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Femtosecond four-wave-mixing spectroscopy of interacting magnetoexcitons
in semiconductor quantum wells
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Nonlinear exciton equations for one- and two-exciton variables, obtained by mapping the two-band model
onto the molecular~Frenkel! Hamiltonian, are applied to calculate resonant optical nonlinearities in two-
dimensional semiconductors in a strong perpendicular magnetic field. The polarization dependence of the
time-resolved four-wave-mixing signals provides a direct probe for the two-exciton manifold as well as for the
asymmetry of the particle-particle and particle-hole Coulomb interactions.@S0163-1829~99!01116-9#
uc
o
c

hi
e

ra

n

o
ito
ee
n

uc
e
ee
n

he
ito

b
ito
er
w
re
t

ed
cr

l
se

k

r
n

not
A

o-

to
al
f
tly

ns
sing

ity
s-

in-
ctor

ed to
ne-

e
nt
m-

o-

ned
ave

iton
d

evel

ro-

ion
d on

o-
on
al
on-
I. INTRODUCTION

The effective dimensionality of semiconductor nanostr
tures is changed in a strong magnetic field due to the c
finement of the relative electron-hole motion in the dire
tions perpendicular to the applied field. The effects of t
confinement on the optical response have been studied

tensively both experimentally1–7 and theoretically.4,8–12

In this paper we calculate the time-domain-degene
four-wave-mixing~FWM! signal emitted in the 2k22k1 di-
rection from a semiconductor quantum well. FWM is a co
venient tool in the study of exciton dynamics.13–19 This
background-free technique provides detailed information
the energies and oscillator strengths of one- and two-exc
states, as well as the magnitude of the coupling betw
them.7 We investigate the signatures of bound biexcitons a
exciton-exciton scattering in two-dimensional semicond
tors in a strong perpendicular magnetic field. Interesting
fects are studied which arise from the asymmetry betw
the particle-particle and particle-hole Coulomb interactio
and from the two-exciton manifold structure induced by t
symmetry of the spin and real-space parts of the two-exc
wave functions.

It has been shown20 that the asymmetry of the Coulom
interaction determines the magnitude of the exciton-exc
interactions in strong magnetic field which affects the th
modynamic properties of the exciton gas. We have sho
that this asymmetry strongly affects the nonlinear optical
sponse as well, since it is the only parameter that controls
biexciton state formation.11

In order to introduce the proper level of theory requir
for describing these effects, let us consider the exciton
ation~annihilation! operatorsB†(B) ~a precise definition will
be given in Sec. II!. The lowest level of theory for the optica
response based on the equations of motion for the Hei
berg operators incorporates only the^B& variables, and fac-
torizes all higher-order quantities. The resulting equation
known as the semiconductor Bloch equation~SBE! in the
case of semiconductors,18 the time-dependent Hartree-Foc
~TDHF! approximation21 for conjugated molecules,22,23 or
the local-field approximation for molecula
nanostructures.17,24 The projection onto a single one-excito
PRB 590163-1829/99/59~19!/12584~14!/$15.00
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state results in a nonlinear Landau-Ginzburg equation.15,25

Unbound two-exciton and bound biexciton states are
accounted for properly using this level of description.
higher level of theory is required which involves the tw
exciton dynamical variableŝBB& as well as the one-exciton
^B& variables.26 In the absence of dephasing processes,^B&
and^BB& are the only variables that need to be considered
obtain exact expressions for the third-order optic
response.12,26 This theory avoids the explicit calculation o
two-exciton states, relating the optical nonlinearities direc
to the exciton-exciton scattering matrix.27,28

Effects of dephasing induced by the coupling to phono
have been incorporated for Frenkel exciton systems by u
a closed system of equations of motion for^B& and ^B†B&
variables, the latter representing the exciton dens
matrix.14,29 The same level of theory for semiconductor sy
tems yields SBE’s with dephasing,18,30–32which have been
successfully applied for the interpretation of ultrafast nonl
ear optical phenomena in semiconductors and semicondu
nanostructures. These equations have already been us
analyze the linear and nonlinear optical properties of mag
toexcitons in two9 and three10 dimensions. However, sinc
two-exciton^BB& variables are not included as independe
variables, the structure of two-exciton resonances is co
pletely missed. Equations of motion that include the^B&,
^BB& and^B†B& variables and interpolate between the the
ries of Refs. 26 and 14 were developed subsequently.17,29

Green-function expressions which represent the combi
effects of exciton transport and two-exciton resonances h
been developed and applied to various Frenkel exc
systems.33–36In the absence of vibronic coupling the metho
was extended to molecular aggregates made of three-l
molecules,37 and to semiconductors.12,38 Finally, it has been
shown that a complete description of third-order optical p
cesses should be based on equation of motion for the^B&,
^BB&, ^B†B&, and^B†BB& variables.17,28A recent derivation
of these nonlinear exciton equations~NEE’s! which includes
a microscopic calculation of the phonon-induced relaxat
kernels was presented in Ref. 39. Similar equations, base
the same many-body-induced hierachy of equations of m
tion, have been derived recently for Wannier excit
systems.12,16,40–43Compared to Frenkel excitons, numeric
solutions of the NEE’s applied to Wannier systems are c
12 584 ©1999 The American Physical Society
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PRB 59 12 585FEMTOSECOND FOUR-WAVE-MIXING SPECTROSCOPY . . .
siderably more expensive. Therefore, these are typically
formed in the coherent limit, where only single- and tw
exciton amplitudes need to be considered.16,43–45Only a few
calculations beyond the coherent limit using simplified mo
els have been reported so far.46,47

Our primary interest in the present paper is to investig
the possible use of FWM techniques to probe the cohe
dynamics which involves the two-exciton states. We the
fore use simplified NEE’s which includêB& and^BB& vari-
ables only, and neglect the effects of phonon-induc
dephasing.

Recently, it has become evident that the polarization
pendence of the FWM signals in semiconductor nanost
tures can only be accounted for by including variables wh
go beyond the TDHF approximation.16,40,41,44,48–59For ex-
ample, excitation-induced dephasing processes48–51 have
been attributed to exciton-exciton scattering.16,40,44 The ef-
fects of bound biexcitons52–58 and signatures of two-excito
states contributing in higher orders in the field (x (5)) have
been studied as well.41,59 In order to account for the polar
ization dependence of the FWM signals, it is necessary
include the two-exciton variableŝBB& with four different
angular momenta@see Eqs.~2.8!–~2.13!#.11

Green-function expressions for the third-order respons
semiconductors derived by mapping the two-band mo
onto the Frenkel Hamiltonian12 have recently been applied t
calculate the frequency-domain two-color pump-probe sig
from two-dimensional semiconductors in a strong perp
dicular magnetic field.11 In this paper we extend this study t
the time-domain and predict the resonant femtosecond F
signals for the same model. In Sec. II we combine the tw
exciton basis set and matrix elements calculated in Ref
with the NEE’s~Ref. 12! to obtain equations of motion fo
one- and two-exciton variables of a two-dimensional se
conductor quantum well in a strong perpendicular magn
field. These equations are applied in Sec. III to calculate
time-integrated and time-resolved FWM signals. The dep
dences on the polarization of exciting pulses and on
asymmetry of Coulomb interaction are carefully examin
Finally, our results are summarized in Sec. IV.

II. NEE’S FOR MAGNETOEXCITONS

We start by introducing the two-band model Hamiltoni
of semiconductors in real space,11,12
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2 (

m1n1k1l 1
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al 1

1 1
2 (

m2n2k2l 2
Vm2n2k2l 2

~2! bm2

† bn2

† bk2
bl 2

1 1
2 (

m1n2k2l 1
Wm1n2l 1k2

am1

† bn2

† bk2
al 1

. ~2.1!

Here an1
(an1

† ) and bn2
(bn2

† ) are the Fermi annihilation

~creation! operators of electrons and holes, respectively, w
the commutation relations

an1
am1

† 1am1

† an1
5dm1n1

,

~2.2!bn2
bm2

† 1bm2

† bn2
5dm2n2

.

We adopt the following convention: Latin indices with
subscript 1~2!, e.g.,m1 (m2) stand for electron~holes!, in-
cluding spin variables. Electron-hole pairs are denoted
Latin indices without subscriptsm[(m1m2).

The total Hamiltonian of the system coupled to a drivi
electric fieldE(r ,t) has the form

HT~t!5H2E dr m~r !E~r ,t!, ~2.3!

with the dipole operator

m~r ![ (
m1m2

mm1m2
~r !~am1

† bm2

† 1bm2
am1

!. ~2.4!

Following Refs. 11 and 12, we introduce the electron-h
~exciton! operators

Bm1m2

† [am1

† bm2

† , Bm1m2
[bm2

am1
, ~2.5!

and expand the Hamiltonian@Eq. ~2.1!# and the commutation
relations for the exciton operators in powers of the norma
orderedB andB† operators, retaining the terms which co
tribute to a given order. For the third-order response
commutation relations should be expanded up to seco
order, whereas terms up to the fourth order should be
tained in the Hamiltonian.11,12 The Hamiltonian represente
in terms of the exciton operators can be used to derive eq
tions of motion for thê Bm& and ^BmBn& variables by em-
ploying pure state factorization,26 which neglects the
phonon-induced dephasing and leads to the following clo
nonlinear exciton equations for the one- and two-exci
variables11,12,26,60:
ies. The

e
lect the

t Landau
i
d^Bn&

dt
5(

m
hnm^Bm&2En1(

mpq
Unm,pq^Bm

† &^BpBq&1(
mpq

Pnm,pq^Bm
† &~^Bp&Eq1^Bq&Ep!, ~2.6!

i
d^BnBn8&

dt
2 (

mm8
~hnmdn8m81dnmhn8m8!^BmBm8&2 (

mm8
Unn8,mm8^BmBm8&52~dnmdn8m82Pnn8,mm8!~Em^Bm8&1^Bm&Em8!,

~2.7!

whereh is the one-exciton Hamiltonian acting in the one-exciton space whose eigenvalues give the one-exciton energ
operatorsU and P act in the two-exciton space, and describe exciton-exciton Coulomb interactions and electron~hole!
exchange, respectively,11,12andEm is defined byEm(t)[*dr mm(r )E(r ,t). Equations~2.6! and~2.7! are exact for the respons
up to third order, and are equivalent to the equations derived in Ref. 42. In the strong-magnetic-field limit, we can neg
Coulomb-induced coupling between different Landau levels. Assuming that the electrons and holes belong to the firs
level and taking spin into account, Eqs.~2.6! and ~2.7! result in the following six equations:
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i\
d^B1&

dt
5e0^B1&2E11(

ni
r nUn,i^B1

† &^BBi&1(
n j

r nUn, j^B2
† &^BBj&1(

nl
r nUn,l^B2

† &^BBl&1
1

p
^B1

† &^B1&E1,

~2.8!

i\
d^B2&

dt
5e0^B2&2E21(

n j
r nUn, j^B1

† &^BBj&1(
nk

r nUn,k^B2
† &^BBk&1(

nl
r nUn,l^B1

† &^BBl&1
1

p
^B2

† &^B2&E2 ,

~2.9!

i\
d^BBi&

dt
5(

i 8
Hi ,i 8^BBi 8&24r iE1^B1&, ~2.10!

i\
d^BBj&

dt
5(

j 8
H j , j 8^BBj 8&2r jE1^B2&2r jE2^B1&, ~2.11!

i\
d^BBk&

dt
5(

k8
Hk,k8^BBk8&24r kE2^B2&, ~2.12!

i\
d^BBl&

dt
5(

l 8
Hl ,l 8^BBl 8&2r lE1^B2&2r lE2^B1&. ~2.13!
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Here the subscript of the one-exciton variable^B& stands for
the z component of the angular momentumJz whereas the
subscriptsi, j, k, and l of the two-exciton variablê BB&
represent the two-exciton manifolds involved in the opti
response. Here we use the same discrete basis set introd
in Ref. 11, which classifies thêBB& variables by their an-
gular momentumJ and Jz . Following Refs. 11 and 55, we
neglect the light holes and consider only the transitions
tween heavy holes (J5 3

2 , Jz56 3
2 ) and the conduction ban

(J5 1
2 ). This gives rise to two degenerate single-excit

resonances that can be excited by circularly polarized l
s1 ands2, respectively~Fig. 1!. Since a two-exciton state
consists of two electrons and two holes, its possible ang
momenta areJ52, with Jz52 ~which is denoted by index
i ), Jz50 ( j ), and Jz522 (k); and J51, with
Jz50 (l ),11 as shown in Fig. 1. The real-space part of t
two-exciton wave function is either symmetric (J51, index
l ) or antisymmetric (J52, indicesi, j, andk) with respect to
exchange of the two electrons and two holes~without spin
exchange!.11 r m is given by^CmuCp50

(2) &, whereCm (Cp
(2))

are discrete~continuous! two-exciton basis sets defined
Ref. 11. e0 is one-exciton energy~the small energy shift
induced by the magneticB field has been neglected!, andH
is the two-exciton Hamiltonian.E6 is given by ms7•E,
whereE is defined in Eq.~A1!. The matricesU andH were
given in Ref. 11 using a two-exciton discrete basis set.

We adopt the following form for the Coulomb potentials11

with short-range asymmetry:

Veh~r ,r 8!52
a

ur2r 8u
$11kehexp@2ur2r 8u2/r 0

2#%,

~2.14!

Vee~r ,r 8!5Vhh~r ,r 8!5
a

ur2r 8u
$11keeexp@2ur2r 8u2/r 0

2#%,

~2.15!
l
ced

-

t

ar

In all calculations the asymmetry-length parameterr 0 is cho-
sen to be the same for all potentials, whereas the param
keh andkee which represent its magnitude have been vari
This asymmetry strongly affects the nature of the tw
exciton states represented by the^BB& variables.

The signatures of two-exciton dynamics in the tim
integrated and time-resolved FWM signals of tw
dimensional semiconductors in a strong perpendicular m
netic field will be explored next.

III. FOUR-WAVE-MIXING SIGNALS
FROM MAGNETOEXCITONS

We have calculated the FWM signal emitted in the dire
tion 2k22k1 ~this is known as the two-pulse self-diffractio
geometry!. By invoking the rotating-wave approximatio
@Eqs.~A2!–~A14!#, we can recast Eqs.~2.8!–~2.13! in a form
suitable for numerical calculations.

The exciting field is made of two pulses,

E~ t !5 (
j 51,2

Ej~ t !eik j •r2 iv j t1Ej* ~ t !e2 ik j •r1 iv j t, ~3.1!

where the pulse envelopes are given by

FIG. 1. Exciton level scheme for a GaAs quantum well. T
two-exciton states are shown with indicesi (J52, Jz52), j (J
52, Jz50), k (J52, Jz522), andl (J51, Jz50).
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E1~ t !5E1e2[ t/ t̄ 1] 2
, E2~ t !5E2e2[ ~ t2T!/ t̄ 2] 2

, ~3.2!

whereT is the time delay between pulses.
When the detection does not resolve the polarizat

orientation,55 the time-integrated FWM signalSINT(T) is
given by

SINT~T!5E dtuP~21u2!~ t,T!u2. ~3.3!

Here P(21u2)(t,T) is the polarization in the 2k22k1 di-
rection, as defined in Appendix A. Our numerical calcu
tions will focus on the casekeh.kee, where bound biexci-
ton states are formed, giving rise to distinct signatures
FWM.52–58 The symmetry of the two-dimensional magn
toexcitons in the strong-magnetic-field limit allows us to u
a simple procedure to calculate the two-exciton states.11

Pulse durations aret̄ 15 t̄ 2530 fs. The phenomenologi
cal dephasing times~see Appendix A! are taken as\/g1
52\/g251 ps. We use the GaAs parametersme50.0665,
mh50.457, ande0513.74. We setv15v25211.5 meV,
which corresponds to the one-exciton energy forH510 T.
~The zero of the energy scale corresponds to the one-exc
energy in the absence of a magnetic field.! The asymmetry
length is taken asr 054 in units of the characteristic mag
netic lengthl H5A\/eH58.1 nm. The two-exciton basis se
was truncated atN05100, which is sufficient to describe th
two-exciton states fairly well.11 The equations of motion
were integrated using a fourth-order Runge-Kutta algorit
with a time step of 0.5 fs.SINT for kee50 and keh51 is
given in Fig. 2 for three configurations of the polarization
the incoming fields:~A! Linearly copolarized pulsesE1
5E25(1,0); bothE1 and E2 are linearly polarized in the
x-direction ~short dashed line!. ~B! Linearly cross-polarized
pulsesE15(1,0), E25(0,1); E1(E2) is linearly polarized
along thex(y) direction ~long dashed line!. ~C! Circularly
copolarized pulsesE15E25(1/A2,i /A2); both E1 and E2
haves1 polarizations~solid line!.

FIG. 2. Time-integrated FWM signal forkee50, keh51. Short
dashed line: linearly copolarized pulses. Long dashed line: line
cross-polarized pulses. Solid line: circularly copolarized pulses
n

-

n

on

f

For positive time delays the signals decrease monoto
cally, whereas an oscillatory behavior is observed for neg
tive delays.16 This is also expected from the frequency
domain calculation ofx (3) for zero magnetic field.41 In both
long and short dashed lines the duration of the two maxim
~or minima! are about 250 fs, which corresponds to the low
est bound biexciton state.~The biexciton binding energies for
the lowest and second lowest bound biexcitons are 16.5 a
4.0 meV, respectively.! The solid line in Fig. 2 shows the
oscillation with about 1ps, since it only couples to the ant
symmetric wave function.~Symmetric and antisymmetric
wave functions refer to the symmetry of the real-space p
of the two-exciton wave function.! The largest binding en-
ergy of the antisymmetric wave function is 4.0 meV, whic
corresponds to a period of about 1 ps. This feature is diffe
ent from previously investigated quantum-well system
where no bound biexcitons were excited for co-circular
polarized excitation.16,59 Bound excitons exist in our case
due to the combined action of the magnetic field togeth
with the asymmetry of the Coulomb interaction, and are e
cited for this polarization configuration. The calculated rela
tive strength of the time-integrated FWM signal for thre
different polarizations is in good qualitative agreement wi

FIG. 3. Time-resolved amplitude~a! and phase~b! of the FWM
signal for time delayT50 fs, linearly copolarized pulses, and sym
metric Coulomb potential.kee50 andkeh50. Solid line: the total
amplitude of the FWM signal. Long dashed line: the amplitude
the Coulomb scattering component of the FWM signal. Sho
dashed line: the amplitude of the Pauli blocking component of t
FWM signal. The inset shows the level scheme corresponding
Fig. 1. The patched part shows the two-exciton continuum.
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zero magnetic-field experiments.16,59

The heterodyne detected time-resolved FWM signa
given by

S~ t;T!5Px
~21u2!~ t,T!. ~3.4!

Here Px denotes thex component of the complex two
dimensional polarization vectorP ~see the discussion below!.
These signals are displayed in Figs. 3–9. In all figures,
upper panel~a! shows the amplitude of FWM signaluP(t)u,
and the lower panel~b! shows the relative phaseDf(t) with
respect to the exciting pulseE1(t). Df(t) is defined as fol-
lows.

For ~A! and ~B! polarizations, they component of the
polarization in 2k22k1 is zero, andDf can be simply de-
fined as

Df~ t !5v1t2fx~ t !, ~3.5!

wherefx(t) is the phase of thex-component of the FWM
signal. For the~C! polarization, the 2k22k1 signal is s1

polarized, and thex and y components of the FWM signa
have the same relative phase with respect to the exc
pulseE1(t). We can thus again use Eq.~3.5! as the definition
of Df.

FIG. 4. The same as Fig. 3 but for asymmetric calculation
tential kee50 andkeh51. The inset shows the level scheme. T
symmetric and antisymmetric bound biexciton levels are indica
by the solid and dashed lines below the two-exciton continu
respectively.
s

e

g

The FWM signal consists of two contributions: Pau
blocking ~phase-space filling! and the exciton-biexciton tran
sitions induced by the Coulomb interaction. In Eqs.~A11!
and ~A12! the former nonlinearity is proportional to
E^B†&^B&, whereas the latter is proportional to^B†&^BB&.
These contributions are given by the short dashed and
dashed lines, respectively, and the total signal is given
solid line. The phase of the Pauli blocking term is time i
dependent in time-resolved FWM with resona
excitation.22,23This is because we select a single one-exci
level for each spin, which gives only one Pauli blocking te
in Eqs.~A11! and ~A12!. This can also be seen analytical
in the short-pulse limit. Settinge05v15v2, the Pauli block-
ing term in Eqs.~B1! and ~B2! does not have any time
dependent phase factor.

During the short-time period when the optical field is a
plied, the Pauli blocking term is dominant. We can see t
the phase of the FWM signal~solid line! starts from the same
value as the phase of the Pauli blocking term~short dashed
line! in Figs. 3–9.

We have investigated three cases: symmetric Coulo
interactionkee50 andkeh50 ~Fig. 3!, medium asymmetry
kee50 andkeh51 ~Figs. 4–6!, and strong asymmetrykee
50 and keh52 ~Figs. 7–9!. The relevant level scheme
were shown in the inset of Ref. 11. The manifold of leve
obtained here~Fig. 1 or the inset of Figs. 3, 4, and 7! is more
general than the commonly used level scheme for FWM
GaAs quantum wells,55,57,58,61since it includes antisymmet
ric two-exciton levels with total angular momentumJ52.

-

d
,

FIG. 5. Same as Fig. 3, but for linearly cross-polarized pulse
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These show interesting signatures in FWM signals of m
netoexcitons in a strong magnetic field.

All three signals displayed in the upper panel of Fig.
have a single maximum. The time of the maximum of t
amplitude of the Pauli blocking term~short dashed line! is
determined by the duration of the exciting field. Subs
quently, this term undergoes free-induction decay. The
plitude of the Coulomb scattering term~long dashed line!
reaches its maximum at later times, determined by
dephasing time scale.

This long rise time has been interpreted using a nonlin
Ginzburg-Landau-like wave equation for the 1s exciton
amplitude.15,25 That analysis is based on a two-level syste
with a local-field-like nonlinearity arising from factorizatio
of the higher correlations. This has been shown to co
spond to the local-field approximation~LFA!.17,24 The LFA
which is equivalent to the TDHF approximation can be e
tended in various ways. One possibility is to introduce po
lation variableŝ B†B&.13 Since we do not incorporate pur
dephasing, population variables can be factorized
^B†&^B&, and do not appear in the equation of motion. Ho
ever, two-exciton variables play a similar role on the sha
and the amplitude of the FWM signal. In the third-ord
equations of motion, the Coulomb interaction term coup
either^B†&^BB& or ^B†B&^B& depending on the approxima
tion scheme. In both cases, we can regard these term
sources for the third-order response for a weak electric fi
~in our case, without pure dephasing the nonlinear respo
can be expressed using the two-exciton variables^BB&,
whereas the population terms^B†B& can be factorized ex

FIG. 6. Same as Fig. 4, but for circularly copolarized pulses
-

-
-

e

ar
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-
-

s
-
e

s
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se

actly!. Since these sources are long living, i.e., they decre
slowly with the dephasing time and not with the short du
tion of the exciting fields, the integration of these sources
the equation of motion gives a maximum of the signal a
delayed time. Here the effect of the Coulomb-interacti
terms and the Pauli blocking term on the amplitude of
FWM signal are comparable. Since we excite single excit
resonantly, the amplitude of the FWM signal induced by t
Pauli blocking term~which does not depend on Coulom
interaction! is not affected by changing the parameterskee
and keh . Thus the FWM signals from the Pauli blockin
terms in Figs. 3, 4, and 7 have the same magnitude.
amplitude of FWM signal in Fig. 3 is small compared
Figs. 4 and 7. This is consistent with the fact that we do
have a nonlinear optical signal for symmetric Coulom
interaction.11 The small signal coming from Coulomb inte
action is an artifact of our truncated two-exciton basis set
discussed in Ref. 11.

As shown in Appendix B, the phase of the Coulomb te
starts from 0 (2p) for the linearly copolarized pulses.23 It
then varies smoothly with time, converging to a value whi
is close to 2p. Inspection of Eqs.~B6! and ~B7! shows that
the small change of the phase indicates that the two-exc
levels contributing tô B6&Coulomb

(21u2) (0,t) are mainly located
near twice the one-exciton energy.

For kee50 andkeh51, we have calculated the amplitud
and relative phase of the FWM signal for our three polari
tion configurations:~A! linearly copolarized pulses~Fig. 4!,

FIG. 7. Same as Fig. 4, but for strong Coulomb asymmet
kee50 andkeh52.
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~B! linearly cross-polarized pulses~Fig. 5!, and~C! circularly
copolarized pulses~Fig. 6!. Our system has one symmetri
and three antisymmetric bound biexciton levels. These c
respond to the lowest symmetric and antisymmetric state11

The symmetric and antisymmetric bound biexciton levels a
indicated by the solid and dashed lines just below t
patched part~two-exciton continuum! of the inset of Fig. 4.
In all three cases, the FWM signal shows quantum be
However, their pattern is different. The signal in Fig. 6 r
sembles that of Fig. 3, but with one additional feature. T
oscillation period is about 1 ps, which corresponds to t
binding energy of the lowest antisymmetric state~4.0 meV!.
Circularly copolarized pulses excite only the^BBi& variables
and do not show beats corresponding to the symmetric sta

Figure 4 is similar to Fig. 6. It is hard to trace the origin o
the oscillations in Fig. 4. The oscillations in Fig. 5 com
from the lowest symmetric biexciton level. It has a bindin
energy of 16.5 meV which corresponds to a period of ab
250 fs. The origin of the difference of the amplitude of FWM
signal between linearly copolarized and linearly cros
polarized FWM signal may be attributed to the cancellati
of the different paths shown in the inset. The signal in Fig
is much weaker than that in Fig. 4. This can be easily seen
comparing the Pauli blocking terms in Figs. 4 and 5, noti
the fact that the amplitudes of the FWM signal from th
Pauli blocking term in Figs. 4 and 5 are the same as d
cussed for the Pauli blocking terms in Figs. 3, 4, and 7.

To clarify this point, let us examine Eq.~B1!. Since
sW 2•E2sW 1•E1* and sW 1•E2sW 2•E1* have the same sign for
linearly copolarized pulses, the contributions of the thr

FIG. 8. Same as Fig. 7, but for linearly cross-polarized pulse
r-
.
e
e

s.
-
e
e

es.

t

-
n
5
y

g

s-

e

Coulomb scattering termsKi 1
, K j 1

, and Kl 1
to the FWM

signal have the same sign as well, whereas for linearly cro
polarized pulsessW 2•E2sW 1•E1* andsW 1•E2sW 2•E1* have an
opposite sign. Thus the termsK j 1

andKi 1
cancel each other

SinceKi 1
has a factor 2, it also cancels the continuum par

Kl 1
. As a result, the lowest symmetric level inKl 1

and the

lowest antisymmetric level inKi 1
~with a factor1

2 ) contribute
to the FWM signal with opposite signs. Because of the
large cancellations for linear cross-polarized excitation,
can clearly see the oscillations originating from the low
symmetric level compared to the linear copolarized puls
where the oscillation is buried in the signal of the lowe
antisymmetric level and the continuum.

The relative phase also carries interesting information
Figs. 4–6. Because of the different polarization of the ex
ing pulses, the relative phase of the Pauli blocking term
linearly copolarized pulses~Fig. 4! and in circularly copolar-
ized pulses~Fig. 6! is 3p/2, whereas in linearly cross
polarized pulses it isp/2. The phase of the Coulomb sca
tering term starts from 0 and converges to aboutp/2 for
linear and circularly copolarized pulses. These results
reproduced analytically for short pulses by taking limits fot
~Appendix B!. The termsf n /(Dn1 ig2) (n5 i 1 , j 1 ,l 1) in Eq.
~B7! have a bound biexciton part and a continuum part. T
two have opposite phases resulting in ap/2 phase for larget.
The Coulomb scattering term for linearly cross-polariz
pulses~Fig. 5! shows a different phase neart50 compared
to Figs. 4 and 6. This is because of the small contribut
from the first-order term int in Eq. ~B6!: 2( i 1

f i 1
2( j 1

f j 1

FIG. 9. Same as Fig. 7, but for circularly copolarized pulses
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FIG. 10. ~Color! Time-
resolved amplitude@~a! and ~c!#
and phase@~b! and ~d!# of FWM
signal. ~a! and ~b! kee50 and
keh51. ~c! and ~d! kee50 and
keh52. Magnitude of the ampli-
tude and phase~from 0 to 2p) are
shown by the 16 levels of color.X
axis: delay timeT. Y axis: real
time t. Linearly cross-polarized
pulses.@Large, red~corresponding
to 100–93.75 % of the maximum
value!; yellow, green, and blue,
small ~0–6.25%!.#
.

it
s

s
il-
sc

ms.

4.7

red
etry
ti-
2(l1
fl1

.0. The phase of the Coulomb scattering term isp/2,
because we have a factori in the second order term in Eq
~B6!. A small difference between Eq.~B6! and our numerical
results comes from the finite~30 fs! pulse duration. The large
change of the phase of the Coulomb scattering term w
increasing timet is also related to the cancellation. Becau
of the different sign betweensW 2•E2sW 1•E1* andsW 1•E2sW 2

•E1* for linearly cross-polarized pulses, the constant term
Eqs.~B1! or ~B2! become smaller compared with their osc
latory counterparts. Thus the phase changes, until the o
h
e

in

il-

latory terms become small compared to the constant ter
This occurs on the dephasing time scale.

For strong asymmetrykee50 andkeh52 we have five
bound biexcitons~see the inset of Fig. 7!. As shown in Ref.
11, these levels have two-exciton binding energies of 3
~the lowest symmetric level!, 9.3 ~the lowest antisymmetric
level!, and 0.8 meV~the second lowest symmetric level!.
The signal has stronger oscillations in Figs. 7–9 compa
with Figs. 4–6. This shows that the change of the asymm
of the Coulomb interaction affects the FWM signal dras
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FIG. 11. ~Color! Normalized Wigner spectrograms forT580 fs @~a!, ~c!, and ~e!#, andT5280 fs @~b! and ~d!#. ~a! corresponds to
kee50 andkeh50, ~b! and~c! correspond tokee50 andkeh51, and~d! and~e! correspond tokee50 andkeh52. The detuning is defined
with respect to the single-exciton resonance. The color code is the same for all plots.
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cally, by changing the two-exciton energy levels and th
contribution to the FWM signal.

The time-resolved amplitude@~a! and ~c!# and phase@~b!
and ~d!# of the linearly cross-polarized signals are shown
Figs. 10~a! and 10~b! ~for kee50 and keh51) and Figs.
10~c! and 10~d! ~for kee50 andkeh52). For positive time
delays, this technique is known as the photon echo. H
ever, since we only have two degenerate one-exciton st
and no inhomogeneous broadening, we do not observe
echo att52T. Instead, we can see the effect of interferen
~quantum beats! originating from the energies of the two
exciton states as a function oft for fixed T. In the direction
t5T1T0 the signal simply decays as exp(2g1t/\).

A different behavior is seen for negative time dela
where the Coulomb part of the signal does not only dep
on t2T but also onT for the short-pulse limit. This is clearly
seen in Fig. 10. Compared with positive time delays,
amplitude changes slowly witht, resulting in larger change
of amplitude withT. Because of the finite duration of th
exciting pulse, the phase of the FWM signal starts to cha
when E2 reaches its maximum. The large peak at abouT
52200 fs in Fig. 10~a! results from constructive interfer
ence of the lowest symmetric and the lowest antisymme
two-exciton levels. Since the biexciton binding energies
larger for larger asymmetry of the Coulomb interaction,
can see a peak aboutT52150 fs in Fig. 10~c!, i.e., the
amplitude for FWM signal forkee50 andkeh52 reaches its
maximum faster than forkee50 andkeh51. In Fig. 10~c!,
we observe a weak signal forT52400 fs. This indicates
that the signal is dominated by the lowest level of the a
symmetric wave function, which has a two-exciton bindi
energy 9.3 meV~corresponding to a 450-fs period!.

The complex valued time-resolved signal fieldS may be
conveniently displayed using its Wigner spectrogram62,63

~WS! defined by

SWS~ t,v,T!5E
2`

`

S* S t2
t8

2
,TDSS t1

t8

2
,TDeivt8dt8.

~3.6!

The WS is by definition a real quantity which may ha
positive and negative values, and depends on the observ
time, the frequency, and the time delay. Upon integrating
WS over time~frequency!, we obtain the amplitudes of th
ordinary frequency-resolved~time-resolved! FWM signals62

uS~v,T!u25E
2`

`

SWS~ t,v,T!dt, ~3.7!

uS~ t,T!u25E
2`

`

SWS~ t,v,T!dv. ~3.8!

The WS can be easily constructed from experiments15,64,65in
which both the amplitude and the phase of the signal field
measured. It has been used to analyze signatures of cor
tions in ultrafast FWM on conjugated polyenes22 and two-
exciton states in light-harvesting antenna systems.66

In Fig. 11 the WS for our system is displayed for differe
time delays and asymmetries. Without any asymmetry th
are no bound two-exciton states and the contribution to
FWM due to Coulomb scattering vanishes. In this case
ir

-
tes
an
e

d

e

e

ic
e

i-

ion
e

re
la-

t
re
e
e

time-resolved amplitude shows no beats and the dynamic
the phase is negligible; see Fig. 3. Therefore the magnet
citon system behaves as an effective two-level system11 ~due
to the finite basis set used in our calculations we still hav
small Coulomb contribution; see Fig. 3 and discussion!. This
is consistent with the WS displayed in Fig. 11~a!. The WS is
symmetric as a function of the detuning, and for a fixed tim
t shows modulations as a function of the detuningDv which
are like sin(2Dvt)/Dv.66 As function of time the WS be-
comes spectrally narrower, which indicates that for lo
times the excitation becomes resonant.22,66 With asymmetry
@see Figs. 11~b! and 11~c! for kee50 andkeh51, and 11~d!
and 11~e! for kee50 andkeh52) bound two-exciton state
exist and induce beats in the time-resolved signals and FW
signals for negative delays. The WS’s@see Figs. 11~b!–
11~e!#, therefore, become asymmetric with respect to the
tuning. New features appear for negative detuning which
directly related to the biexcitonic resonances. Forkee50 and
keh51 (keh52) the biexcitonic binding energy is 16.
meV ~34.7 meV!, and one can clearly identify contribution
of these biexcitons to the WS.

IV. SUMMARY

In this paper we have applied the nonlinear exciton eq
tions to calculate the third-order response of tw
dimensional semiconductors in a strong perpendicular m
netic field. Four-wave-mixing signals provide a direct loo
into the one- and two-magnetoexcitons manifolds. Our c
culations used the analytical classification and numer
evaluation of two-exciton states developed in Ref. 11. Tw
exciton states with four different angular momentum a
considered. A two-exciton state consisting of two electro
and two holes may have the angular momentaJ52, with
Jz52, Jz50, and Jz522; and J51, with Jz50,11 as
shown in Fig. 1. The variation of the signals for differe
polarizations of the exciting fields may be attributed to t
different selection rules in each case. The weak FWM sig
for linearly cross-polarized pulses is attributed to the canc
lation between the signals coming from the two-exciton le
els with different angular momenta. The existence of bou
biexcitons depends on the asymmetry of Coulomb inter
tion. Our calculations demonstrate the unique signature
these states in femtosecond four-wave-mixing spectrosc
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APPENDIX A: NEE’s WITH ANGULAR MOMENTUM

In this appendix we develop the equations of moti
which can be used to calculate the third-order two-pu
FWM signals. The exciting field consists of two pulses:
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E~ t !5E1~ t !eik1•r2 iv1t1E1* ~ t !e2 ik1•r1 iv1t1E2~ t !eik2•r2 iv2t1E2* ~ t !e2 ik2•r1 iv2t

5E1
1~ t !e2 iv1t1E1

2~ t !eiv1t1E2
1~ t !e2 iv2t1E2

2~ t !eiv2t, ~A1!

whereE1,2(t) are the pulse envelopes.Ei
1 (Ei

2) ( i 51, and 2! refer to the components ofE with direction1k i (2k i). This
field will create excitations at different directionsks5mk11nk2, wherem andn can be any integers. We label these differe
directional components by the superscript(mun).

We start with Eqs.~2.8!–~2.13!, use the rotating frame, and apply the rotating wave approximation to calculate the
signal up to the third-order response, which yields

i\
d^B1&~0u1!

dt
5~e02v22 ig1!^B1&~0u1!2msW 2•E2

1~ t !, ~A2!

i\
d^B1

† &~21u0!

dt
52~e02v11 ig1!^B1

† &~21u0!1msW 1•E1
2~ t !, ~A3!

i\
d^B2&~0u1!

dt
5~e02v22 ig1!^B2&~0u1!2msW 1•E2

1~ t !, ~A4!

i\
d^B2

† &~21u0!

dt
52~e02v11 ig1!^B2

† &~21u0!1msW 2•E1
2~ t !, ~A5!

^B1
† &~0u1!5^B1&~21u0!5^B2

† &~0u1!5^B2&~21u0!50, ~A6!

i\
d^BBi&

~0u2!

dt
5(

i 1
~Hii 1

22v2d i i 1
2 ig2d i i 1

!^BBi 1
&~0u2!24msW 2•E2

1~ t !r i^B1&~0u1!, ~A7!

i\
d^BBj&

~0u2!

dt
5(

j 1

~H j j 1
22v2d j j 1

2 ig2d j j 1
!^BBj 1

&~0u2!2msW 2•E2
1~ t !r j^B2&~0u1!2msW 1•E2

1~ t !r j^B1&~0u1!, ~A8!

i\
d^BBk&

~0u2!

dt
5(

k1

~Hkk1
22v2dkk1

2 ig2dkk1
!^BBk1

&~0u2!24msW 1•E2
1~ t !r k^B2&~0u1!, ~A9!

i\
d^BBl&

~0u2!

dt
5(

l 1
~Hll 1

22v2d l l 1
2 ig2d l l 1

!^BBl 1
&~0u2!2msW 2•E2

1~ t !r l^B2&~0u1!2msW 1•E2
1~ t !r l^B1&~0u1!, ~A10!

i\
d^B1&~21u2!

dt
5~e01v122v22 ig1!^B1&~21u2!1

1

p
msW 2•E2

1~ t !^B1
† &~21u0!^B1&~0u1!1(

ni
r nUni^B1

† &~21u0!^BBi&
~0u2!

1(
n j

r nUn j^B2
† &~21u0!^BBj&

~0u2!1(
nl

r nUnl^B2
† &~21u0!^BBl&

~0u2!, ~A11!

i\
d^B2&~21u2!

dt
5~e01v122v22 ig1!^B2&~21u2!1

1

p
msW 1•E2

1~ t !^B2
† &~21u0!^B2&~0u1!1(

n j
r nUn j^B1

† &~21u0!^BBj&
~0u2!

1(
nk

r nUnk^B2
† &~21u0!^BBk&

~0u2!1(
nl

r nUnl^B1
† &~21u0!^BBl&

~0u2!. ~A12!

We have added phenomenological dephasing ratesg1 (g2) for one-exciton~two-exciton! states. The polarization in th
2k22k1 direction is given by

Px
~21u2!5

m

A2
$B1

~21u2!1B2
~21u2!%, ~A13!

Py
~21u2!52

im

A2
$B1

~21u2!2B2
~21u2!%. ~A14!
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APPENDIX B: IMPULSIVE SIGNALS

In this appendix we derive expressions for the signals in the impulsive limit. For short pulses, with a duration much
than the time scale of the coherent dynamics, with a time delayT, we can setE2

1(t)5E2d(t2T) andE1
2(t)5E1* d(t), and

solve Eqs.~A2!–~A12! as follows

^B1&~21u2!~ t,T!52
i

\

msW 2•E2

\
expS 2 i

e01v122v2

\
t2

g1

\
t D H 1

2p
u~T!u~ t2T!

msW 2•E2

\

msW 1•E1*

\

3expS i
2e01v123v2

\
TD12

msW 2•E2

\

msW 1•E1*

\ (
i 1

Ki 1
1

msW 1•E2

\

msW 2•E1*

\ S (
j 1

K j 1
1(

l 1
Kl 1D J ,

~B1!

^B2&~21u2!~ t,T!52
i

\

msW 1•E2

\
expS 2 i

e01v122v2

\
t2

g1

\
t D H 1

2p
u~T!u~ t2T!

msW 1•E2

\

msW 2•E1*

\

3expS i
2e01v123v2

\
TD12

msW 1•E2

\

msW 2•E1*

\ (
k1

Kk1
1

msW 2•E2

\

msW 1•E1*

\ S (
j 1

K j 1
1(

l 1
Kl 1D J .

~B2!

The first term in the brackets of Eq.~B1! and~B2! correspond to Pauli blocking~phase-space filling!, whereas the terms which
containKn(t,T) (n5 i , j ,k,l ) are related to the Coulomb-interaction and are given by

Kn~ t,T!5
\ f n

v12v21Dn1 ig2
expS i

2e02Dn22v2

\
T1

g2

\
TD H u~ t !u~2T!FexpS i

v12v21Dn

\
t2

g2

\
t D21G1u~ t2T!u~T!

3FexpS i
v12v21Dn

\
t2

g2

\
t D2expS i

v12v21Dn

\
T2

g2

\
TD G J . ~B3!

HereDn are the two-exciton Hamiltonian eigenvalues11 as follows:

~2e02Dn!dn,n85 (
n1n2

~St!nn1
Hn1n2

Sn2n8 , ~B4!

whereS is the orthonormal matrix which diagonalizes the two-exciton Hamiltonian.f n is defined by

f n5 (
n1n2n3

r n1
Un1n2

Sn2n~St!nn3
r n3

. ~B5!

We next consider the relative phase of the Coulomb interaction term for some limiting cases. ForT50 and for the small
positive timet, the Coulomb interaction part of^B1& (21u2) may be approximated by the short-time expansion

^B1&Coulomb
~21u2! ~0,t !;S 2

msW 2•E2

\

msW 1•E1*

\ (
i 1

f i 1
1

msW 1•E2

\

msW 2•E1*

\ S (
j 1

f j 1
1(

l 1
f l 1D GmsW 2•E2

\2

3S t2 i
e01v1 /223v2 /22 ig12 ig2 /2

\
t2D1 i F2

msW 2•E2

\

msW 1•E1*

\

3(
i 1

f i 1

D i 1

\
1

msW 1•E2

\

msW 2•E1*

\ S (
j 1

f j 1

D j 1

\
1(

l 1
f l 1

D l 1

\ D GmsW 2•E2

2\2
t2. ~B6!

Sincef n is real, the phase of̂B1& (21u2) is determined bysW 1•E2 andsW 2•E1* . We need to consider the second-order term
t when the coefficient of the first-order term is almost zero. ForT50 and for larget with e05v15v2, we have

^B1&Coulomb
~21u2! ~0,t !; i

msW 2•E2

\
expS 2

g1

\
t D F2

msW 2•E2

\

msW 1•E1*

\ (
i 1

f i 1

D i 1
1 ig2

1
msW 1•E2

\

msW 2•E1*

\

3S (
j 1

f j 1

D j 1
1 ig2

1(
l 1

f l 1

D l 1
1 ig2

D G . ~B7!
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Thus the phase assumes a limiting value for large timest. If f n50 except forDn50, we have the same phase in Eqs.~B6! and
~B7!. For DnÞ0 with f nÞ0, there is a phase difference between Eqs.~B6! and ~B7!. The phase change reflects the cont
bution to the optical response from two-exciton levels which have an energy differenceDn with respect to twice the one
exciton energy.
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