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Nonlinear exciton equations for one- and two-exciton variables, obtained by mapping the two-band model
onto the moleculaFrenke) Hamiltonian, are applied to calculate resonant optical nonlinearities in two-
dimensional semiconductors in a strong perpendicular magnetic field. The polarization dependence of the
time-resolved four-wave-mixing signals provides a direct probe for the two-exciton manifold as well as for the
asymmetry of the particle-particle and particle-hole Coulomb interactj@@163-18209)01116-9

[. INTRODUCTION state results in a nonlinear Landau-Ginzburg equdtign.
Unbound two-exciton and bound biexciton states are not
The effective dimensionality of semiconductor nanostruc-accounted for properly using this level of description. A
tures is changed in a strong magnetic field due to the cordigher level of theory is required which involves the two-
finement of the relative electron-hole motion in the direc-€Xciton dynamical variable$8B) as well as the one-exciton

tions perpendicular to the applied field. The effects of this<B> variables’ In the absence of dephasing procesgBs,

confinement on the optical response have been studied e?—nd(BB) are the only variables that need to be considered to

) ) ) Obtain exact expressions for the third-order optical
tensively both experimentafty’ and theoretically:8-12 2,26 i - . -
y p y : responsé?2® This theory avoids the explicit calculation of

In this paper we calculate the time-domain-degeneratyg-exciton states, relating the optical nonlinearities directly
four-wave-mixing(FWM) signal emitted in the B,—k; di- o the exciton-exciton scattering matfi%2®
rection from a semiconductor quantum well. FWM is a con-  Effects of dephasing induced by the coupling to phonons
venient tool in the study of exciton dynamit§® This  have been incorporated for Frenkel exciton systems by using
background-free technique provides detailed information ora closed system of equations of motion {&) and(B'B)
the energies and oscillator strengths of one- and two-excitonariables, the latter representing the exciton density
states, as well as the magnitude of the coupling betweematrix1*?° The same level of theory for semiconductor sys-
them’ We investigate the signatures of bound biexcitons andems yields SBE’s with dephasif&°~**which have been
exciton-exciton scattering in two-dimensional semiconduc-successfully applied for the interpretation of ultrafast nonlin-
tors in a strong perpendicular magnetic field. Interesting efear optical phenomena in semiconductors and semiconductor
fects are studied which arise from the asymmetry betweefianostructures. These equations have already been used to
the particle-particle and particle-hole Coulomb interaction,analyze the linear and nonlinear optical properties of magne-
and from the two-exciton manifold structure induced by thetoexcitons in twd and thre&® dimensions. However, since
symmetry of the spin and real-space parts of the two-excitofiwo-exciton(BB) variables are not included as independent
wave functions. variables, the structure of two-exciton resonances is com-

It has been showfl that the asymmetry of the Coulomb pletely missed. Equations of motion that include (&),
interaction determines the magnitude of the exciton-excitor{BB) and(B'B) variables and interpolate between the theo-
interactions in strong magnetic field which affects the ther-ies of Refs. 26 and 14 were developed subsequehtf.
modynamic properties of the exciton gas. We have showisreen-function expressions which represent the combined
that this asymmetry strongly affects the nonlinear optical reeffects of exciton transport and two-exciton resonances have
sponse as well, since it is the only parameter that controls theeen developed and applied to various Frenkel exciton
biexciton state formatiofht systems=~3¢|n the absence of vibronic coupling the method

In order to introduce the proper level of theory requiredwas extended to molecular aggregates made of three-level
for describing these effects, let us consider the exciton cremoleculesy’ and to semiconductor$:®® Finally, it has been
ation (annihilation operators8'(B) (a precise definition will  shown that a complete description of third-order optical pro-
be given in Sec. )l The lowest level of theory for the optical cesses should be based on equation of motion fox Bje
response based on the equations of motion for the HeiseBB), (B'B), and(B'BB) variablest’?®A recent derivation
berg operators incorporates only i) variables, and fac- of these nonlinear exciton equatiofdEE’s) which includes
torizes all higher-order quantities. The resulting equation isa microscopic calculation of the phonon-induced relaxation
known as the semiconductor Bloch equati@BE) in the  kernels was presented in Ref. 39. Similar equations, based on
case of semiconductot§ the time-dependent Hartree-Fock the same many-body-induced hierachy of equations of mo-
(TDHF) approximatioR® for conjugated moleculeg;”® or  tion, have been derived recently for Wannier exciton
the  local-field  approximation  for  molecular systemd?164°-43Compared to Frenkel excitons, numerical
nanostructure’?* The projection onto a single one-exciton solutions of the NEE’s applied to Wannier systems are con-
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siderably more expensive. Therefore, these are typically per-

? .. . 1 2
formed in the coherent limit, where only single- and two- H:n% t(ml)nlagnlanﬁmEn tin,D,0n,
exciton amplitudes need to be considet&tf*°Only a few 1 212
calculations beyond the coherent limit using simplified mod- +1 > v at ata, a
k,
els have been reported so f&f’ Zmigkgly itk TG
Our pr_imary interest in the present paper is to investigate L1 2 N b" bT by b
the possible use of FWM techniques to probe the coherent 2m2n2k2|2 My Kol My ny ko
dynamics which involves the two-exciton states. We there-
fore use simplified NEE’s which includé) and(BB) vari- +3 D Wmniahblbea. (2.1
. Manokol 172'1™2 1 2 "2
ables only, and neglect the effects of phonon-induced 1N2K211
dephasing. Here an, (agl) and bnz (blz) are the Fermi annihilation

Recently, it has become evident that the polarization detcreation operators of electrons and holes, respectively, with
pendence of the FWM signals in semiconductor nanostructhe commutation relations

tures can only be accounted for by including variables which
go beyond the TDHF approximatidf#*414448-5%or ex-
ample, excitation-induced dephasing proce¥ses have bnzb%2+ b:nzbn2=5m2n2. 2.2
been attributed to exciton-exciton scattertfig®** The ef-
fects of bound biexcitort$->8and signatures of two-exciton

. . . . . . ( )
states cohtr|but|ng n 5hg|gher orders in the fielg{) have cluding spin variables. Electron-hole pairs are denoted by
been studied as wel:> In order to account for the polar- | atin indices without subscriptsi= (m,m,).

ization dependence of the FWM signals, it is necessary t0 Thg total Hamiltonian of the system coupled to a driving
include the two-exciton variableBB) \ivllth four different  glectric field&(r,7) has the form
angular momentgsee Eqs(2.8—(2.13].

Green-function expressions for the third-order response of Hi(r)=H— | dr u(r)&(r,7), (2.3
semiconductors derived by mapping the two-band mOde\I/vith the dinole operator
onto the Frenkel Hamiltonidhhave recently been applied to P P
calculate th_e freqyency-domain two-colo_r pump-probe signal w(n= 2 “mlmz(r)(ahb;ﬁ bmzaml)- (2.9
from two-dimensional semiconductors in a strong perpen- mym;
dicular magnetic field! In this paper we extend this study to ~ Following Refs. 11 and 12, we introduce the electron-hole
the time-domain and predict the resonant femtosecond FWNEexciton) operators
signals for the same model. In Sec. Il we combine the two- t —af pt
exciton basis set and matrix elements calculated in Ref. 11 M2

i T —
an,am +ay a, = Omyn,»

We adopt the following convention: Latin indices with a
subscript 1(2), e.g.,m; (m,) stand for electrortholes, in-

m1m2_ ml BmlmZE bmzaml’ (25)
and expand the HamiltonidiiEq. (2.1)] and the commutation

with the NEE's(Ref. 12 to obtain equations of motion for lati for th it tors i £ th "
one- and two-exciton variables of a two-dimensional semi-< 21oNs for eTeXC' on operators Ih powers of the normatly
rderedB andB' operators, retaining the terms which con-

conductor quantum well in a strong perpendicular magnetic . ; .
q g perp g ribute to a given order. For the third-order response the

field. These equations are applied in Sec. Il to calculate th tati lati hould b ded ¢ d
time-integrated and time-resolved FWM signals. The depen(-:Ommu ation relations shou € expanded up to second-

dences on the polarization of exciting pulses and on th@rder, whereas terms up to the fourth order should be re-
asymmetry of Coulomb interaction are carefully examined{ained in the Hamiltoniarr:** The Hamiltonian represented

Finally, our results are summarized in Sec. IV. in terms of the exciton operators can be used to derive equa-
tions of motion for the(B,,,) and(B,,B,) variables by em-
Il. NEE'S FOR MAGNETOEXCITONS ploying pure state factorizaticfi, which neglects the

phonon-induced dephasing and leads to the following closed
We start by introducing the two-band model Hamiltoniannonlinear exciton equations for the one- and two-exciton

of semiconductors in real spate!? variabled'1226.60
_d(Bp,) _ 2 2 t 2 t
ar Nyl Bm) = Ent+ Unmpa(Bm)(BpBg) + Prmpa(Bm) ((Bp)Eq+(Bg)&p), (2.6
m pq mpq
id<Ban’> _

dr 2 (hnm5n’m’+5nmhn’m’)<BmBm’>_2 Unn’,mm’<BmBm’>:_(5nm5n’m’_Pnn’,mm’)(5m<Bm’>+<Bm>5m’):
mm’

mm 2.7

whereh is the one-exciton Hamiltonian acting in the one-exciton space whose eigenvalues give the one-exciton energies. The
operatorsU and P act in the two-exciton space, and describe exciton-exciton Coulomb interactions and elboci®n
exchange, respectively;*2andé,, is defined bye,(7)=fdr u,(r)&(r, 7). Equationg2.6) and(2.7) are exact for the response

up to third order, and are equivalent to the equations derived in Ref. 42. In the strong-magnetic-field limit, we can neglect the
Coulomb-induced coupling between different Landau levels. Assuming that the electrons and holes belong to the first Landau
level and taking spin into account, Eq2.6) and(2.7) result in the following six equations:
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108 B+ 1 Un (BLHBBY S 1,y (B )(BB)+ 3 1,y (BT )(BB)+ (B )(B.)E..
] (2.9
: d<B*>_ t t t 1
|hT_GO<B*>_57+nEj rnUn,j<B+><BBj>+% rnUn,k<Bf><BBk>+% rnUn,I<B+><BBI>+;<87><87>5*1
2.9
|hd<§7_Bl>:E, Hi’i/(BBi/>—4ri€+<B+>, (21@
d .
iﬁ%:? H;;(BB;)—r;E(B_)—r;E_(B.), (2.1
iﬁd<§fk>=§ Hiw (BB ) —4r & (B_), (2.12
d
iﬁ%=; H (BB ) —1E(B_Y—1E (B,). (2.13

Here the subscript of the one-exciton variafl stands for In all calculations the asymmetry-length parametgis cho-

the z component of the angular momentulp whereas the sen to be the same for all potentials, whereas the parameters
subscriptsi, j, k, and| of the two-exciton variablg BB) Ken aNd ke Which represent its magnitude have been varied.
represent the two-exciton manifolds involved in the opticalThis asymmetry strongly affects the nature of the two-
response. Here we use the same discrete basis set introdu@diton states represented by ¢&B) variables.

in Ref. 11, which classifies théBB) variables by their an- The signatures of two-exciton dynamics in the time-
gular momentumJ and J,. Following Refs. 11 and 55, we integrated and time-resolved FWM signals of two-
neglect the light holes and consider only the transitions bedimensional semiconductors in a strong perpendicular mag-
tween heavy holes)= 2, J,= + 2) and the conduction band netic field will be explored next.

(J=3). This gives rise to two degenerate single-exciton

refonancgs that can be e.xcned b_y circularly pqlanzed light Il FOUR-WAVE-MIXING SIGNALS

o a_ndcr , respectively(Fig. 1). Since a two-exciton state FROM MAGNETOEXCITONS

consists of two electrons and two holes, its possible angular

momenta are)=2, with J,=2 (which is denoted by index We have calculated the FWM signal emitted in the direc-
i), J,=0 (j), and J,=—-2 (k); and J=1, with tion 2k,—k;, (this is known as the two-pulse self-diffraction
J,=0 (1),** as shown in Fig. 1. The real-space part of thegeometry. By invoking the rotating-wave approximation
two-exciton wave function is either symmetrid<€1, index [Eqgs.(A2)—(A14)], we can recast Eq§2.8)—(2.13 in a form

) or antisymmetric §=2, indicesi, j, andk) with respectto  suitable for numerical calculations.

exchange of the two electrons and two hofesthout spin The exciting field is made of two pulses,

exchangg™ r, is given by(W [w @), whereW, (¥(?)

are discrete(continuoug two-exciton basis sets defined in it ek ket iont

Ref. 11. ¢, is one-exciton energythe small energy shift E(t)=__§;,2Ej(t)e PR EF (e TR, (3.D)
induced by the magnetiB field has been neglectgcandH =
is the two-exciton Hamiltonian€. is given by po-E,
whereE is defined in Eq(Al). The matriced) andH were
given in Ref. 11 using a two-exciton discrete basis set.

where the pulse envelopes are given by

We adopt the following form for the Coulomb potentidis k
with short-range asymmetry: (-
Ver(r) == |{1+Kehexr[—|r—r’|2/r3]},
r—r’
(2.19
Vee(r.r’)=th(r,r’)=L{1+KeeeXF[—Ir—r’lz/ré]}, FIG. 1. Exciton level scheme for a GaAs quantum well. The
[r—r’] two-exciton states are shown with indice$J=2, J,=2), j (J

(219  =2,3,=0), k (J=2, J,=—2), andl (J=1, J,=0).
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orientation®® the time-integrated FWM signab,y+(T) is ‘ . . .
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FIG. 3. Time-resolved amplitud@) and phaséb) of the FWM
Sint(T) = J dt|PC 2, T)|2, (3.3  signal for time delayf =0 fs, linearly copolarized pulses, and sym-
metric Coulomb potentialk,e=0 andx.,=0. Solid line: the total
amplitude of the FWM signal. Long dashed line: the amplitude of
Here P("12)(t,T) is the polarization in the R,—k; di-  the Coulomb scattering component of the FWM signal. Short
rection, as defined in Appendix A. Our numerical calcula-dashed line: the amplitude of the Pauli blocking component of the
tions will focus on the cas&c;,> kee, Where bound biexci- FWM signal. The inset shows the level scheme corresponding to
ton states are formed, giving rise to distinct signatures irFig. 1. The patched part shows the two-exciton continuum.
FWM.527%8 The symmetry of the two-dimensional magne-

toexcitons in the strong-magnetic-field limit allows us to use For positive time delays the signals decrease monotoni-

a simple procedure to calculate the two-exciton steles. _ cally, whereas an oscillatory behavior is observed for nega-
Pulse durations aré;=t,=30 fs. The phenomenologi- tive delays!® This is also expected from the frequency-
cal dephasing timessee Appendix A are taken adi/y1  domain calculation of® for zero magnetic field® In both
=2nly,=1 ps. We use the GaAs parametetls=0.0665, |ong and short dashed lines the duration of the two maxima
m,=0.457, ande;=13.74. We setw;=w,=—11.5 meV,  (or minimg are about 250 fs, which corresponds to the low-
which corresponds to the one-exciton energyHor10 T.  est bound biexciton statéThe biexciton binding energies for
(The zero of the energy scale corresponds to the one-excitqfie Jowest and second lowest bound biexcitons are 16.5 and
energy in the absence of a magnetic fielthe asymmetry 4.0 meV, respectively.The solid line in Fig. 2 shows the
length is taken asy=4 in units of the characteristic mag- oscillation with about 1ps, since it only couples to the anti-
netic lengthl ;= y#i/eH=8.1 nm. The two-exciton basis set symmetric wave function(Symmetric and antisymmetric
was truncated al,= 100, which is sufficient to describe the wave functions refer to the symmetry of the real-space part
two-exciton states fairly well® The equations of motion of the two-exciton wave function.The largest binding en-
were integrated using a fourth-order Runge-Kutta algorithmergy of the antisymmetric wave function is 4.0 meV, which
with a time step of 0.5 fsS;yr for x..=0 andken=1 iS  corresponds to a period of about 1 ps. This feature is differ-
given in Fig. 2 for three configurations of the polarization of ent from previously investigated quantum-well systems,
the incoming fields:(A) Linearly copolarized pulse€;  where no bound biexcitons were excited for co-circularly
=E,=(1,0); bothE; and E, are linearly polarized in the polarized excitatiort®>® Bound excitons exist in our case
x-direction (short dashed line (B) Linearly cross-polarized due to the combined action of the magnetic field together
pulsesE;=(1,0), E;=(0,1); Ey(E,) is linearly polarized with the asymmetry of the Coulomb interaction, and are ex-
along thex(y) direction (long dashed line (C) Circularly  cited for this polarization configuration. The calculated rela-
copolarized pulse€;=E,=(1/1/2,i/\2); bothE, andE, tive strength of the time-integrated FWM signal for three
haveo . polarizations(solid line). different polarizations is in good qualitative agreement with
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FIG. 5. Same as Fig. 3, but for linearly cross-polarized pulses.

FIG. 4. The same as Fig. 3 but for asymmetric calculation po- ) ) o .
tential k=0 andk.,=1. The inset shows the level scheme. The The FWM signal consists of two contributions: Pauli

symmetric and antisymmetric bound biexciton levels are indicatedlocking (phase-space fillingand the exciton-biexciton tran-
by the solid and dashed lines below the two-exciton continuumsitions induced by the Coulomb interaction. In E¢&11)

respectively. and (A12) the former nonlinearity is proportional to
E(B)(B), whereas the latter is proportional {8")(BB).
zero magnetic-field experiment>® These contributions are given by the short dashed and long
The heterodyne detected time-resolved FWM signal isdashed lines, respectively, and the total signal is given by
given by solid line. The phase of the Pauli blocking term is time in-
o(—-12) dependent in time-resolved FWM with resonant
S(ET) =P 7(LT). (B4 excitation???*This is because we select a single one-exciton

level for each spin, which gives only one Pauli blocking term

. Here_ Px denote_s thex component of the Complex two- in Egs.(All) and(A12). This can also be seen analytically
dimensional polarization vect®r (see the discussion below . . N .
in the short-pulse limit. Settingy= w;= w,, the Pauli block-

These signals are displayed in Figs. 3-9. In all figures, the . :
upper panela) shows the amplitude of FWM sign#P(t)], g1g terdm |tn Eqs.(l?l)tand (B2) does not have any time-
and the lower pandb) shows the relative phaged(t) with ependent phase factor.

o : ) i During the short-time period when the optical field is ap-
[gfvz?d to the exciting puls,(t). A¢(t) is defined as fol plied, the Pauli blocking term is dominant. We can see that

- the phase of the FWM signé&olid line) starts from the same

For (A) and (B) polarizations, they component of the . .
polarization in X,—Kk; is zero, andA ¢ can be simply de- ;i/gg;einalii;hse gﬂgse of the Pauli blocking tefshort dashed
fined as We have investigated three cases: symmetric Coulomb
Ad(t) = wit— py(t), 3. interactionxz.=0 aaneh=0 (Fig. 3), medium asymmetry

P =t = A0 39 Kee=0 and k=1 (Figs. 4—-6, and strong asymmetry,,
where ¢,(t) is the phase of th&-component of the FWM =0 and k.,=2 (Figs. 7-9. The relevant level schemes
signal. For the(C) polarization, the R,—k, signal iso,  were shown in the inset of Ref. 11. The manifold of levels
polarized, and thex andy components of the FWM signal obtained heréFig. 1 or the inset of Figs. 3, 4, and i8 more
have the same relative phase with respect to the excitingeneral than the commonly used level scheme for FWM in
pulseE;(t). We can thus again use E@.5) as the definiton GaAs quantum well$>°7%861since it includes antisymmet-
of Ag. ric two-exciton levels with total angular momentud=2.
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FIG. 6. Same as Fig. 4, but for circularly copolarized pulses. ) )
FIG. 7. Same as Fig. 4, but for strong Coulomb asymmetries

These show interesting signatures in FWM signals of mag#ee™0 andxen=2.

netoexcitons in a strong magnetic field.

All three signals displayed in the upper panel of Fig. 3actly). Since these sources are long living, i.e., they decrease
have a single maximum. The time of the maximum of theslowly with the dephasing time and not with the short dura-
amplitude of the Pauli blocking terrgshort dashed lineis  tion of the exciting fields, the integration of these sources in
determined by the duration of the exciting field. Subse-the equation of motion gives a maximum of the signal at a
guently, this term undergoes free-induction decay. The amdelayed time. Here the effect of the Coulomb-interaction
plitude of the Coulomb scattering terfiong dashed linge terms and the Pauli blocking term on the amplitude of the
reaches its maximum at later times, determined by théWM signal are comparable. Since we excite single excitons
dephasing time scale. resonantly, the amplitude of the FWM signal induced by the

This long rise time has been interpreted using a nonlinealPauli blocking term(which does not depend on Coulomb
Ginzburg-Landau-like wave equation for thes kxciton interaction is not affected by changing the parametegs
amplitude'®?® That analysis is based on a two-level systemand «e,. Thus the FWM signals from the Pauli blocking
with a local-field-like nonlinearity arising from factorization terms in Figs. 3, 4, and 7 have the same magnitude. The
of the higher correlations. This has been shown to correamplitude of FWM signal in Fig. 3 is small compared to
spond to the local-field approximatiqghFA).1"?* The LFA  Figs. 4 and 7. This is consistent with the fact that we do not
which is equivalent to the TDHF approximation can be ex-have a nonlinear optical signal for symmetric Coulomb
tended in various ways. One possibility is to introduce popudinteraction** The small signal coming from Coulomb inter-
lation variables(B'B).'® Since we do not incorporate pure action is an artifact of our truncated two-exciton basis set, as
dephasing, population variables can be factorized agiscussed in Ref. 11.

(B"(B), and do not appear in the equation of motion. How-  As shown in Appendix B, the phase of the Coulomb term
ever, two-exciton variables play a similar role on the shapestarts from 0 (2r) for the linearly copolarized pulséd.It

and the amplitude of the FWM signal. In the third-order then varies smoothly with time, converging to a value which
equations of motion, the Coulomb interaction term coupless close to 2r. Inspection of Eqs(B6) and(B7) shows that
either(B")(BB) or (B'B)(B) depending on the approxima- the small change of the phase indicates that the two-exciton
tion scheme. In both cases, we can regard these terms Evels contributing to(B.)$ L2) (0t) are mainly located
sources for the third-order response for a weak electric fielthear twice the one-exciton energy.

(in our case, without pure dephasing the nonlinear response For k..=0 andx.,=1, we have calculated the amplitude
can be expressed using the two-exciton variaB8), and relative phase of the FWM signal for our three polariza-
whereas the population ternd8'B) can be factorized ex- tion configurations{A) linearly copolarized pulse§ig. 4),
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FIG. 8. Same as Fig. 7, but for linearly cross-polarized pulses.  FIG. 9. Same as Fig. 7, but for circularly copolarized pulses.

(B) linearly cross-polarized puls¢Big. 5), and(C) circularly ~ Coulomb scattering termk; , K; , andK, to the FWM
copolarized pulsegFig. 6). Our system has one symmetric signal have the same sign as well, whereas for linearly cross-
and three antisymmetric bound biexciton levels. These corpg|arized pulsesr_-E,o, -EX ande, -E,o_-E¥ have an
respond to the lowest symmetric and antisymmetric Sﬂétes-opposite sign. Thus the terrh§. andK; cancel each other.

1 1

The symmetric and antisymmetric bound biexciton levels are.. . .
indicated by the solid and dashed lines just below the inceK;, has a factor 2, it also cancels the continuum part of

patched parftwo-exciton continuumof the inset of Fig. 4. Ki . As a result, the lowest symmetric level Ky, and the

In all three cases, the FWM signal shows quantum beatdowest antisymmetric level iKil (with a factor}) contribute
However, their pattern is different. The signal in Fig. 6 re-tg the FWM signal with opposite signs. Because of these
sembles that of Fig. 3, but with one additional feature. Thearge cancellations for linear cross-polarized excitation, we
oscillation period is about 1 ps, which corresponds to thean clearly see the oscillations originating from the lowest
binding energy of the lowest antisymmetric sté4ed meV).  symmetric level compared to the linear copolarized pulses,
Circularly copolarized pulses excite only tfBB;) variables  where the oscillation is buried in the signal of the lowest
and do not show beats corresponding to the symmetric stategntisymmetric level and the continuum.

Figure 4 is similar to Fig. 6. Itis hard to trace the origin of  The relative phase also carries interesting information in
the oscillations in Fig. 4. The oscillations in Fig. 5 come Figs. 4-6. Because of the different polarization of the excit-
from the lowest symmetric biexciton level. It has a bindinging pulses, the relative phase of the Pauli blocking term in
energy of 16.5 meV which corresponds to a period of aboufinearly copolarized pulse@ig. 4) and in circularly copolar-
250 fs. The Origin of the difference of the amplitude of FWM ized pu|ses(|:ig_ 6) is 37/2, whereas in |inear|y Cross-
signal between linearly copolarized and linearly crossyolarized pulses it is7/2. The phase of the Coulomb scat-
polarized FWM signal may be attributed to the cancellationtering term starts from O and converges to abau® for
of the different paths shown in the inset. The signal in Fig. Sjinear and circularly copolarized pulses. These results are
is much weaker than that in Fig. 4. This can be easily seen bysproduced analytically for short pulses by taking limits ffor
comparing the Pauli blocking terms in Figs. 4 and 5, nOting(Appendix B. The termsf /(A +i7,) (N=i1,j1,!1) in Eq.
the fact that the amplitudes of the FWM signal from the B7) have a bound biexciton part and a continuum part. The
Pauli blocking term in Flg_s. 4 and 5 are the same as dispyg have opposite phases resulting imr#2 phase for large
cussed for the Pauli blocking terms in Figs. 3, 4, and 7. The Coulomb scattering term for linearly cross-polarized
_ To clarify this point, let us examine EGBI). Since pyises(Fig. 5 shows a different phase ne&r0 compared
o_-Eyo,-E] and o, -E,o_-E] have the same sign for to Figs. 4 and 6. This is because of the small contribution

linearly copolarized pulses, the contributions of the threefrom the first-order term irt in Eq. (B6): 2 f; —X; f;,
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resolved amplitudd(a) and (c)]
o and phasd(b) and (d)] of FWM
signal. (8 and (b) ke.=0 and
kep=1. (c) and (d) k..=0 and
00 400 P00 O 200 400 BO0 -800 Keh=2. Magnitude of the ampli-
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—2,fi,=0. The phase of the Coulomb scattering termwi8,  latory terms become small compared to the constant terms.
because we have a factbin the second order term in Eq. This occurs on the dephasing time scale.

(B6). A small difference between E¢B6) and our numerical For strong asymmetrye.=0 and x.,=2 we have five
results comes from the fini{@0 ) pulse duration. The large bound biexcitongsee the inset of Fig.)7 As shown in Ref.
change of the phase of the Coulomb scattering term witli1, these levels have two-exciton binding energies of 34.7
increasing time is also related to the cancellation. Because(the lowest symmetric levgl 9.3 (the lowest antisymmetric

of the different sign betweea_ -E, o, -EY ando, -E,o_  level), and 0.8 meV(the second lowest symmetric leyel
-E7} for linearly cross-polarized pulses, the constant terms inhe signal has stronger oscillations in Figs. 7-9 compared
Egs.(B1) or (B2) become smaller compared with their oscil- with Figs. 4—6. This shows that the change of the asymmetry
latory counterparts. Thus the phase changes, until the oscibf the Coulomb interaction affects the FWM signal drasti-
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FIG. 11. (Color) Normalized Wigner spectrograms fdr=80 fs[(a), (c), and(e)], andT=—-80 fs[(b) and(d)]. (a) corresponds to
kee=0 andx.,=0, (b) and(c) correspond toc..=0 andx.,=1, and(d) and(e) correspond tac,.=0 andx.,=2. The detuning is defined
with respect to the single-exciton resonance. The color code is the same for all plots.
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cally, by changing the two-exciton energy levels and theirtime-resolved amplitude shows no beats and the dynamics of
contribution to the FWM signal. the phase is negligible; see Fig. 3. Therefore the magnetoex-
The time-resolved amplitudga) and(c)] and phasé(b) citon system behaves as an effective two-level syStédue
and (d)] of the linearly cross-polarized signals are shown into the finite basis set used in our calculations we still have a
Figs. 1Ga) and 1Q@b) (for x.=0 and x.,=1) and Figs. small Coulomb contribution; see Fig. 3 and discuskidinis
10(c) and 1@d) (for k.e=0 andk.,=2). For positive time is consistent with the WS displayed in Fig.(&l The WS is
delays, this technique is known as the photon echo. Howsymmetric as a function of the detuning, and for a fixed time
ever, since we only have two degenerate one-exciton statéshows modulations as a function of the deturdng which
and no inhomogeneous broadening, we do not observe are like sin(Awt)/Aw.%® As function of time the WS be-
echo att=2T. Instead, we can see the effect of interferencecomes spectrally narrower, which indicates that for long
(quantum beajsoriginating from the energies of the two- times the excitation becomes reson#rf With asymmetry
exciton states as a function ofor fixed T. In the direction [see Figs. 1(b) and 11c) for x..=0 andx.,=1, and 11d)
t=T+T, the signal simply decays as expft/f). and 11e) for x..=0 and«.,=2) bound two-exciton states
A different behavior is seen for negative time delaysexist and induce beats in the time-resolved signals and FWM
where the Coulomb part of the signal does not only dependgignals for negative delays. The Wsee Figs. 1(b)—
ont—T but also ol for the short-pulse limit. This is clearly 11(e)], therefore, become asymmetric with respect to the de-
seen in Fig. 10. Compared with positive time delays, thetuning. New features appear for negative detuning which are
amplitude changes slowly witt) resulting in larger changes directly related to the biexcitonic resonances. kgr=0 and
of amplitude withT. Because of the finite duration of the x.;=1 (xe,=2) the biexcitonic binding energy is 16.5
exciting pulse, the phase of the FWM signal starts to changeneV (34.7 meV}, and one can clearly identify contributions
when E, reaches its maximum. The large peak at abbut of these biexcitons to the WS.
=—200 fs in Fig. 10(a) results from constructive interfer-
ence of the lowest symmetric and the lowest antisymmetric IV. SUMMARY
two-exciton levels. Since the biexciton binding energies are ) ) ) )
larger for larger asymmetry of the Coulomb interaction, we [N this paper we have applied the nonlinear exciton equa-
can see a peak abolit=—150 fs in Fig. 10c), i.e., the t|9ns t.o calculate the thl_rd—order response of two-
amplitude for FWM signal fok,.=0 andx,,=2 reaches its d|m_en§|onal sem|conduc.tqrs in a strong pgrpend|_cular mag-
maximum faster than fokee=0 andxe,=1. In Fig. 1G0), _netlc field. Four-wave-mixing S|gnqls prowde_ a direct look
we observe a weak signal far=—400 fs. This indicates into t_he one- and two-magnetoexcitons r_nanlfolds. Our (_:al-
that the signal is dominated by the lowest level of the anti_culatlon_s used the a_\nalytlcal CIaSS|f|cat|0r! and numerical
symmetric wave function, which has a two-exciton bindingevaluatlon of two-exciton states developed in Ref. 11. Two-

energy 9.3 me\(corresponding to a 450-fs peripd exciton states with four different angular momentum are
The complex valued time-resolved signal fidnay be considered. A two-exciton state consisting of two electrons

conveniently displayed using its Wigner spectrogiafi ~@nd two holes may have the angular mpmeﬂ]iﬁZ,lYVIth
(WS) defined by J,=2, \_]Z=(_), and J,= —2_; 'and J=1, vy|th J,=0, -~ as
shown in Fig. 1. The variation of the signals for different
o polarizations of the exciting fields may be attributed to the
t+ E,T)e“”t dt’. different selection rules in each case. The weak FWM signal
(3.6 for linearly cross-polarized pulses is attributed to the cancel-
: lation between the signals coming from the two-exciton lev-
The WS is by definition a real quantity which may have €ls with different angular momenta. The existence of bound
positive and negative values, and depends on the observati®igxcitons depends on the asymmetry of Coulomb interac-
time, the frequency, and the time delay. Upon integrating thdion. Our calculations demonstrate the unique signatures of
WS over time(frequency, we obtain the amplitudes of the these states in femtosecond four-wave-mixing spectroscopy.
ordinary frequency-resolvedime-resolvesl FWM signal$§?

!
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tions in ultrafast FWM on conjugated polyefg&snd two-
exciton states in light-harvesting antenna systéns. _ APPENDIX A: NEE's WITH ANGULAR MOMENTUM

In Fig. 11 the WS for our system is displayed for different
time delays and asymmetries. Without any asymmetry there In this appendix we develop the equations of motion
are no bound two-exciton states and the contribution to thevhich can be used to calculate the third-order two-pulse
FWM due to Coulomb scattering vanishes. In this case th&WM signals. The exciting field consists of two pulses:
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E(t): El(t)eikl-r—iw1t+ EI(t)e—ikl-r+iwlt+ Ez(t)eikz-r—iwzt_,r_ Eg(t)e—ik2~r+iw2t
=E; (e "'+ E; (1)e'“1'+ E5 (e '“2'+ E; (t)e'?, (A1)

whereE, J(t) are the pulse envelopes,” (E;) (i=1, and 2 refer to the components & with direction+k; (—k;). This
field will create excitations at different directiokg= mk; + nk,, wherem andn can be any integers. We label these different
directional components by the superscript?.

We start with Eqs(2.8)—(2.13), use the rotating frame, and apply the rotating wave approximation to calculate the FWM
signal up to the third-order response, which yields

d(B, )W _ .
(;t :(fo_wz_l?’1)<B+>(O‘l)_ﬂ‘7—‘E;(t)' (A2)
(B : N
K +dt =—(eo— w1 +iy)(BL) 10+ uo, - Ef (1), (A3)
- d(B_)O . .
it —— g = (€= wa—iy)(B_) W= o, - E5 (1), (A4)
 d(BT)"* : .
ih—— ="~ w1+iy)(B) 1+ uc_-E (1), (AS)
<Bl>(o\1):<B+>(71|0):<B‘£>(0\l):<B_>(*1IO>:0, (AB)
. d<BB.>(0|2) ) -
ih— dlt =2 (Hij, = 20,8, —1726; )(BB; ) ®? —4uc_-E; (t)ri(B,) O, (A7)
1
) d(BBj>(0\2) . (0]2) > + (0|1) - + (0[2)
Iﬁ—dt :E (Hjjl—2w25”l—l725”1)<BBJI> _/-LO-—'EZ (t)rJ<B—> _,(1,0'+‘E2 (t)rJ<B+> ! (A8)
1
d(BB) O | )
hT:kz (Hi, — 2028, ~ 1 Y28 ) (BB ) P = 4o, - E5 ()r(B_)Y, (A9)
1
_ d(BBy)©? : ©2_, 7 e+ On_, 5 gt ©l1)
T =|E (Hi,=20201, —iy261 )(BB )7 —po - By ()r(B)"H —uoy - E; (Hr (B, )™, (A10)
1
) d<B+)(71|2) : (-1]2) 1 - + T\ (~1/0) (0]1) Ty(-1/0) (012)
IhT:(60+w1_2w2_|71)<B+> +;:U’0'—'E2 (t)(B) (By) +% raUni(BL) (BB;)
+ 20 1oy (BL)THO(BBY) @ 2y rUn(BL) OB O, (ALY
L d(B )12 . 1. ;
'hT:(fo"'wl_zwz_'7’1)<Bf>(71|2)+;#«0+'Ez(t)<Bf>(7l‘0)<Bf>(oll)+% raUni(BL)(~H0(BB;)©?
+2 rnUnk<Bi>(7l‘0)<BBk>(0|2)+2 rnUnI<BL>(7l‘O)<BBI>(O|2)' (A12)
nk nl

We have added phenomenological dephasing rade€y,) for one-exciton(two-exciton states. The polarization in the
2k,—k, direction is given by

X

P(—1|2):%{B(+—1\2)+B(:lIZ)}, (A13)

i
P§,_l|2)=—\/—%{B&_l‘z)_B&_llz)}- (A14)
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APPENDIX B: IMPULSIVE SIGNALS

In this appendix we derive expressions for the signals in the impulsive limit. For short pulses, with a duration much smaller
than the time scale of the coherent dynamics, with a time d&laye can se€, (t)=E,&(t—T) and E; (t)=EJ §(t), and
solve Eqgs(A2)—(Al12) as follows

_ i po_ E, _€tw1— 20, v 1 Ez po,-E}
(=12) I —— I A R S
(B,) (tT=—F— p( i - t ht>[2 o(T)o(t— T) 7
2€pt w1~ 3w, po_-Ey po, -Ef po-Ey po_-Ej
xex;{| - T)+2 - - .21: Ki+— - 121: KJ-lJrlE1 Ki | 1
(B1)
_ i poE, €otw;—2wp v || 1 no,-Ey po_-Ej
(-1[2) S A — B S e - _
(B)B(1,T)=— = —— p( i - t ht)[zwe(T)e(t n—; -
260t w1~ 3w, o, -Ey po_-Ej po_-Ep po-Ef
><exp(| - T)+2 - - % K, +— - 121 Kj1+121 Ki, | (-
(B2)

The first term in the brackets of E(B1) and(B2) correspond to Pauli blockingphase-space fillingwhereas the terms which
containK,(t,T) (n=i,j,k,l) are related to the Coulomb-interaction and are given by

fif, 26— Ap—2w; Y2 Loy~ wt ALy,
Kn(t,T)—w —w2+An+i72eXF< 7 T+ ?T 0(t)o(—T)| ex ITt_?t —1{+6(t—T)6e(T)
Loy~ wt A,y w1~ wt A, Y2
X ex*Tt—?t F<ITT_ %T)” (B3)

Here A, are the two-exciton Hamiltonian eigenvallfeas follows:
(ZEO_An)an,n’: 2 (St)nannanSnzn’ ) (B4)
ning
whereS is the orthonormal matrix which diagonalizes the two-exciton Hamiltonfiaris defined by
fo= 2 I’n1U nlnzsnzn(st)nn3rn3- (B5)
nynan3

We next consider the relative phase of the Coulomb interaction term for some limiting cas@s=8and for the small
positive timet, the Coulomb interaction part QB+>(‘1|2) may be approximated by the short-time expansion

po_-E, poy -E po ., E, po_-Ef no-Ep E2
2 Z fi+— Z f, +2 fi,
1

<B+>C:)%J‘I%))ml{o1t)~ % % A h

,U«(;—’Ez :UJ(;#’Eilc
h h

€0t w1 /12— 3wy /2—1y—1y,/12
X[t - N Y2 %) il 2

A

,u(r+ Ez,ucr -EY
xIZIf,lﬁ - - (2f11ﬁ +%}f|

M‘T Ez

TR (B6)

Sincef, is real, the phase (3(1B+)(‘1|2) is determined by;+ -E, ando_- ET . We need to consider the second-order term in
t when the coefficient of the first-order term is almost zero. Fer0 and for larget with €= w;,= w,, we have

; E o -E, nwo.-E* f; o, E, puo_-E*
~1)2) I L N M 2 MO+ By 1 Mo Eo 1
<B+>Couloml{0’t) ! A exy{ h t) 2 f h [ Ai +i')’2+ h h
1
s M hy (87)
A Fiy, Ay iy,
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Thus the phase assumes a limiting value for large tinmésf ,=0 except forA,,=0, we have the same phase in E@6) and
(B7). For A,#0 with f,,#0, there is a phase difference between Eg$) and (B7). The phase change reflects the contri-
bution to the optical response from two-exciton levels which have an energy diffefenedth respect to twice the one-
exciton energy.
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