as
photon-echo or simply decays rapidly~free induction decay!
once disorder is incorporated. In the numerical investigati
presented in the next section we include different models
disorder for the molecular transitions frequencies and ca
late for each realization of disorder both one- and tw
exciton states. Therefore there is a strong correlation
tween the disorder-induced frequency distributio
associated with one- and two-exciton states, which can
expressed as

f 3~e1 ,e2 ,e3!5 f 2~e1 ,e2!d~e32g~e1 ,e2!!, ~70!

indicating that the frequency of the two-exciton state (e3) is
uniquely determined by the one-exciton frequenciese1 and
e2. If for example due to disorder with a long correlatio
length ~model IV, see Sec. VI!, both e1 ande2 are changed
by dv, e3 will change by 2dv.

VI. NUMERICAL STUDY OF TWO-PULSE FOUR-WAVE
MIXING IN LH2

To analyze the combined effects of disorder and excit
phonon coupling characterized by the nuclear spectral d
sity, we have performed a series of five model calculatio
In models I-III we use spectral densities of different form
and static disorder. Model IV has a spectral density toge
with inhomogeneous broadening, whereas model V has
mogeneous dephasing with static disorder. In models I
and III, we have included disorder with a short correlati
length, introduced by assuming independent Gaussian d
butions with full width at half maximum~FWHM! s

@s52Aln 2ē 1, see Eq.~58!# for each molecular frequenc
~the Anderson model!, and chose different spectral densiti

CI~v!52l
vt1

v2t1
211

, ~71!

CII~v!5lvApt2expS 2
v2t2

2

4 D , ~72!
J. Chem. Phys., Vol. 107, N
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CIII ~v!5
l

2 F ivt3eif3

~v1v3!t31 i
2

ivt3e2 if3

~v2v3!t32 i
1c.c.G .

~73!

In the high temperature limit (b\v!1) the spectral broad
ening functiong(t) may be recast in the form

g~ t !5
2lkBT

\ E
0

t

dt2E
0

t2
dt1 M ~ t1!

2 ilE
0

t

dt1@12M ~ t1!#, ~74!

whereM (t) is related to the spectral densityC(v) by1

M ~ t !5
1

plE0

`

dv
C~v!

v
cos~vt !, ~75!

and 2l is the Stokes shift, with

l5
1

pE0

`

dv
C~v!

v
. ~76!

Inverting Eq.~75! gives

C~v!5lvE
2`

`

dt eivtM ~ t !. ~77!

M (t) is the transition frequency correlation function which
directly observed in time-resolved Stokes-shift measu
ments. For models I, II and III we thus have

MI~ t !5e2utu/t1, ~78!

MII ~ t !5e2~ t/t2!2
, ~79!

MIII ~ t !5e2utu/t3cos~v3utu1f3!. ~80!

Model I is the overdamped Brownian oscillator studied
Sec. V @comparing Eq.~78! to Eq. ~55! we have used
t15L21].

The relaxation times associated with these correlat
functions were taken from Ref. 18 where experimental
sults on three-pulse four-wave mixing have been fitted
suming thatM (t) is given by a sum of 7 contributions. Fo
the exponential~model I! we usedt15130 fs, for the Gauss-
ian ~model II! t2540 fs, and for the cosine~model III! a
frequency ofv35190 cm21, a phase off350, andt35400
fs, respectively. The coupling constants were determined
fitting the room temperature linear absorption spectrum
LH2 given in Ref. 18. Since in this paper we consider t
B850 band and neglect its weak coupling to the B800 ba
it is simply characterized by its'470 cm21 width. Assum-
ing a Gaussian inhomogeneous distribution of molecular
quenciesVn @cp. Eq.~5!# with a FWHM of s5527 cm21,34

we find that for models I, II, and III a coupling consta
l5381 cm21 leads to a good agreement of the linear abso
tion linewidth with experiment18, see Fig. 2~a!. The oscilla-
tions of M (t) andg(t) @see Fig. 2~b!# in model III result in
weak modulations of the absorption spectrum. The va
l5381 cm21 used for all cases is smaller than the sum
the coupling constants used in Ref. 18. This has two reas
~1! unlike in Ref. 18 we have incorporated disorder in o
o. 21, 1 December 1997
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8769Meier, Chernyak, and Mukamel: Femtosecond photon echoes
calculations, hence part of the linear absorption width is
duced by disorder~inhomogeneous dephasing!, which there-
fore reduces the homogeneous contribution.~2! The incorpo-
ration of excitonic effects leads to the participation ra
factors in front ofg(t), see Eqs.~50! and ~51!, which are
smaller than one, and therefore would require an increas
the coupling strength to maintain the same linewidth. T
smaller coupling strength compared to Ref. 18 shows tha
determining the linear absorption the disorder@which also
increases the excitonic participation ratio due to localizat
and therefore reduces effect~2!# is more important than the
exciton-phonon coupling. This justifies the application of o
theory, based on the neglect of the HamiltonianH1, to the
highly disordered B850 band of LH2.

To pinpoint the effects of the disorder-induced corre
tion length we consider model IV, which has the same sp
tral density of model II, but with the independent molecu
disorder replaced by a correlated Gaussian inhomogen
broadening of the molecular transition frequenciesVn @Eq.
~5!#, which results in a correlated Gaussian inhomogene
broadening of the exciton energiesem @Eq. ~13!# with the
same FWHMs5527 cm21. Replacing the disorder with
short correlation length~models I2III ! with the simple inho-
mogeneous broadening of model IV does not significan
influence the linear absorption linewidth@see Fig. 2~a!#, but
shifts its maximum towards the blue, since in model I

FIG. 2. ~a! Linear absorption for models I2V. Solid line: model I, dashed:
II, dotted: III, dash-dot: IV, and dashed-dot-dot: V.~b! Re and Im parts of
0.18g(t) and t/40 fs as function oft. Solid line: Re@0.18g(t)# for model I,
dashed line: Im@0.18g(t)# for model I; dotted and dash-dot: Re/Im for mod
els II and V; dash-dot-dot and short-dash: Re/Im for model III; dash-d
t/40 fs corresponding to model IV. 0.18 is the average one-exciton inv
participation ratio.
J. Chem. Phys., Vol. 107, N
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unlike in models I2III, no disorder-induced localization
takes place.

To further demonstrate the importance of the proper
clusion of exciton-phonon coupling via the spectral densiti
we introduce model V, where we include independent m
lecular disorder as in models I2III, but replaceg(t) by a
simple homogeneous dephasingGt, which corresponds to the
limit MV(t)}d(t), neglecting the imaginary parts ofg(t),
and assuming the same dephasing for all transitions, i.e.
ting all the participation ratio factors in front ofg(t) to 1.
The calculated linear absorption spectrum is very close
models I and II, see Fig. 2~a!. The fact that the maximum o
the absorption for model V appears at about the same p
tion as for model I, II, and III, proves again that the'560
cm21 redshift of the aggregates absorption compared to
monomer absorption (Vm) shown in Fig. 2~a!, results prima-
rily from excitonic and disorder effects and not from th
exciton-phonon coupling.

The calculation of the linear absorption, presented
Fig. 2~a!, required the averaging over 10,000 realization
disorder to produce convergent results. In the calculation
the following FWM signals we have used 1000 realizatio
which for the rather short times and time-delays conside
here, are sufficient. If one is interested in the dynamics
longer times or time-delays this number needs to be
creased considerably, to properly take into account all in
ferences that may be present in the signals.

In the absence of disorder or for correlated disord
~model IV! due to the geometry of LH2 with a tangenti
head to tail orientation of the dipoles, the lowest excit
carries no oscillator strength.45 The next higher two excitons
~characterized by wavevectorsk56p/N) are degenerate
and bright and carry almost the entire oscillator strength
the aggregate. With disorder the picture changes and for e
realization of disorder about five excitons carry significa
oscillator strength.34,37

To connect our results with experiment18 we now dis-
cuss the time-integrated FWM signals, see Eq.~43!. Figures
3~a!–3~e! display the time-integrated FWM signals for ou
five models. For each model the total signal and the f
contributionsA, B, C, andD are shown. The time-integrate
signals for models I, II, and III@Figs. 3~a!–3~c!# are very
similar. For negativet only the two-exciton contributionsC
andD are present. Due to their different signs they stron
cancel resulting in a total signal much weaker than the t
contributions. Due to the presence of disorder, in all case
II, and III the signal decreases rapidly with increasing ne
tive t. At t50 the signal shows a discontinuity, reflectin
the sudden appearance of the one-exciton contributionA
andB, which are only finite fort.0, and the disappearanc
of D, which exists only for negativet. Similar step-like sig-
natures in the time-integrated FWM signals aroundt50
have been predicted and observed in semiconductor quan
wells,61 where the relevant two-exciton states are bound tw
exciton states, i.e., biexcitons. In Ref. 61, however, the s
nals for negative time delays were more pronounced, si
the quantum well investigated in the experiment had onl
small inhomogeneous broadening. So far, no two- or th

t:
se
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8770 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
pulse echo experiments have been reported for the B
band of LH2. However, the FWM signals for LH118 and for
the B800 band of LH217 show only weak signals for negative
time delays, reflecting the strong disorder in these samp
For a quantitative comparison with experiment, the finite
ser pulse duration should be included in the theory, since
clear that finite pulses will smooth the features shown in F
3 aroundt50 and will also reduce the contribution of two
exciton states relative to the one-exciton contributions, sin
the two-exciton band is very broad. In addition, the thi
molecular level, which is close in energy to the lowest tw
exciton states and has not been included in the present s
should be considered. Due to the coupling of this third lev
to the two-exciton states, one can expect Fano-resonan
which have distinct signatures in four-wave-mixin
signals,62 and which may, depending on the details of th
couplings and the excitation conditions, reduce or enha
the contributions of two-exciton states.

With increasing positivet the total signal rises, reache
a maximum att'20 fs and subsequently decays. Prec
comparison with experiment is not straightforward and r
quires the inclusion of finite pulse effects. The position of t

FIG. 3. Time-integrated four-wave-mixing signalSINT(t) @Eq. ~43!#. ~a! For
model I, ~b! model II, ~c! model III, ~d! model IV, and~e! model V. Solid
lines: total polarization, dashed lines:A ~A1B for model IV!, dotted lines:
B, dash-dotC, and dash-dot-dot:D. The circles indicate the values oft
which have been used to calculate the polarization, the lines are guide
the eyes. For better visibility the values for the total polarization have b
multiplied by 5.
J. Chem. Phys., Vol. 107, N
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maximum is close to the maximum observed in Ref. 18
zero intermediate time delay, i.e. when the three-pulse
periment coincides with the two-pulse experiment, whi
was'25 fs using 35 fs laser pulses. Comparing the tempo
profiles ofA, B, andC we see thatB andC are larger than
A for small t, but decay much more rapidly with increasin
t. This difference is caused by disorder, which induce
strong dephasing of the contributionsB and C and the
buildup of the photon-echo ofA has been discussed in th
previous section and this will be illustrated later for the tim
resolved signals. Due to this buildup,A reaches a maximum
at a certaint which is approximately given by the half th
temporal width of the time-resolved signal. At larget.50 fs
for model I and II,B andC are small and the total signal i
close toA. For model III the modulation ofg(t) @cp. Fig.
2~b!# results in a very weak modulation of the time
integrated FWM signal.

To isolate the effects of disorder, we compare the tim
integrated signals which are similar for models I, II, and I
with model IV, where we replaced the independent distrib
tion functions for the molecular frequencies by a correlat
disorder@see Eq.~64!#, assuming the same frequency flu
tuation on each molecule. For this model, since for the L
geometry there are basically only two degenerate excit
with a significant oscillator strength, the distinction betwe
A andB depends on the basis set and is therefore arbitr
In the figures associated with model IV we therefore co
bine these contributions. It is important to stress that
theory developed in this paper describes disordered ag
gates in which due to exciton localization, interacting~over-
lapping! excitons are separated energetically. This impl
that the theory based upon the neglect ofH1 @see Eq.~12!#,
may not be applicable to the highly ordered model with d
generate excitons delocalized over the entire aggregate.
negativet the time-integrated signal for model IV shown
Fig. 3~d! decays about as rapidly as for the previous mod
For positive delays there are, however, distinct differenc
due to the ideal correlation of the disorder in this case
contributions are emitted as photon-echoes and reach a m
mum at some finitet.

Figure 3~e! shows the time-integrated signal for mod
V. For negative delays, due to disorder, the signal again
cays very rapidly. For positive delays the signals do n
show a maximum at finitet but decay very rapidly. Even
though the linear absorption linewidth is essentially t
same, as in the models which includedg(t), the FWM signal
in the homogeneous limit decays very rapidly. This diffe
ence is related to the different temporal behavior induced
g(t). In Fig. 2~b! the line shape functions, which have be
multiplied by 0.18@this is the average one-exciton inver
participation ratio, which enters as a prefactor, see Eq.~50!#
and t/40 fs are displayed. Instead of being linear in tim
Re@g(t)# and Im@g(t)# used in models I, II, and III are qua
dratic for the times of interest, which implies that for th
parameters used here, the limit of slow nuclear dynam
applies. We also see thatuIm@g(t)#u,uRe@g(t)#u which so
the Stokes shift is small compared to the dephasing cau
by g(t). This is in agreement with the linear absorption@Fig.
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8771Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 4. Time-resolved amplitude~a!–~d! and phase~e!–~h! of four-wave-mixing polarizationS0(t,t) @Eq. ~35!# for model I fort5250 ~a! and~e!, 0 fs ~b!

and ~f!, 50 fs ~c! and ~g!, and 100 fs~d! and ~h! with ṽ5Vm2560 cm21. Solid lines: total polarization, dashed lines:A, dotted lines:B, dash-dotC, and
dash-dot-dot:D.
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2~a!#, where it is shown that the maximum occurs at alm
the same position for models I, II, and III@which included
g(t)], and model V, where a homogeneous dephas
exp@2t/40 fs# has been assumed, neglecting the imagin
part of g(t).

We now discuss time-resolved FWM, the spectrally
solved FWM, and the WS for the various models. The tim
resolved amplitude and phasew(t,t) @see Eq.~35!# of the
FWM signal for model I are displayed in Figs. 4~a!–4~h!.
Figures 5, 6, 7, and 8 contain the same quantities for mo
II, III, IV, and V, respectively. A different perspective o
these quantities is provided by the contour plots of the
namics of amplitude versust andt for our models I, III, IV,
and V given in the left column of Fig. 9~from top to bot-
tom!. The right column gives the corresponding phases
the signal~Model II is not given since it is very similar to
model I!. Instead of analyzing the temporal~amplitude! and
spectral~phase! dynamics separately, it is possible to intr
duce the WS, which simultaneously displays both type
information. The WS for models I, III, IV, and V are dis
J. Chem. Phys., Vol. 107, N
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played in Fig. 10~from top to bottom! for four different
delays, as indicated.

Using Figs. 4–10 we next compare the behavior of
models. For model I att5t50, see Fig. 4~d!, the contribu-
tions A and B have a phase of2p/2, which means that the
excitation like in a simple two-level system follows the e
citing pulses with this phase shift.54,59Due to the2 sign @cp.
Eqs. ~46! and ~47!# which represents a phase shift ofp, C
has initially a phase ofp/2. @see Figs. 4~f!, 5~f!, 6~f!, 7~f!,
and 8~f!#. For t5250 fs the signal is solely determined b
terms involving two-exciton states C and D. Since the
terms differ only in the last interaction~cp. diagrams dis-
played in Fig. 1! they are very similar, and cancel strong
due to their different sign, resulting in a small overall sign
@Fig. 4~a!#. To display the phase dynamics we have chos

ṽ5Vm20.07 eV @see Eqs.~35!#, whereVm is the average
molecular transition frequency, which is close to the line
absorption maximum, see Fig. 2~a!. Since the strongest tran
sitions between the one- and two-exciton states do not s
o. 21, 1 December 1997
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8772 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 5. Time-resolved amplitude~a!–~d! and phase~e!–~h! of four-wave-mixing polarizationS0(t,t), for model II for t5250 ~a! and~e!, 0 fs ~b! and~f!,

50 fs ~c! and ~g!, and 100 fs~d! and ~h! with ṽ5Vm2560 cm21. Solid lines: total polarization, dashed lines:A, dotted lines:B, and dash-dotC, and
dash-dot-dot:D.
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trally match with the absorption maximum and due to t
cancellation between terms C and D, we observe a ra
phase dynamics, see Fig. 4~e!. For t50 fs A, B, and C
contribute to the signal. Figures 4~b! and 4~f! display the
dynamics of the amplitude and phase of the three contr
tions as well as the total signal. While the amplitudes of
three terms A, B, and C decay with time, due to the canc
lation between the terms for short times the total amplitu
of the signal is small. It then increases and at aboutt520 fs
reaches a maximum, whose position is determined by
homogeneous dephasing and also by the dephasing bet
the one- and two-exciton contributions caused by their
ferent frequencies. For longer times it subsequently dec
The different signs of contributions A and B compared to
result in a corresponding change of phase. While for A an
the phase starts with2p/2 at t50, C has a phase ofp/2, see
Fig. 4~f!. For longer time delayst550 fs andt5100 fs the
buildup of an echo-like structure can be seen for A and
total signal, see Figs. 4~c! and 4~d!. However, due to the
presence of homogeneous dephasing, the position of
J. Chem. Phys., Vol. 107, N
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maximum of the time-resolved amplitude is not exac
given by the time delayt, but shows up at shorter times, fo
t5100 fs for example at aboutt'70 fs.

To obtain a more complete picture of the time-resolv
response, the first row of Fig. 9 displays contour-plots of
dynamics of the amplitude~left column! and the phase~right
column! versust and t. Figure 9 clearly shows the signa
occurring for negativet and the shift of the maximum of the
time-resolved signal to longer times~shorter thant) with
increasing time delay. Further Fig. 9 displays the ra
~slow! dynamics of the phase occurring for negative~posi-
tive! t.

The first row of Fig. 10 shows the WS fo
t5250, 0, 50, 100 fs. For positive delays the signals
quite symmetric with respect to the detuning aroundv
5Vm2560 cm21 and have a positive~blue! maximum fol-
lowing the last pulse at this spectral position. This is a dir
consequence of the slow dynamics of the phase~Fig. 4!. The
maximum of the WS appears at longer times with increas
t as shown by the time-resolved signals. For negative t
o. 21, 1 December 1997
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8773Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 6. Time-resolved amplitude~a!–~d! and phase~e!–~h! of four-wave-mixing polarizationS0(t,t), for model III for t5250 ~a! and~e!, 0 fs ~b! and~f!,

50 fs~c! and~g!, and 100 fs~d! and~h! with ṽ5Vm2560 cm21. Solid lines: total polarization, dashed lines:A, dotted lines:B, dash-dotC, and dash-dot-dot:
D.
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delay, due to the rapid dynamics~chirp! of the phase the
initial value of the WS aroundv5Vm2560 cm21 follow-
ing the last pulse is negative. For longer times the maxim
of the WS shifts slightly towards the red.

The only difference between models I and II is that w
replaced the exponentialM (t) by a Gaussian. As shown i
Fig. 2~b! the resultingg(t) are very similar for times shorte
than'50 fs and we therefore also expect similar FWM s
nals for these two models. This is confirmed by the ve
similar time-integrated signals shown in Figs. 3~a! and 3~b!,
and also by comparing the time-resolved signals displaye
Fig. 5 with the ones for model I Fig. 4.

Comparing models I and II with model III the pictur
changes somewhat, since the oscillating 190 cm21 nuclear
mode included in III, results in oscillations ofg(t) with a
time period of abouttB'175 fs @see Fig. 2~b!#, also the
FWM signals are weakly modulated. Fort50 and 50 fs
these modulations are not very pronounced since the ti
resolved signal reaches its maximum close to the last p
and since the time period of the oscillation is longer than
J. Chem. Phys., Vol. 107, N
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decay time of the FWM signal. Fort5100 fs we, however,
see a strong influence of the modulation. Due to the mo
lation of g(t), the time-resolved signal@Fig. 6~b!# does not
have its maximum aroundt'70 fs as for model I, but rathe
has a minimum at this time and shows maxima for sho
and longer times. This amplitude- and phase-modulation
duced by the oscillating nuclear mode can be clearly see
the contour-plots in the second row of Fig. 9 and in the W
displayed in the second row of Fig. 10. The maximum of t
WS for t5250 fs the maximum appears at rather lo
times, in agreement with the time-resolved signal@see Fig.
6~a!#. For t5100 fs ~see Fig. 10! around t580 fs, which
corresponds to the maximum of the time-resolved signal@see
Fig. 6~d!#, strong modulations of the WS as function of d
tuning with a period close to the frequency of the oscillati
nuclear mode appear. Apart from these modulations an
somewhat slower decay, the time-integrated FWM sig
@Fig. 3~c!# and the time-resolved signals for model III~Fig.
6! look for positive t,50 fs qualitatively similar to those
obtained for models I and II.
o. 21, 1 December 1997

to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



8774 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 7. Time-resolved amplitude~a!–~d! and phase~e!–~h! of four-wave-mixing polarizationS0(t,t), for model IV for t5250 ~a! and~e!, 0 fs ~b! and~f!,

50 fs ~c! and ~g!, and 100 fs~d! and ~h! with ṽ5Vm2560 cm21. Solid lines: total polarization, dashed lines:A1B, dash-dotC, and dash-dot-dot:D.
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While for models I, II and III, which all included homo
geneous dephasing viag(t) and a disorder with a short cor
relation length, the FWM signals are very similar, the situ
tion is different for model IV where we used the sameg(t)
as in model II, but assumed a disorder with a long correlat
length. Due to the correlated disorder in this model,
shown in Fig. 7 all contributions present for positivet A
1B, C, and the total signal are emitted as photon echoes.
longert the maximum of the time-resolved amplitude occu
close to t @see Fig. 7~d!#, which can also be seen in th
contour-plot in the left column of the third row of Fig. 9. Th
right column shows that as in disordered two-level syste
for positivet, the phase of the time-resolved signal follow
t}t lines. The rapid phase dynamics shown in Figs. 7~e!–
7~h! comes basically from the shift of the energy levels co
pared to model I2III, due to the absence of exciton localiza
tion which is induced by short range disorder@cp. Fig. 2~a!#.

We also find dramatic differences between models I2III
and model V, whereg(t) has been replaced byt/40 fs, i.e.,
J. Chem. Phys., Vol. 107, N
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by a simple exponential decay. Due to the homogene
limit the dephasing changes from a Gaussian form at s
times to an exponential@see Fig. 2~b!#, which decays more
rapidly at short times. Therefore for the homogeneous li
assumed in model V the time-integrated~see Fig. 3! and also
the time-resolved signals A, B, and C~see Fig. 8!, decay
very rapidly. In the time-resolved signals~A! only a very
broad echo-like feature can be observed fort5100 fs. Due to
the cancellation between the one- and the two-exciton c
tributions, the total time-resolved signals have their maxi
with some delay after the last pulse, see Figs. 8~b!–8~d!. We
have demonstrated very different FWM signals for mod
with very similar linear absorption. Due to the rather rap
decay, the spectrograms shown in the fourth row of Fig.
reach their maxima slightly earlier compared to model I.

VII. SUMMARY

In this paper we have investigated femtosecond tw
pulse four-wave-mixing signals from molecular aggregat
o. 21, 1 December 1997
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FIG. 8. Time-resolved amplitude~a!–~d! and phase~e!–~h! of four-wave-mixing polarizationS0(t,t), for model V fort5250 ~a! and~e!, 0 fs ~b! and~f!,

50 fs ~c! and~g!, and 100 fs~d! and~h! with ṽ5Vm2560 cm21. Solid lines: total polarization, dashed lines:A, dotted:B, dash-dotC, and dash-dot-dot:D.
re
a

na
e
s-
5
e
v
ts
s
A
n
d
a

te
itio

o

na

re,
n,
by

ich
y
nts

-
oin-
tion
is

e
iton
The present model includes exciton-phonon interactions
resented by arbitrary spectral densities, static disorder,
two-exciton states. All of these effects have distinct sig
tures in four-wave mixing which have been discussed in S
V using simple excitonic two-, three-, and four-level sy
tems. In Sec. VI we have applied the theory to the B8
band of LH2. Results for various time-integrated and tim
resolved four-wave-mixing and Wigner spectrogram ha
been presented, and have been connected to experimen
ing time-integrated detection.18 We predict the lineshape
and phase dynamics of time-resolved experiments.
discussed in Sec. VI the outcome of such experime
could be used to determine the strength and the type of
order present in the system. These measurements should
be very sensitive to exciton-phonon dynamics, which en
as dephasing and also as modulations of the trans
frequencies.

Photon echoes are traditionally analyzed using a tw
level model and the corresponding fast~homogeneous! ver-
sus slow ~inhomogeneous! contributions to the linewidth.
This model is not applicable for aggregates where the sig
J. Chem. Phys., Vol. 107, N
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depend on the combined effects of excitonic structu
exciton-phonon coupling, and static disorder. In additio
solvent and protein nuclear vibrations are characterized
broad spectral densities with a multitude of timescales wh
are not necessarily ‘‘slow’’ or ‘‘fast.’’ The present theor
allows a realistic modeling of photon echo measureme
which takes all of these effects into account.
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APPENDIX A: EXCITON REPRESENTATION OF
SPECTRAL DENSITIES

In this Appendix we derive expressions for collectiv
bath coordinates and dipole matrix-elements in the exc
o. 21, 1 December 1997
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8776 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 9. Left column:~a!–~d! logarithm of amplitude of four-wave-mixing polarizationS0(t,t) for models I, III, IV, and V ~from top to bottom!. Right
column: ~e!–~h! phase ofS0(t,t) in units of p for the same models.
J. Chem. Phys., Vol. 107, No. 21, 1 December 1997
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8777Meier, Chernyak, and Mukamel: Femtosecond photon echoes
FIG. 10. Wigner spectrograms for models I, III, IV, and V~from top to bottom! for four different time delayst5250, 0, 50, and 100 fs~from left to right!.
The color codes~which are different for each panel! are similar to Fig. 9, large~positive!5blue, green, yellow, red5small~negative!.
J. Chem. Phys., Vol. 107, No. 21, 1 December 1997
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8778 Meier, Chernyak, and Mukamel: Femtosecond photon echoes
representation which enter Eqs.~12!–~13!. We also express
the spectral densities in the exciton representation in term
molecular spectral densities.

Expressions for collective coordinates can be obtai
by projecting the second term in the r.h.s. of Eq.~4! into the
subspace of one- and two-exciton states, which yields

qm
~c!5(

mn
wm~m!wm~n!qmn

~c! ,

qmn
~c!5(

mn
wm~m!wn~n!qmn

~c! ,

qm̄
~c!

5(
mns

qmn
~c!@Cm̄~m,s!1Cm̄~s,m!#2, ~A1!

qm̄ n̄
~c!

5(
mns

qmn
~c!@Cm̄~m,s!1Cm̄~s,m!#

3@C n̄~n,s!1C n̄~s,s!#.

The one-exciton wavefunctionswm(m) and the two-exciton
wavefunctions Cm̄u(m,n) are chosen to be real wit
Cmū(m,m)50, and are normalized as

(
m

uwm~m!u251,

~A2!

(
mn

Cm̄~m,n!@Cm̄~m,n!1Cm̄~n,m!#51.

Note that the two-exciton wavefunctionsCm̄(m,n) can be
chosen to be symmetric with respect to exchange ofm andn,
but this is not assumed here. The dipolesdm , dm,m̄ can be
obtained by evaluating matrix elements of the polarizat
operator between the ground state and one-exciton and
exciton states, resulting in

dm5(
m

dmwm~m!,

~A3!

dm,m̄5(
mn

Cm̄@wm~m!dn1wm~n!dm#.

Expressions for the spectral densities follow immediat
from Eqs. ~A1!. Using a natural notationCmn[Cmm,nn ,
Cm̄ n̄[Cm̄m̄, n̄ n̄ , Cm n̄[Cmm, n̄ n̄ , Cm,ab[Cmm,ab ,
Cm,ā b̄[Cmm,ā b̄ , Cm̄,ab[Cm̄m̄,ab , Cm̄,ā b̄[Cm̄m̄,ā b̄ and in-
troducing the linear transformation which connects ma
elements ofq(c) in molecular and exciton representation wi
matrix elements

Amn,mn[wm~m!wn~n!,

Ām̄ n̄ ,mn[(
s

@Cm̄~m,s!1Cm̄~s,m!#@C n̄~n,s!

1C n̄~s,n!#,

~A4!

we obtain:
J. Chem. Phys., Vol. 107, N
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Cmn,ab~v!5 (
mnm8n8

Amn,mnAab,m8n8Cmn,m8n8~v!,

Cmn,ā b̄~v!5 (
mnm8n8

Amn,mnAā b̄ ,m8n8Cmn,m8n8~v!, ~A5!

Cm̄ n̄ ,ā b̄~v!5 (
mnm8n8

Am̄ n̄ ,mnAā b̄ ,m8n8Cmn,m8n8~v!.

APPENDIX B: THE BETHE ANSATZ FOR
MULTI-EXCITON STATES

In this Appendix we present expressions for mul
exciton states in a cyclic Frenkel-exciton model with neare
neighbor intermolecular interactions. To obtain these sta
we consider instead of a cyclic aggregate containingN
molecules with interaction constantsJm,m61 an infinite
periodic one-dimensional aggregate model
defining Vm1nN[Vm , Jm1nN,m611nN[Jm,m61. Let
w1(m), . . . ,ws(m) be a set of eigenstates of the one-excit
Hamiltonian on the infinite chain. Consider a Beth
s-exciton state defined as

uw1 . . . ws&[ (
m1 . . . ms

em1 . . . ms
w1~m1! . . . ws~ms!

3Bm1

† . . . Bms

† u0&. ~B1!

In Eq. ~B1! em1 . . . ms
is defined in the following way:

em1 . . . ms
is antisymmetric with respect to permutations

m1 . . . ms and em1 . . . ms
51 for m1,m2, . . . ,ms . A

straightforward calculation shows that thes-exciton state of
Eq. ~B1! is an eigenstate of the exciton Hamiltonian for
infinite chain. Alternatively Eq.~B1! can be derived using
the Wigner-Jordan representation of the exciton mode
terms of free fermions. Using the language of Bethe-Ans
the form of Bethe states given by Eq.~B1! means that the
scattering amplitudeSi j of any pair of excitonsi and j in our
model isSi j [21. To obtain multi-exciton states in a cycli
aggregate we impose periodic boundary conditions to
Bethe states given by Eq.~B1!, which yields the following
set of equations:

w j~M1N!5~21!s21w j~m!; j 51, . . . ,s. ~B2!

Equations~B2! are obtained by moving thej th particle byN
sites, the factor (21)s21 reflects the scattering of thej th
particle on the other (s21) particles in the process of shift
ing the j th particle byN sites. Equations~B2! constitute the
set of Bethe equations50 which have an unusual simple form
for our model due to a very simple two-particle scatteri
amplitudeSi j [21 for anyu and j . This results in the fol-
lowing boundary conditions for the one-exciton wavefun
tions w1 , . . . ,ws : they should be all periodic, i.e.
w(m)5w(m1N) if s is odd and they should be all antipe
riodic, i.e. w(m)52w(m1N) when s is even. Introducing
the sets of periodic and antiperiodic one-excitonw1 , . . . ,wN

andw̄1 , . . . ,w̄N , respectively, we obtain multi-exciton state
in a form
o. 21, 1 December 1997
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um1 , . . . ,ms&5 (
m1 . . . ms

em1 . . . ms
wm1

~m1! . . . wms
~ms!

3Bm1

† . . . Bms

† u0& ~B3!

for odd s, and

um1 , . . . ,ms&5 (
m1 . . . ms

em1 . . . ms
w̄m1

~m1! . . . w̄ms
~ms!

3Bm1

† . . . Bms

† u0& ~B4!

for evens.
In practice, the functionswm(m) and w̄m(m) can be

found as eigenvectors ofN3N hmn ad h̄mn defined as
J. Chem. Phys., Vol. 107, N
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hm,m115 h̄m,m115Jm,m11 , ~B5!

h̄m11,m5 h̄m11,m5Jm,m11 ,

for m51, . . . ,N21 and

hN,15h1,N5JN,1 , h̄N,15 h̄1,N52JN,1 . ~B6!

APPENDIX C: FOUR-WAVE MIXING IN AN EXCITONIC
SYSTEM COUPLED TO AN OVERDAMPED
BROWNIAN OSCILLATOR

In this Appendix we calculate the polarization of an a
gregate coupled to an overdamped Brownian oscillator w
an arbitrary relaxation timescale. In the high temperat
limit, inserting Eq.~55! into Eq. ~45! yields
S0~ t,t!5 i 3E1
2~E2

1!2 (
n1 ,n2 ,n350

`

(
a51

N

(
m51

N12N~N21!

aam~ t,t!
~2Xam

~1! !n1

n1!

~2Zam
~2,3!!n2

n2!

~2Xam
~4! !n3

n3!

3exp@2 i ~eam
~1! t2eam

~2! t !#exp@2~n21n3!Lt2~n11n2!Lutu#, ~C1!

with

eam
~1!5H em2 iL~Zam

~2,3!1Xam
~4! !, m51,...,N

ē m~m!1 ē n~m!2ea2 iL~Zam
~2,3!1Xam

~4! !, m5N11,...,N1N~N21!

ea2 iL~Zam
~2,3!1Xam

~4! !, m5N111N~N21!,...,N12N~N21!

, ~C2!

and

eam
~2!5H ea1 iL~Zam

~2,3!1Xam
~1! , m51,...,N

ea1 iL~Zam
~2,3!1~Q~t!2Q~2t!!Xam

~1! , m5N11,...,N1N~N21!

ē ū~m!1 ē n̄ ~m!2ea1 iL~Zam
~2,3!1Xam

~1! !, m5N111N~N21!,...,N12N~N21!

,

wherem(m), m̄(m), n(m), andn̄(m) run over all possible combinations ofm,n andm̄,n̄51, . . . ,N excluding the terms with
m5n and m̄5 n̄, and

aam~ t,t!55
2Q~ t !Q~t!udau2udmu2exp@Xam

~1!1Zam
~2,3!1Xam

~4! #, m51,...,N

2~Q~ t !Q~t!1Q~ t1t!Q~2t!!dadm~m!n~m!
~2! da,m~m!n~m!

3exp@Xam
~1!1Zam

~2,3!1Xam
~4! #, m5N11,...,N1N~N21!

Q~ t1t!Q~2t!dadm̄~m! n̄ ~m!

~2! da,m̄~m! n̄ ~m!exp@Xam
~1!1Zam

~2,3!1Xam
~4! #, m5N111N~N21!,...N12N~N21!

,

~C4!

and

Y5S 2lkBT

\L2 2 i
l

L D , ~C5!

Xam
~1!5H Y* ~Caa1Cam!, m51,...,N

Q~t!Y* Ca,m~m!n~m!
~1! 1Q~2t!YCa,m~m!n~m!

~1! , m5N11,...,N1N~N21!

Y~Cm~m!n~m!,m~m!n~m!
~2! 2Ca,m~m!n~m!

~1! !, m5N111N~N21!,...,N12N~N21!

, ~C6!

Zam
~2,3!5H 2Y* Cam, m51,...,N

Y* ~Caa2Ca,m~m!n~m!
~1! !, m5N11,...,N1N~N21!

Y~Caa2Ca,m~m!n~m!
~1! !, m5N111N~N21!,...,N12N~N21!

, ~C7!
o. 21, 1 December 1997
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Xam
~4!5H YCmm1Y* Cam, m51,...,N

Y~Cm~m!m~m!,m~m!n~m!
~2! 2Ca,m~m!n~m!

~1! !, m5N11,...,N1N~N21!

YCa,m~m!n~m!
~1! , m5N111N~N21!,...,N12N~N21!

. ~C8!

The FWM signal given by Eqs.~45!–~47! can be written as a sum over contributions from various four-level syste
made of the ground, two one-exciton, and one two-exciton states, see Fig. 1. To analyze the signatures of the various
processes on the FWM signal@Eq. ~C1!#, we study in Sec. V a series of simplified models, a two-, a three-, and a four-le
system, respectively.
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