Wigner spectrogram representations of heterodyne-detected four-wave-
mixing and fluorescence up-conversion
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Gated spontaneous emission and four-wave-mixing signals are expressed using a mixed
time-frequency representation of the fiel@&/igner spectrogramsand of the material response
functions. Well-separated and overlapping pulses are described using twodsaiedusal and
one-sidedcausal spectrograms, respectively. Pump—probe and fluorescence spectra are recast in an
anologous form which facilitates the direct comparison of the underlying microscopic dynamics.
© 1997 American Institute of Physids$0021-960807)01935-1]

I. INTRODUCTION of the probe in controlling the temporal and the spectral
characteristics of the signal is played by the gating
Nonlinear optical signals are usually calculated either indevice!®*
the time domain or in the frequency domain. A correspond- In this paper we develop an intermediate mixed time-
ing time or frequency representation of the radiation field isfrequency representation of spontaneous and coherent non-
adopted in each case, and the material response is given bpear optical signals induced by pulses of arbitrary shape
either its nonlinear response functid®&, which depend on and duration. By representing the various fields using
n time variables, or susceptibilitieg™, which depend om  Wigner spectrograms we obtain a clear physical picture that
frequency variables, respectively. These two mathematicalljiterpolates between the frequency domain and the impulsive
equivalent descriptions are relatediby 1 dimensional Fou- _|m|ts. Heterodyne—detect.ed four-wave-mixing is discussed
rier transforme~4 Time-ordered expansions of the optical N S€cs: Il and lII; the simpler case of well-separated two
response functions maintain various degrees of bookkeepin@lese paurs 1S "’!”a'-‘/z.ed n Sec. ”.’ and extension to the gen-
of the time ordering of the interactions with the incoming ral pulse configuration is given in Sec. lll. Formal expres-

: ; . . . .~ sions for time- and frequency-resolved spontaneous emission
fields. The density matrix provides a complete time ordermgare derived in Sec. IV. Similar to the heterodyne-detection

whereas eg;;a;su;(rlls ba}sed.%r) thﬁ ste funrc1t|0|?s (;nlyhmal%se, the sequential configuration with a well-separated gate
tain a partial bookkeepingwithin the bra or the ket Suc is considered first in Sec. V, and expressions for the general

bookkeeping is redundant in the frequency domain, wher@,se are given in Sec. VI. Finally, our results are discussed in
the order of the various interactions is not controlled and allgg. ).

orderings need to be taken into account. This is whynite

order susceptibilities contain! times more terms than the

response functions, to account for all possible permutationy HETERODYNE MEASUREMENTS INVOLVING

of the incoming fields. The time-domain description is mMostNONOVERLAPPING PAIRS OF PULSES

suitable for impulsive measurements using very short pulses, ) . ] ]
whereas stationary measurements conducted with monochro- W€ consider a material system subjected to the optical
matic beams are naturally described in the frequency do‘—eleCtrIC field
main. Experiments involving finite pulses require a hybrid of

the two representations. Consider, for example, pump—probe E(r,t)= > [Ej(hexp —iwjt+ik;-r)

spectroscopy.® We would like to interpret such measure- =

ments in the following intuitive manner; The pump creates a + E}*(t)exp(iwjt—ikj -r)]. (2.1

nonequilibrium wave packet which then undergoes some dy|-_| : . : : 5
. . . . ) ) ereE,(t) is the complex amplitudéanalytical signaf® of
namics(vibrational motions, curve-crossing, bond-breaking, i P P @naly gna

S R the jth field with central frequencw; and wave vectok; .
etc), until it is finally detected by the probe. This simple cieigs 1. 2 and 3 interact with the system and create the
picture, which further allows a classical or a semiclassicalpirg-order polarizationP®, which generates the signal

interpretation, poses some fundamental questions: HOW C&fk|d. Field 4 does not interact with the system; instead it

we relate this evolution to the characteristics of the pumpnterferes with the signal field, prior to its detection, to create
and the probe? How to take into account properly thethe heterodyne signai®*’

frequency-time uncertainty in the excitation and detection

stages?, and how to interpret these measurements when the g — |mf dtE,(H)PA)(t). (2.2
pump and the probe overlap in time? The same type of ques-

tions apply also to the description of time- and frequency-Expanding the polarization to third order in the incoming
resolved fluorescence measureméfitd? whereby the role field results in

4
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4166 Shaul Mukamel: Wigner spectrogram representations

is now introduced through the momentuymvariable. This

remarkable distribution allows us to treat quantum dynamics
S®)(t, 73,75, 7)E4(1)E(m3)E(7p)E(7;), (2.33 in phase-space while retaining the complete quantum char-
acteristics of the system. In the classical limit it reduces to
the classical phase-space distribution. The same idea can be
translated to the time-frequency domain. The time-dependent
phase of an electric fiel&(t) can be expressed using a fre-

i\ quency variable. Given two fields, we define the spectro-
= < (ﬁ) [[LV(1),V(73)],V72],V( 71)]>- (2.3D  gram, which represents their joint spectral and temporal pro-
file.

o t 73 7 The information contained in the phase of the wave function
Shet=|mf dtf dTgf def dTl

with the third-order response function

8(3)(':,7'3,7'2,7'1)

Here the time dependence ®f(7) is determined by the
purely molecular HamiltoniaiH) with no fields "
W]-_k(t,w)EJ Ej*(t—T/Z)Ek(H- T12)expioT)dT.

\Y ex;< - IH Ht) . (2.30 (2.5

i
HHt

V(t)=exp

The various third-order techniques differ by the choice of the(Throughout this article, an index with an overbar, ejg.,
signal wave vectoks=*tk;*=k,*ks. For brevity we did represents the complex conjugated fiElﬁi.) Such spectro-
not expand the fiele into its modes in Eq(2.39. This must grams are commonly used in the visualization of acoustic
be done in specific applications which require the selectiorsignal$°-2?and have more recently been adopted to optical
of a particular wave vectdk; for the signal. fields as welf*23-%unlike the field itself, the spectrogram

Many techniques employ partially time-ordered pulse secan be measured by nonlinear correlation techniques.
guences. A common case involves the application of a paiProgress in pulse shaping, with control over both envelope
of pulses(E; andE,), and the signal generated by the third and phase of optical field8;***? makes such a representa-
pulse E5) is finally detected using the heterodyng,jf tion very attractive for the description of coherent radiative
pulse. The pulses in each pdE,, E,) and (E5, E;) may processes>3* The temporalspectral integrals over the di-
overlap temporally, however the two pairs are well sepaagonal spectrogramvith j =k) give the spectraltemporal
rated. Typical examples of techniques carried out in thigpower spectra of the field:
mode include transient gratings, CARS, and pump—probe.
The calculation and interpretation of the signal in this case is
simpler than the most general case, whereby all pulses may
overlap. We shall therefore consider it first and defer the
treatment of the general pulse configuration to the next sec-
tion. The temporal overlap of the pulse pairs results in addi-
tional contributions to the signal known as coherent artifacts, f dt Wi (t,0)=|Ej(w)|%. (2.6
which do not have a simple classical interpretation.

The analysis of nonlinear measurements may be facili-
tated by adopting a joint time-frequenégpectrogramrep- L o
resentation for the fields. The concept of a spectrogram ca%ratlon in Eq.(2.33 may _be Changw fTO”’ra tp * th'S.
be traced back to Wigner, who recognized its utility since theallows us to separate the integration variables into two inde-

early days of quantum mechani®s”® The amplitude of a Een((:lze g; E::ﬁrfé hTf))earg?:a(;'f ’i:]) ‘th'\gigi{;r%fse of Eq(2.9),

wave function(x) represents the probability of finding a q. (<.

particle at a given point, whereas its phase is related to the

momentum. Wigner proposed to represent the state of the f j j f d
et—

do

oy Wit o) =Ej(1)|%

For well-separated pulses, the upper limit of thente-

wdw,
system by the phase-space quasiprobability distribution Sh 2m2m dt; dt;Wy (w2,t2)

_ 1 Jd * /2 /2 l{i ) Shel 02,2501, 1) Wij(@3,y), (2.79
p(A.P)=5— | dxy*(a—x2)p(a+x/2)exp i pX|.
(2.9 with
J
Shel @2,t2501,t) =1m fwdrlfwde expliw T +iwymy)
0 0
13
X< fIL_) [[[V(ta+ 72/2),V(ta— m2/2) | V(ty + 11/2) V(1= 11/2) ] ) . (2.7
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Here,j,k,| assume the values 1, 2, 2 and 3, 3S,,is an (303, Tr05)

ideal snapshot spectrunmcorresponding to pulses with

sharply defined frequency and time. It contains all the mo- _ [~ * . .

lecular information necessary for the analysis of measure- fo dsgfo dsz expliwgSs +1w2S,)

ments conducted with realistic pulses; the actual signal is 3

obtained by convoluting the snapshot spectrum with the field - _
spectrogram§Eq. (2.5)]. In this form the distinct roles of the x < (fi) [LIV(75+59) V7a) | V(72) V(72— 57)] |-
spectral and temporal profiles of the pulses and of the mo- (3.3b
lecular response are clearly separated. It should be noted that . ] o )
despite the integrations over time and frequency variables! NS form is formally very similar to Eqg2.6), which only

the heterodyne signa,; still depends on frequency and ho!q for wel!—s_gparated pulses. It is possible to mtrod.uce a
time parameterg¢not specified hejewhich characterize the Unified d?ﬁnmon of causal and noncausal Wigner
pulse spectrogrant2336 transform$

Wi (7,0;0)

Ill. THE GENERAL HETERODYNE SIGNAL :f dsE(7+os)Ey[7—(1—o)s]exp(—iws), (3.4

The main technical difficulty in evaluating ER.3) is o=1/2, 1, 0, then give the ordinafponcausalw, W*, and
disentangling the multiple time integrations and breakingw, respectively.
them into simpler factors involving fewer integrations. To
that end we perform the following change of time variables:
We shall retain ther, and 73 variables and replaceby s; IV. TIME- AND FREQUENCY-GATED SPONTANEOUS
=t— 7, and 7, by s,=1,— 7,. The integration limits of the EMISSION
new variables, ands; are from 0 ande, independent of the
other variables; this makes it possible to factorize the timefiel
integrals. We thus have

We consider a molecular system driven by external
ds and characterized by the time-dependent polarization
operatorP(t). The system emits a radiation field P(t)
% o 73 o which is detected using a temporal followed by and a spec-
Shet= f_xdﬁfo d%f_wd72fo ds, tral gate’®3’ The time-gating process involves mixing the
emitted field with a second field&, , creating the frequency-
X S¥(15+83,75,72, 72— S,)Ef (734 S3) sum signal field (fluorescence-up-conversiph'438 E,
transmits the field only for a short time interval centered
XE((13)E(m2)Ej(72=S7). (3.1 aroundt,, resulting in the gated field

Here]j ,k,I_ run over_all_ indices of 1 A2, 2_ and 3, 3 o E'(1)=E(t;to) P(1), 4.1)
The finite (r3) limit of the 7, integration makes it im-
possible to factorize the integrations using the Wigner specwhere Eq(t;to) is the temporal transmission function. Fol-
trograms defined earlier. This is, however, feasible if we inlowing the up-conversion process, the field is passed through
troduce different, one-sided, Spectrogra 36 a Spectral gatlng deViC@ SpeCtrometéer which transmits
energy in a specific frequency interval centered at some se-

lected frequencyw,, as given by its spectral transmission
function F4(w; wg). The gated field now becomes

E(w)=F¢w;w)E'(w). (4.2

Wjik(r,w)zf:ds E(r=s)Ex(m)exp—iws), (3.23

with the inverse transform
HereE’'(w) andE(w) are the fields before and after passing
0(S)Ej(T+S)Ek(T):f Wﬁ((r,w)exp(iws)dw. (3.2b through the gate. We shall denote them the bare and the
gated signal, respectively. Equati@f.2) can be recast in
The ordinary Wigner spectrogram is not causal; its value atime domain using the convolution,
timest depends on the field at all earlier and later times. In o
contrast, W and W~ are causal and depend on the fields E(t)=f Fo(t—t1;00)E'(t1)dt;. (4.3
only at later or earlier times, respectively. ”
Upon the substitution of these definitions in E8.1), it For reasons of causality;¢(7; wp) must vanish identically

assumes the form for 7<0. Combining Eq.(4.1) and Eq.(4.3), we obtain for
the gated field®
o 7'3
Shetzlm f dTgf def d(l)zf d(l)3 o —~
o w Est(t):J7 d7F(t— 7 00) E(( ;1) P(7). (4.9
8291(7'3(.03;Tz(L)z)WL(Tg,(.Og)W;j(Tz,wz), (333

The detected signal, which depends parametricallywgn
with andty, is given by the integrated intensity of the gated field,
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5 and is therefore always positive. The gate function
Sst(IvaO):f dt|Eg(t)[*. (4.9 ®(t',0';ty,wp) is usually localized in both time and fre-
_ _ quency. An ideal time gate®(t’,o’;tg,wq)=8(tg—t’),
Putting all of these together yields yields the time-resolved signal,
to, = dtf dt fdt =
Suito.on= [t at, [ at laud 0= | Solto0)d0=[Pito), (4.13a

Ft—ty wg)F2(t—ty @ .
st tajwo)Fs (t=tp o) whereas an ideal spectral gate®(t',0’;ty,wq)

X Ey(t1:to) EF (th; w0)(P(t)P(tp)). (4.6) =8(wo— '), gives the frequency-resolved signal,

To highlight the joint role of the temporal and spectral -
profiles of the fields we shall recast this result in a different Iauto(wO)EJ So(to, wo)dto=|P(wq)|% (4.13b
form. Making the change of variables= (t;+1,)/2; s=t;
—t,, and introducing the Wigner function for the time gate, Note, however, that it is not possible to construct an ideal
temporal and spectral gate, ®(t',w’';tg,wq)

th(?w?to):J ds B (t—s/2itg) Ey(t+s/2ity), (4.7) =68(to—t")8(wo—w'), since it violates the fundamental un-
certainty of Fourier transformd wAt=1.
Eq. (4.5) assumes the form The gated signal can be alternatively recast in the form:
Sst(tOer):f dt dTJ de do expliws) Sst(thwO):f doy|Fo(w1;00)[*S(to.@1),  (4.143
X F¥ (t—t—5/2;00)Fg(t—t+5/2;wq) with
X Wy(t, w;to). (4.9 0 _
We next introduce the Fourier transform of the spectral gate SS‘(tO’wl):f dTJ doWy(t, 01~ o,t) So(t),
amplitude (4.14h
F*(t—t—s/2;w0)Fo(t—t+5/2;0) S, being the up-conversion signal obtained with an ideal
spectral gate. Note that the time and frequency arguments of
:J J dw; dw, F(wr;00)Ff (wy;00) W“ satisfy the ungertainty reIatioaSnuAtzl.tl?St also takes
into account the finite spectrometer bandwidth and the un-

certainty is no longer transform-limited\@At>1).
These results form the basis for the analysis presented in
The t integration can now be performed, resulting in the following section, where we expand the polarization per-

X exfi(w;— w,)(t—t)+i(w;— w,)S]. 4.9

6(w1— w,). We finally obtain turbatively in the pump field and derive a mixed time-
o o frequency expression for the signal. As in the case of hetero-
Sst(tvaO):J de do 1P (t,w;ty,w) Sp(t,wq). dyne detection, we shall first consider the simpler situation

4.10 whereby the gate is temporarily well separated from the
' pump. Proceeding along the same lines of Sec. Il we obtain

Here a compact closed expression for the signal. The more general
o _ _ case of arbitrary timing of the gate will be considered in Sec.
So(t,wq)= f ds(P(t—s/2)P(t+s/2))expiw;S), VL.
(4.11
and

V. FLUORESCENCE UP-CONVERSION WITH A WELL-

_ 5 _ , SEPARATED TIME GATE
Dg((t,0;tg,w0)= | dwq|Fg(wq;w0)|*"Wy(t, 01— 0’ ;to).

4.12 Spontaneous light emissiofSLE) at short times con-

_ tains a direct scatteringRaman contribution, and a long-
So(t, @) is thebare autocorrelation signatorresponding to  time fluorescence component. When the gate does not over-
an ideal infinitely resolved gating both in time and fre- lap temporally with the pump, the Raman contribution is
quency, andP(t’,w";to, wo) is the joint gate function that negiigible and the calculation is greatly simplifitExpand-

depends on the transmission functions of both the spectr%g the polarizatiorP to first order in the pump we obtain
and time gates, as well as the order in which they are applied.

Common models for the gate functions were introduced and—~  — ty ty
displayed in Ref. 14. The bare signal is not positive definite P(t1)P(t2))= fﬁwdﬁ dm
and it may even assume negative values. The gated signal, in

contrast, is written as a squared amplitidethe gated fiely (M(m)V(1) V(1) V(1)) )E(T)E(7). (5.2
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For a well-separated gate, we can change both upper integral- t 73 5
tion limits to «. Making the rotating wave approximation, SSLE(tval):f dtledT3fiocd72ledTl
Eg. (4.10 can then be recast in the form

XEy(1)EI ()exdiwy(t—173)]
Sactivwo= | [ | [ atow avaw X(V(ra)V(mg V(DV(7))Ey(tito)
X Dgy(t,0" i1, w0 S(t, @it o) X Ey(73:t0), (6.3b
XW7i(t," o"), (5.2 . n .
with the bare(snapshatspectrum SgLE(to,w1)=f dtJ_wdTgf_xdeJ_wdﬁEf(7'1)

SS,_E(tw;t’w’)=fO dsfo ds’ exp(is’ o’ +isw) Ey(ry)exioy(t—10)]
V(t'+s")V(t+s)V(t—s)V(t'—s’)
W ( ( >(5.3) <V(7'1)V(T3)V(t)v(T2)>Et(t;tO)Et(T3;t?é,30)

grepresents an emission spectrumt atw induced by an
ideal pump E,), which is infinitely sharply defined both in t s .
frequency and in timeW;(t',0')=48(t' —tg) §(w’ — wq). sg'LE(to,wl)zf dtf d73f d72j d7EY (71)Eq(73)
Even though such a pulse is unrealistic, the bare spectrum is - - -

extremely useful since the actual spectrum is simply ob- xXexfdio)(t—7) KV(T)V(m2) V(D) V(73))
tained by convoluting it with the actual Wigner spectrogram
of the pump. As in Sec. Il, we have expressed the signal X E(t;tg) E¢(72;t0). (6.30

using ordinary (two-sided rather than one-sided spectro-
grams. This representation is closely connected with the clasrhis result can also be obtained by combining E§s100

sically intuitive doorway/window picture of sequential with (5.28 of Ref. 3 and adding the time gate to each term.

pump—probe or spontaneous emission spectrostopy.

VI. FLUORESCENCE UP-CONVERSION WITH AN
ARBITRARY GATE

[The spectral gate can be simply added at the end using Eq.
(6.1) and we will not consider it any longérProceeding
along the lines of Sec. lll, we change variablesr;+s;
71=T,—S; and obtain

When the gate is not well separated from the pump wex

& (ty,wq)+ S (tg, @
may proceed in an analogous manner to our analysis of hepste(for @)+ Ssielto, 1)

erodyne detection in Sec. Il and derive general expression * * 73 o .

for the signal in terms of a one-sided joint Wigner spectro-  ~— jﬁxdTSL dSJ’%dTZfO ds,E1 (72— 81)EL (72)
gram representing the gate and the pump fields. This form is

obtained in the Appendix. In this section we adopt a different X Ey(73+5;t0) Eq(73;t0)expli wyS),

route. We first separate the signal into three components rep-

resenting specific time orderings of the fields. This will result[<v( 72)V(73)V(73+5)V(7,—51))

in a less compact expression than that of the Appendix.

However, this expression now depends on the pure Wigner +{V(72=s1)V(73)V(73+5)V(72))], (6.4a
spectrograms of the pump and the gate, which makes its

physical origin more transparent.
We start with the following fornisee Eq.4.143]

SSLE(thwO):f dwy|Fs(01;00)[?SY e(to, 01). (6.1

S2, - represents the spectrum for an ideal spectral gate

SSLE(tval):f dtlf dt2<E(t1)E(t2)>
X Eq(ty;to) Ef (t2;t0)

This expression can be recast in the f8tm
Sq1e= S5 e+ Sh e+ Sa et e.c., (6.39

where

Sg',_E(to,wl)=f drgf dsfngZJ ds,
— 0 — 0 0

X ET (15— 51)Eq(73)Eq( 73t S;to)
XEy(7to)exdiwy(m3— 12+ 59)]

X{V(1,—8)V(71)V(73+S)V(73)). (6.4b
These results can be recast using one-sided Wigner functions
Seie(to, 1)+ Seyelto, 1)

:f d73f 3d72f deJ dw,Wiy( 5, w5)

X Wit (73,01~ w3:t0)F(73,03; T2, 05) (6.53
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SgILE(tval) classical interpretation in terms of preparation, evolution,
and detection stages. For overlapping pulses the signals are
_ [ 3 more complicated. However, in either case they may be ex-
—fﬁwdefﬂdef dw?’f dwoaWiy(72,02) pressed using Wigner spectrograms of the fields. Various
. , methods are now available to measure optical electric fields
XWii( 73,01~ @3;t0)F' (73,03, 72, 02). (6.5D  (both amplitudes and phaséé®1’ The spectrograms pro-
Here vide a convenient way for visualizing these fields and incor-
porating explicitly the roles of their spectral and temporal
F (73,030 Ty w5)= fwdsjwdsl exXp(i 35— 0,5,) profiles in the resulting signals. Recent applications demon-
0 0 strated how Wigner spectrograms can be used in ;}%e study of
the role of electronic correlations in semiconductdrand
XUV()V(79) V(73 +8)V(7,~51)) conjugated polyene®,and the nature of exciton dynamics in
+(V(15—s)V(73)V(73+S)V(7))], biological complexes® Mixed time-frequency representa-
tions should also be helpful in the analysis of higher order
(6.63 measurement§*3involving multiple sequences of pulses.

and
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X(V(7,—81)V(712)V(73+8)V(73)).
(6.6b) APPENDIX: NON-TIME-ORDERED EXPRESSION FOR
o ) ] GATED SPONTANEOUS EMISSION

S+ S' represent a sequential procégamp-first, gate-later Expanding Eq(4.11) to second order in the pump, and
Consequently, they depend separately on the PUMP: pstituting in E (4.141, gives
spectrogram which describes the preparation of an excitedc'— 9 qis- 9
state wave packet, and on the gate spectrogram which repre- _, ty t2
sents the “window” through which the system is probed. SS'-E(t'w):j dtlj dtzf_xdle_dez
Only the cohereng'" (Raman-typgcontribution depends on
the joint field-gate spectrogram. This is to be contrasted with (V(m)V(t)V(t2)V(72))
the equivalent expression given in the Appendix, which does *
not keep track of the time ordering and depends solely on the XE1(t) B () Ea(71)By(72)

joint pump-gate spectrogram. X O[t—(t1+t)2]lexdiw(Ti—7)]. (Al)
VIl. DISCUSSION Introducing the time variables;=t;—s;; m,=t,—5s,, we
In this article we showed how both heterodyne-detecte(? btain

four-wave mixing and gated spontaneous emission may bg, tor= | d q “d “d
expressed in terms of Wigner spectrograms of the incomingg‘SLE( @)= L dt 0 S1 0 2

fields and the gate. Sequential optical processes that can be

represented by two pairs of well-separated pulses are given (V(t1—s)V(t) V(1) V(L —s2))

by noncausal(two-sided spectrograms. More generally, *

however, the signals depend on one-si¢jeakitive or nega- XE(L)EL ()Ea(ti=S)Bs ()

tive) causal spectrograms that maintain the necessary book- Xo[t—(t1+t)/2]lexdiw(t;—tr,—S1+S5)].

keeping of time ordering. (A2)
Pump—probe spectroscopy is a special case of

heterodyne-detected four-wave mixing. The technique inDefining

volves only two pulses: the pum{l) and the probeg?2). In o o

this case the probe serves also as the heterodyne field. The F(tlwl;t2w2)=f dslf ds, expliw,S;+iw,Sy)

probe differential absorption is then given by E(&7) and 0 0

(3.3 prqwded we substitute 1 fc_)r the |nd|c¢_$md k, and 2 X(V(t;—s)V(t) V() V(t,—S,)),

for the indicesj and 4. Comparing these with Eq%.2) or

(6.5) illustrates the close formal connection between the de- (A3)

scription of pump—probe and spontaneous light emissionve have

spectroscopie$, Both techniques are expressed usidi-

feren) combinations of four-point correlation functions of ?(tlw):J’ dtlj dtzf dle dw,d[t—(t;+1,)/2]
the material system: Both depend on a pump field. The gat-

ing field in SLE plays a very similar role to the probe in X exdiw(t;—t,)]F(tiw;;t,w,)
pump—pulse spectroscopy. Sequential measurements con- B -
ducted with nonoverlapping pulse pairs have an obvious XWiyi(ty, @) Wyi(ta, w2). (A4)
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