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Intraband terahertz emission from coupled semiconductor quantum wells:
A model study using the exciton representation
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Department of Chemistry and Rochester Theory Center for Optical Science and Engineering, University of Rochester,
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Intraband emission resulting from the second-order polarization induced by a femtosecond pump field in
semiconductor nanostructures is calculated. The two-band model is transformed to the exciton representation,
and exciton-phonon coupling represented by arbitrary spectral densities is incorporated into the equations of
motion for the relevant exciton variables through Redfield superoperators. Time-resolved coherent and inco-
herent terahertz radiation as well as the incoherent optical fluorescence are calculated for a one-dimensional
model of coupled quantum wells in an external electric field with on-site Coulomb interaction between elec-
trons and holes and an overdamped Brownian oscillator spectral density representing the electron-phonon
coupling. A doorway-window picture based on the reduced single-electron density matrix is developed for the
analysis of both signals. Disorder and phonon-induced dephasing effects on the various signals are discussed
and compared.@S0163-1829~99!00724-9#
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I. INTRODUCTION

A novel technique known as terahertz~THz! spectroscopy
has been applied recently to various semiconductor na
structures including semiconductor surfaces,1,2 single3 and
double quantum wells,4 as well as superlattices.5 In this spec-
troscopy the emitted electric field originating from intraba
motion of optically excited carriers is detected. The relev
transition energies, as well as the spectral widths of the
citing laser pulses are typically on the order of a few up
tens meV and correspondingly the emitted radiation is in
THz range.

A number of microscopic calculations of these THz s
nals have been performed,6–8 based on the semiconducto
Bloch equations~SBE! ~Refs. 9,10! and its extensions fo
multisubband systems.6,8,11 Since these models include th
Coulomb interaction within the time-dependent Hartree-Fo
approximation, they describe the effects of bound exciton
well as the correlated electron-hole scattering continuum~for
a recent theoretical approach that describes nonlinear op
processes in metals and doped quantum wells see Ref.!.
Dephasing due to carrier-phonon interactions have been
cluded as well.8,13,14Typically this is done using Boltzmann
like equations for the interband-polarization and t
populations14–16 in which the relaxation kernel is calculate
to second order in the electron-phonon coupling, and
Markov approximation is employed. Carrier-carrier scatt
ing, which is a second-order process induced by Coulo
interaction and which becomes important at high excitat
densities can be treated similarly.13–15,17,18

In a recent discussion of intracollisional field effect,19 it
has been demonstrated that when the carrier-phonon inte
tion is calculated approximately~especially using the Mar
kov approximation! the result in general may depend on t
chosen basis. In Ref. 16 it has been shown that in semi
ductor superlattices one gets different damping rates of
THz signal, when the carrier-LO-phonon scattering rates
PRB 600163-1829/99/60~4!/2599~11!/$15.00
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calculated in a plane-wave representation using a fie
independent basis set, compared to the Wannier-Stark re
sentation, where the applied field is included in the ba
Since the latter representation includes more interactions
results should, especially for high applied fields, be m
realistic. To obtain similar results within the plane-wave re
resentation one would have to perform time-consuming n
Markovian calculations. It is therefore clear that one sho
include as many interactions as possible in the basis set
to evaluate the electron-phonon coupling. Here we go
step further compared to Ref. 16 and also include the C
lomb interaction~and disorder, if present,! in the basis set. In
a description of linear optical properties of superlattices
ing a three-dimensional model, an exciton basis set has b
employed by Dignam and Sipe.20 Later Dignamet al.21 used
this approach to investigate the coherent THz emission fr
superlattices. These calculations included, however, no
croscopic description of dephasing processes.

It has been shown in a large number of publications t
dephasing strongly affects the coherent TH
transients.6,7,14,22–27Since a description of dephasing typ
cally makes use of certain approximations which may g
different results when analyzed in different basis sets,
should use the most adequate basis. Here we use a bas
which fully includes all purely electronic terms in the Ham
tonian.

In this paper we calculate the intraband emission aris
from a few coupled semiconductor quantum wells to low
order in the optical fields, i.e., treating it as ax (2) process. To
keep the numerical effort manageable we restrict our desc
tion to a one-dimensional model of coupled quantum we
where the motion in the plane of the quantum wells is
nored. We first transform our Hamiltonian into the excito
basis. All purely electronic terms appearing in the Ham
tonian, the coupling between the quantum wells, the app
field, the Coulomb interaction, as well as energetic disor
~if present!, are included in the basis set. This exciton basis
used to describe the coupling to phonons, which is evalua
2599 ©1999 The American Physical Society
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2600 PRB 60ZHANG, MEIER, CHERNYAK, AND MUKAMEL
via relaxation superoperators calculated perturbatively in
exciton-phonon coupling. That coupling is incorporated
the Hamiltonian through spectral densities using the mu
mode Brownian oscillator model.28 We then calculate the
coherent and incoherent THz transients originating from
traband emission using the overdamped Brownian oscill
model. For comparison, the optical fluorescence signal wh
is related to interband transitions is discussed as well. T
equivalent but complementary physical pictures are app
for analyzing the signals. First, the numerical results are
terpreted directly using the exciton basis set, which has b
used in the calculations. In addition, the real-space elec
and hole populations which are responsible for the cohe
emission, and the density matrices are calculated by a tr
formation from the exciton space. These pictures are b
applied towards the interpretation and explanation of the
gin of the modulations appearing in the coherent THz sig
for short times, as well as for the long time relaxation, wh
eventually for strong applied fields leads to charge separa
between the optically excited electrons and holes.

In Sec. II we present the Hamiltonian and details of t
exciton representation and the electron-phonon coupling.
pressions for the intraband polarizations and the equation
motion for exciton polarizations, populations and coheren
are presented in Sec. III. Expressions for the relaxation
peroperator are derived in Appendix A. In Sec. IV w
present the formalism of the interband polarization and o
cal fluorescence. Numerical results are given in Sec. V
we close in Sec. VI with a brief discussion.

II. THE NONLINEAR EXCITON EQUATIONS „NEE…
FOR THE TWO-BAND MODEL

We start with the two-band model Hamiltonian for on
dimensional coupled semiconductor quantum wells

H5H01Hc1Hph1H int , ~2.1!

whereH0 describes the free electrons and holes

H05(
mn

Emn
e cm

† cn1(
mn

Emn
h dm

† dn . ~2.2!

Here,cm
† (dm

† ) creates andcm(dm) annihilates an electron~a
hole! in the mth quantum well.Hc represents the Coulom
interactions

Hc5 (
mnkl

S 1

2
Vmnkl

e cm
† cn

†ckcl1
1

2
Vmnkl

h dm
† dn

†dkdl

2Vmnklcm
† dn

†dkcl D , ~2.3!

where the tetradic matricesVe,Vh, and V denote electron-
electron, hole-hole, and electron-hole Coulomb interactio
respectively, which may be different due to different co
finement wave functions for electrons and holes.6,8,11 Hph is
the phonon Hamiltonian representing a set of oscillators28

Hph5(
s

S ps
2

2ms
1

msvs
2qs

2

2 D , ~2.4!
e
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wheres labels the nuclear~phonon! modes with frequency
vs . H int represents intraband electron-phonon coupl
which is assumed to be linear in the phonon coordinates

H int5(
mn j

msvs
2qs~zmn,s

e cm
† cn1zmn,s

h dm
† dn!. ~2.5!

The matrix elementszmn,s
e andzmn,s

h determine the coupling
strength of thesth bath oscillator tocm

† cn anddm
† dn .28,29The

total Hamiltonian representing the quantum wells coupled
an external electric fieldE(t) is

HT5H2P•E~ t !, ~2.6!

where the polarization operator contains both interba
(Peh) and intraband (Pee andPhh) contributions6,7,16

P[Peh1Pee1Phh, ~2.7!

with

Peh5(
mn

Mmn
eh ~cm

† dn
†1dncm!, ~2.8!

Pee5(
mn

Mmn
ee cm

† cn , Phh5(
mn

Mmn
hh dm

† dn , ~2.9!

whereMmn
eh , Mmn

ee , and Mmn
hh are transition dipoles.

The optical response of this system may be calculated
introducing exciton operatorsBa , Ba

† defined by30

Ba
†[(

mn
Cmn,acm

† dn
† , ~2.10!

where the exciton wave functionsCmn,a and energiesea
satisfy the eigenvalue equations

(
n8m8

~Emm8
e dnn81dmm8Enn8

h
2Vmnn8m8!cm8n8,a5eacmn,a .

~2.11!

The eigenstates of the electronic HamiltonianH01Hc
consist of well-separated manifolds ofn-exciton states,n
51,2, . . . . Thex (2) signals considered in the present wo
only depend on the one-exciton states. Using the exc
operators, these states can be represented by the Hamilto

H5(
a

eaBa
†Ba1Hph1H int , ~2.12!

with Bose commutation relations~which holds for processe
up to second order in the applied field!

@Ba ,Bb
† #5dab . ~2.13!

In this representation the exciton-phonon interact
adopts the form
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H int5(
abs
Dab,smsvs

2Ba
†Bbqs , ~2.14!

with the exciton-phonon coupling constants

Dab,s5 (
mnm8n8

~zmm8,s
e dnn81dmm8znn8,s

h
!Cmn,a* Cm8n8,b .

~2.15!

The polarization operator is given by

P5Pa1Pb , ~2.16!

Pa and Pb represent the interband and intraband contri
tions, respectively,

Pa5(
a

~Ma
aBa1Ma

a* Ba
† !, ~2.17!

Pb5(
ab

Mab
b Ba

†Bb , ~2.18!

where the corresponding dipole matrix elements are given

Ma
a5(

mn
Cmn,aMmn

eh , ~2.19!

Mab
b 5 (

mnm8n8
~Mmm8

ee dnn81dmm8Mnn8
hh

!Cmn,a* Cm8n8,b .

~2.20!

The nonlinear exciton equations~NEE! where the re-
sponse function is calculated to the third order, were deri
in Ref. 29. In the present calculation, we need to consider
radiation field only up to second order, so we only have
keep the variableŝB& and N[^B†B&. The NEE thus be-
come

i
d^Bm&

dt
2(

n
hmn

(1)^Bn&52Mm
a E~ t !, ~2.21!

i
dNmn

dt
2(

ab
hmn,ab

(2) Nab

52M n
aE~ t !^Bm&* 1Mm

a* E* ~ t !^Bn&, ~2.22!

where

hmn
(1)[dmnem2 iGmn , ~2.23!

hmn,ab
(2) [dmadnb~en2em!2 iRmn,ab . ~2.24!

Equations~2.21! and ~2.22! are identical to Eqs.~2.25!
and ~2.27! of Ref. 29, except that they use the exciton ba
set. Since the exciton basis set is obtained by a linear tr
formation of the real space basis, they have the same fo
Exciton-phonon coupling has been incorporated in th
equations through the relaxation operatorsGmn and Rmn,ab
representing the dephasing matrix and the Redfield ten
respectively. These operators may be defined formally
calculated using projection operator techniques~see Appen-
dix A!.
-
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III. THE TIME-RESOLVED COHERENT TERAHERTZ
SIGNAL

To present the formal expressions for the signals we
troduce the following notation: for any operatorQ we define
the Heisenberg operatorsQ̃(t) whose time evolution is de
termined by the HamiltoniansHT(t). In the expression for
HT(t) @Eq. ~2.6!#, we setP5Pa , i.e., we neglect intraband
polarization in the coupling to the driving field, while keep
ing it in the signals. This is justified within the rotating wav
approximation, since in semiconductor nanostructures
relevant intraband energy differences are typically mu
smaller than the band-gap energy.

The coherent Terahertz signal, representing the emis
of many quantum wells, is determined by the intraband
pole moment^P̃b(t)&.6,7,16 The first derivative of^P̃b(t)&
with respect to time is proportional to the current

j THz
c ~ t !}

]

]t
^P̃b~ t !&. ~3.1!

The experiment is performed by measuring an electric fi
using small photoconductive dipole antennas. The far field
the emitted radiation is proportional to the second derivat
of this dipole moment~like for the Hertzian oscillating
dipole!6,16,31

ETHz
c ~ t !}

]2

]t2
^P̃b~ t !&. ~3.2!

Hereafter, we will refer tô P̃b(t)& as the coherent signa
which is given by

^P̃b~ t !&[Tr@Pbr~ t !#, ~3.3!

with r(t)5Nab(t)[^Ba
†(t)Bb(t)& is calculated by solving

Eqs. ~2.21! and ~2.22! with the initial conditions ^Bm&
5Nmn50 at t˜2`. ^P̃b(t)& can be expressed in a phys
cally transparent form by recasting it as an overlap of a do
way wavepacket representing the exciton density matrix p
pared by the pump field and a window, given by t
intraband dipole Eq.~2.18!. We then obtain

^P̃b~ t !&5(
ab

Mab
b Nab~ t !. ~3.4!

IV. THE INCOHERENT TERAHERTZ AND OPTICAL
FLUORESCENCE SIGNALS

We have calculated three types of optical signals. The fi
is the coherent emission calculated in Sec. III. The secon
the incoherent THz signal which can be obtained using
straightforward generalization of a doorway-window rep
sentation developed in Ref. 32 for four-wave mixing spe
troscopy. The third is the time- and frequency-resolv
fluorescence.33 The difference between these three types
signals is that in the case of incoherent THz signal o
exciton coherences propagate during the last time inter
For four-wave mixing spectroscopy we have the propaga
of the same coherences as well as the coherences bet
one- and two-exciton states, see, for example, Ref. 34.
propagation of coherences between one-exciton states du
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the last time interval is described by the Green funct
Gmn,ab

(2) (t) of Eq. ~2.22! at zero optical fieldE(t)50, defined
by

Nmn~ t !5(
ab

Gmn,ab
(2) ~ t !Nab~0!. ~4.1!

The doorway-window representation for the incoherent T
signal is obtained by applying the formalism of Ref. 3
which involves the Green functionG(2) in the expression for
the window function. This yields

S( i )~v,t !5Re(
ab

Wab
( i ) ~v!Nab~ t !, ~4.2!

with the window function

Wab
( i ) ~v![2(

mnl
Mmn

b Mlb
b E

0

`

dt8exp~ ivt8!Gmn,al
(2) ~ t8!.

~4.3!

The time-resolved interband~optical! fluorescence signa

Sf l~ t ![^P̃a* ~ t !P̃a~ t !&, ~4.4!

can be calculated by using the same doorway func
Nab(t) as in Eq.~3.4!, and a different window

Sf l~ t !5(
ab

Ma
a* Mb

aNab~ t !, ~4.5!

which is determined by the interband dipoles.

V. NUMERICAL RESULTS

In the following numerical calculations we study a syste
made out of a few (N52,3,4,5) coupled quantum wells i
one dimension: the indicesm51,2,3, . . . ,N label the quan-
tum wells. Electronic coupling between quantum wells
included via nearest-neighbor coupling of the electron a
hole levels with

En,n11
e 5En11,n

e 52.25 meV,

En,n11
h 5En11,n

h 50.25 meV. ~5.1!

The coupling of the holes is assumed to be weaker than
for the electrons, reflecting the much larger effective mas
holes in III-V semiconductors. These parameters corresp
to rather weakly coupled quantum wells. In the limit of in
nitely many coupled quantum wells, i.e., a superlattice,
combined electron plus hole miniband-width for this near
neighbor coupling isD54(En,n11

e 1En,n11
h )510 meV.

The static applied fields~F! and diagonal energetic diso
der, when included, show up in the electron and hole en
gies

En,n
e 5Ee2neFd1sn

e , ~5.2!

En,n
h 5Eh1neFd1

En,n11
h

En,n11
e

sn
e . ~5.3!

Heree is the electron charge, andd is the periodicity length
of the coupled quantum well structure, i.e., the barrier p
n

z

n

d

at
of
nd

e
t

r-

s

the well width. Ee1Eh defines the optical transition fre
quency in a single quantum well neglecting the Coulom
interaction and the disorder. In the optical spectra sho
later, we setEe1Eh50 since the absolute magnitude of th
band gap is irrelevant here. To include diagonal disorder
chose sn

e from a Gaussian distribution with a width o
1.18 meV@full width at half maximum~FWHM!#, and as-
sume that the disorder for electrons and holes is correla
which is reasonable when they both originate from w
width fluctuations. The disorder in the valence band is
sumed to be weaker than that in the conduction band, wi
ratio determined by their coupling strength@see Eq.~5.3!#.

For the Coulomb-interaction we use an on-site electr
hole Coulomb attraction model~electron-electron and hole
hole Coulomb-interaction does not affectx (2))

Vmnkl5dmndkldnkV, ~5.4!

with V59 meV, which is a typical exciton binding energ
in a GaAs quantum well. Such a Coulomb interaction
gether with a tight-binding model have been used previou
in the description of the ultrafast response
superlattices.23–25This model was successfully applied to d
termine field-induced exciton ionization times from fou
wave-mixing experiments.35

The coupling of electrons~holes! to the phonons is as
sumed diagonal in the quantum-well index:

zmn,s
e 5dmnzm,s

e , zmn,s
h 5dmnzm,s

h . ~5.5!

We further assumeze5zh so that the electron-electron, hole
hole, and electron-hole spectral densities are the same.
simplicity we use a single overdamped Brownian oscilla
spectral density per quantum well

Cmn,kl
i j ~v!5dmndkldmk2l

vt

v2t211
, ~5.6!

where i , j assumes the valuese andh. This spectral density
represents low frequency vibrations, i.e., acoustic phono
In our calculation we have used the valuesl50.1 meV and
t550 fs.

A. Optical absorption and fluorescence

The optical transition dipoles are assumed to be diago
in the quantum-well index

Mmn
eh 5dmnM

eh. ~5.7!

Substituting Eq.~5.7! into Eq. ~2.19!, we obtain the exciton
space interband dipoleMa

a . Optical absorption can then b
calculated by assuming a Lorentzian line shape

Sa~v!52Im(
a

uMa
a u2

v2va1 i /T2
. ~5.8!

Figure 1 displays the linear optical absorption spectra ver
the applied field for different number of coupled quantu
wells ~a! N52, ~b! N53, ~c! N54, and ~d! N55, using
T251 ps. Note that the zero of the frequency scale cor
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sponds to the frequency of the electron-hole transition fo
single quantum well, neglecting exciton effects. One s
that in the absence of an applied field, most of the oscilla
strength is concentrated in the optically active exciton, s
ated at about210 meV. Within the one-dimensional mode
the absorption of other energetically higher transitions t
can be seen around 0 meV, which for a superlattice wo

FIG. 1. Linear absorption spectra~log scale! as function of ap-
plied field ~in units of eFd). The zero of the energy scale corr
sponds to a single quantum well transition without Coulomb int
action.~a! N52, ~b! N53, ~c! N54, and~d! N55. Here coupling
to phonons was not included and we have instead chosen a de
ing time of T251 ps for the interband polarization.
a
s
r
-

t
ld

correspond to the miniband absorption, is very weak. T
absorption changes with the applied field. For a very stro
field, the excitonic absorption shifts to the frequency of t
single-quantum well transition minus the quantum well ex
ton binding energy (V), which for our parameters gives
29 meV. For the parameters used here it is very close
the position of the exciton without applied field as is typic
for weakly coupled quantum wells and superlattices. The
fore over the whole range of fields displayed in Fig. 1, m
of the oscillator strength is concentrated in this ene
region.23 New features appear with the applied field whi
shifts the energies of indirect optical transitions. For fie
where those transitions are resonant with the exciton, t
coupling leads to anticrossings, which have been observe
coupled quantum wells4 and superlattices.36 For N52 there
is an anticrossing aroundeFd59 meV, forN53, 4, and 5
a second anticrossing aroundeFd55 meV can be seen in
Fig. 1.

Within the one-dimensional model withN coupled quan-
tum wells, there areN2 single excitons and consequentlyN2

interband polarizations related to these excitons (Bm). There-
fore there areN4 exciton populations and coherences (Nmn).
The Redfield tensorR thus hasN8 components. The calcula
tion of this Redfield tensor is the most numerically expens
step in the applications presented below.

We have computed the time-resolved optical signals
numerically solving the equations of motion Eqs.~2.21! and
~2.22! for N52 andeFd510 meV. In all calculations we
have tuned the central laser frequency to215 meV, corre-
sponding to an excitation about 5 meV below the field-fr
position of the strongly absorbing exciton using Gauss
pulses with 118 fs~FWHM! for the laser pulse intensity
which is proportional touE(t)u2. Figure 2 displays the abso
lute square of the linear optical polarizationuSa(t)u2 and the
optical fluorescence. The linear optical polarization in t
time domain is given by

Sa~ t !5(
a

Ma
a^Ba&, ~5.9!

and the fluorescence has been calculated using Eq.~4.5!. In
the absence of dephasing due to coupling with phonons~the
coherent limit! @Fig. 2~a!#, both signals are equal. This is du
to the fact, that in this case the population and cohere
exciton density matrixNab can be expressed via the inte
band amplitudes25,28 ^Ba& by

Nab5^Ba* &^Bb&. ~5.10!

Using this identity it is easy to show that both signals d
played in Fig. 2~a! are equal. The modulations reflect ener
spacings between optically excited states. Including coup
to phonons@Fig. 2~b!# leads to a rapid decay of the optic
polarization, whereas the damping of the fluorescence is c
siderably slower. Due to the phonon-induced relaxation,
herences between excited states, which are responsibl
the modulations of the fluorescence are rapidly damped.
notice a somewhat different oscillation pattern in Fig. 2~b!
compared to Fig. 2~a!. This is due to the fact that phonon
coupled via the Redfield relaxation tensor shift the exci
energies. The new modulations are determined by the en
differences of phonon-dressed excitons, which can be

-

as-
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tained as the eigenstates of the equation of motions of
populations and coherences including the relaxation ten
Since we have not included radiative damping,37 the fluores-
cence attains at long times a finite constant value. Averag
over disorder realizations@Fig. 2~c!# has similar effects and
also induces a damping of the THz signal.22,27 The optical
polarization decays rapidly, since the disorder induces in
mogeneous broadening, and the modulations of fluoresc
are damped as well. For the present parameters the diso
is weak, which means that the disorder fluctuations are m
smaller than the energy differences between the exc
states, and their effects are rather weak.38 The modulation
pattern of the fluorescence is close to the one shown in

FIG. 2. Absolute square of optical polarization~dashed line! and
time-resolved fluorescence~solid line!. ~a! without disorder and
phonons,~b! Without disorder, including phonons (300 K),~c!
with disorder, without phonons,~d! with both disorder and phonon
(300 K). N52,eFd510 meV.
e
r.

g

o-
ce

der
ch
n

g.

2~a!. Therefore the combined action of coupling to phono
and disorder@Fig. 2~d!# is very close to the result of the
phonons alone@Fig. 2~b!#. Figure 2 shows an overall rapi
decay of the interband~optical! polarization, and a slowe
decay of modulations of the intraband coherences.

As shown above, the incoherent fluorescence sig
probes the doorway function, namely, the exciton populat
and coherence density matrixNab . Figure 3 displays the
exciton density matrix for various situations using the p
rameters of Fig. 2. We label the four (N2) excitons with 1, 2,
3, and 4, where exciton 1 has the highest energy and 4
lowest. Figure 3~a! shows the populations in the absence
phonons and disorder. Figure 3~b! displays the coherenc
N23, N24, andN34. The coherences between exciton 1 w
the other three excitons are very small and therefore
shown. Without phonon and disorder, they are all const
after the excitation. Including the phonons, the populatio
start to relax and approach an equilibrium in the long tim
limit „which is not reached in our finite time calculation

FIG. 3. Exciton density matrix forN52,eFd510 meV. Left
column, exciton populations, solid line:N11, dashed line:N22, dot-
ted line:N33 and dash-dotted line:N44. Right column, exciton co-
herences, solid line:N23, dashed line:N24, dotted line:N34. ~a!
and~b!, no phonons, no disorder;~c! and~d!, phonons only;~e! and
~f!, disorder only;~g! and ~h!, both phonons and disorder.
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@Fig. 3~c!#…, while the coherences decay to zero@Fig. 3~d!#.
Figures 3~e! and 3~f! are for disorder only, where the popu
lations remain constant, while the coherences decay slo
The combined dynamics induced by both phonons and
order are displayed in Figs. 3~g! and 3~h!.

On a longer time scale the exciton-phonon coupling
duces energy relaxation of exciton populations. In the lo
time limit the system will reach an equilibrium in the spa
of phonon-dressed excitons. For not too strong exciton p
non coupling and at low temperatures, eventually the l
energy excitons will be populated. For not too weak fie
these are indirect excitons with electrons and holes at dif
ent ends of the coupled quantum well structure. Although
time scale associated with this equilibration is much lon
than the times considered in our time-domain solution,
tendency towards relaxation-induced charge separation
companying the energy relaxation for long times can be s
in Fig. 3~c!.

For N52, there are three excitons which have very clo
energies and all of them also have a significant interb
dipole. Using an optical excitation which excites all thr
excitons~excitons 2, 3, and 4! results in a superposition o
these three transitions@Fig. 4~a!#. Therefore for a low tem-
perature calculation~T550 K! @Fig. 4~b!# the modulations of
the optical fluorescence show a complicated pattern de
mined by the three relevant energy differences.

B. Coherent terahertz emission

The coherent signal is calculated using Eq.~3.2!. Since
our basis set is localized in real space, intraband dipoles
assumed to be diagonal in the quantum-well index

FIG. 4. Absorption ~a! and optical fluorescence~b! for N
52, eFd510 meV, T550 K.
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Mmn
ee 52dmne~m2N/2!d, Mmn

hh 5dmne~m2N/2!d.
~5.11!

TheN/2 term arises in the definition of the intraband dipole
since the origin of the coordinate system corresponds to
middle of the nanostructure. Using a different origin wou
modify the value of the intraband polarization, but wou
have no effect on its time derivatives which determine
current and the THz signal. Substituting Eq.~5.11! into Eq.
~2.20!, we obtain

Pb5(
n

~mn
ecn

†cn1mh
hdn

†dn!, ~5.12!

with mn
e52mn

h52e(n2N/2)d. The coherent signal can
then be expressed into an alternative form

S(c)~ t !}
]2

]t2 (
n

@mn
ern

e~ t !1mh
hrn

h~ t !#, ~5.13!

wherern
e and rn

h are the real space electron and hole pro
ability density ofn8th quantum well and can be calculate
using the exciton doorway functionNab as

rm
e ~ t !5 (

nn8,ab

Cmn,a* Cmn8,bNab~ t !, ~5.14!

rn
h~ t !5 (

mm8,ab

Cmn,a* Cm8n,bNab~ t !. ~5.15!

Figure 5 shows the THz signal using the same parame
as in Fig. 2~b!. The optical excitation in the presence of th
applied field leads to the excitation of polarized excito
~i.e., where electrons and holes are not at the same pos
in space!.31 This instantaneous contribution to the intraba
polarization is reflected by the fast creation of the intraba
polarization which follows the excitation pulse.6,31,39At later
times the intraband polarization oscillates with a frequen
corresponding to energy differences between the dressed
cited excitonic states. The current associated with the mo
of the excited wave packet is given by the time derivative
the intraband polarization. The emitted far field, which c

FIG. 5. Normalized intraband-polarization~solid line!, deriva-
tive of that which is proportional to the currentj ~dotted line!, and
second derivative of that which is proportional to the emitted~far-
field! THz field ~dashed line!. N52, eFd510 meV, T5300 K.
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be observed experimentally, is the second derivative w
respect to time of the intraband polarization.

In the exciton representation the rapid modulations of
THz signal are determined by off-diagonal components
Nab . For the parameters used in Fig. 5, there are only th
relevant excitons and coherences between them, which
optically excited and may contribute to the THz signal~see
Fig. 3!. The coherent THz radiation depends on the prod
of exciton coherences with the off-diagonal components
the intraband dipole matrix. Since there is a significant int
band dipole only between the highest and the lowest of
three excited excitons~exciton 2 and 4!, the coherence be
tween these excitons gives by far the strongest contribu
to the intraband emission. The intraband dipoles betw
excitons 2 to 3 and 3 to 4 are very weak and their contri
tion to the THz signal are very small. The decay of t
modulations in the coherent THz signal is determined by
phonon-induced decay of the coherence between the exc
@see Fig. 3~d!#. Therefore, in the exciton representation, t
modulations of the THz signal are due to a coherent su
position of the same exciton states as in the fluoresce
However, these two signals may show different behav
since they differ in the window function, which is dete
mined by the interband and intraband dipoles, respectiv
Only the fast frequency (E22E4) that is present in the fluo
rescence also shows up in the intraband polarization and
sequently in the THz signal, see Fig. 4~b! and Fig. 5. In the
long time limit ~which is not reached by the few ps cover
by our time-domain calculations! after all the coherence
have decayed, the system of phonon-dressed excitons
eventually reach a thermal equilibrium.

Figure 6 shows the combined effects of phonons and
order on THz emission. Figure 6~a! illustrates the increase o
the phonon-induced dephasing of the THz-signal as the t
perature is raised~without disorder!. Shown are calculations
for T550 K ~dash-dot-dot line!, T5100 K ~short-dash
line!, and T5300 K ~dotted line!. Compared to the fre-
quency of the THz signal for the present parameters the
quency shift induced by the phonons is small, and ther
almost no frequency change of the modulations with incre
ing temperature. Figure 6~b! shows the THz signal withou
phonon and disorder~dash-dot line!, disorder alone~dashed
line!, and both phonon and disorder~solid line!. At low tem-
peratures the disorder results in a dephasing of the T
signal.27 At higher temperatures~for the present parameters!
the phonon-induced dephasing is stronger than the depha
induced by the disorder. This was already discussed u
Fig. 2.

Figure 7 displays the effect of system size on the T
signal. Shown in~a! is the influence of the disorder alone fo
N52 ~solid line! and N53 ~dashed line! using eFd
510 meV. The normalized amplitude~i.e., divided by the
number of wellsN) of the signal for short times comparin
N52 andN53 is not very different, but it is clear to see th
the dephasing rate of the signal increases with increa
size. This may be explained as follows: whereas the phon
couple more or less in the same way to the different optic
excited excitons, disorder affects them for each realizatio
a different way. This is due to the fact that the excitons
extended over a few wells~otherwise there would be n
modulation of the intraband polarization! and the disorder
h
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between different wells is taken to be uncorrelated. Fig
7~b! shows the normalized THz-signal with phonons atT
5300 K, andeFd510 meV~without disorder!. Shown are
for N52 ~solid line!, N53 ~dashed line!, N54 ~dotted
line!, and N55 ~dash-dotted line!. We see that the signa
increases slightly with the size and that the dephasing as
as the frequency remains basically unchanged. This indic
that for the present parameters~large field eFd510 meV
and large Coulomb-interaction 9 meV, compared to we
interwell coupling 2.25 meV10.25 meV52.5 meV) the
excitons are quite localized, i.e., the wave function amplitu
is rather strong in a few quantum wells.

Figure 8 displays the time- and frequency-resolved in
herent THz signal forN52, eFd510 meV,T5300 K. A
similar modulation shows up as in the time-domain coher
THz signal. For long times the incoherent signal, which
defined as a polarization-polarization correlation function,
tains a finite long time value, since the intraband polarizat
approaches a constant long time value, see Fig. 5. It
shows the frequency resonances between exciton 2 and 4~a!
and ~b! give the plots of frequency- and time-resolved inc
herent THz signal, where~a! displays the frequency-resolve
signal for a fixed time oft50.55 ps and~b! is for the time-
resolved signal for a fixed frequency ofv50.6 meV.

In real space, the origin of the THz signal is simply th
motion of the charges, i.e., electrons and holes, see
~5.13!. This charge oscillation is displayed in Fig. 9, whe
the electron and hole populations in the different quant
wells are shown.~a! and ~b! displays the electron and hol

FIG. 6. THz signals forN52, eFd510 meV. ~a! dash-dot-
dotted line: with phonons atT550 K, short-dashed line:T
5100 K, dotted line:T5300 K; ~b! dash-dotted line: without
phonons and disorder, dashed line: disorder only, solid line: w
both phonons (T5300 K) and disorder.
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populations forN52, respectively.~c! and ~d! are for N
55. One can see that electrons are mainly responsible
the charge oscillations between the quantum wells. Due
their larger mass, the hole populations show only very w
modulations. The time-period of the modulations of t
population shown in Fig. 9 is determined by the energy d
ference between the two excitons that contribute strongl
the intraband polarization. In the long time limit the phono
induced relaxation may leads to a charge separation betw
electrons and holes. It can be seen in Fig. 9 that there
tendency that electrons and holes move~relax! towards dif-
ferent end of the nanostructure in real space.

VI. SUMMARY

In this paper we have calculated the intraband emiss
resulting from the second-order polarization induced by
femtosecond pump field using an exciton model for coup
semiconductor quantum wells. Exciton-phonon coupling r
resented by arbitrary spectral densities has been incorpo
into the equations of motion for exciton polarizations,
well as exciton populations and coherences through R
field’s theory. Applications to a simple one-dimension
model for coupled semiconductor quantum wells with an
plied external electric field demonstrate the interplay of
herent THz and incoherent fluorescence radiation. The r
tive strength of bound exciton versus continuu
contributions, as well the Coulombic effects, in general
overestimated in a one-dimensional model.22 Extensions of
this approach to three-dimensional descriptions would

FIG. 7. ~a! THz signals~without phonons, with disorder! di-
vided by number of quantum wellsN for N52 ~solid! and 3
~dashed line!. ~b! THz signals~with phonons atT5300 K, and
without disorder! divided by number of quantum wellsN for N
52 ~solid!, 3 ~dashed!, 4 ~dotted!, and 5 ~dash-dotted!.
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highly desirable and can be expected to give new insight
the interplay between coherent and incoherent dynam
which strongly affects experimentally observed TH
emission.4,5,26 Full three-dimensional calculations8,14,22 re-
quire a considerably larger numerical effort in calculating t
exciton states. A doorway-window picture28 based on the
reduced single-electron density matrix is developed for
analysis of these signals. Within our approach the cohe
and the incoherent THz signals as well as the optical fl
rescence oscillate with frequencies determined by the dif
ences between the energies of phonon-dressed excitons
damping of the coherent oscillations due to phonon-indu
relaxation between different exciton states has been dem
strated. The approach presented here can describe
phonon-induced transition starting with coherent~oscillating!
carrier motion to charge separation~real transport!, using the
excitonic eigenstates of the system.
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APPENDIX: THE RELAXATION SUPEROPERATORS

All relevant information with regard to phonon dynamic
is contained in the matrix of spectral densitiesCmn,kl

i j (v),28

where the superscriptsi and j assume the valuese andh:

FIG. 8. Three-dimensional plot of time- and frequency-resolv
incoherent THz signal forN52, eFd510 meV. ~a! frequency-
resolved plot for t50.55 ps, ~b! time-resolved plot for v
50.6 meV.
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Cmn,kl
i j ~v![(

s

msvs
3

4
zmn,s

i zkl,s
j 2p@d~v2vs!2d~v1vs!#.

~A1!

Equation~A1! applies for a harmonic bath linearly couple
to intraband components of the density matrix operator in
most general way. The indexs represents the bath oscillato
with frequencyvs . The matrix of spectral densities in Eq
~A1! is a straightforward generalization of the spect
density28,40 to the case when each bath oscillator is coup
to several electronic transitions. Matrices of spectral de

FIG. 9. Real space electron and hole populations.~a! and~b! are
for N52. ~a! solid line: r1

e , dashed line:r2
e ; ~b! solid line: r1

h ,
dashed line:r2

h . ~c! and~d! are forN55. ~c! solid line:r1
e , dashed

line: r2
e , dotted line:r3

e , dash-dotted line:r4
e , dash-dot-dotted line:

r5
e ; ~d! solid line:r1

h , dashed line:r2
h , dotted line:r3

h , dash-dotted
line: r4

h , dash-dot-dotted line:r5
h .
e

l
d
i-

ties have been introduced in Ref. 41 and applied in Refs
and 42 to Frenkel exciton models.

In the exciton representation, the matrix of spectral d
sitiesCab,mn(v) assumes the form42

Cab,mn~v![(
s

msvs
3

4
Dab,sDmn,s2p@d~v2vs!

2d~v1vs!#. ~A2!

This gives

Cab,mn~v!5 (
mnkl

(
m8n8k8 l 8

@Cmn,kl
ee ~v!dm8n8dk8 l 8

1Cmn,k8 l 8
eh

~v!dm8n8dkl1Cm8n8,kl
he

~v!dmndk8 l 8

1Cm8n8,k8 l 8
hh

~v!dmndkl#Cmm8,a
*

3Cnn8,bCkk8,m
* C l l 8,n . ~A3!

The relaxation superoperators appearing in Eqs.~2.21!
and ~2.22! are derived in Ref. 29 and have the form

Gmn5 (
abn8

E
0

`

dt Gab~ t !Gn8n
* ~ t !Uma,bn8~ t !, ~A4!

Rmn,m8n85 (
aba8b8

E
0

`

dt @Gma* ~ t !Gam8~ t !Ga8b8~ t !

3Gbn8
* ~ t !Una8,b8b~ t !1Gna~ t !Gan8

* ~ t !Ga8b8
* ~ t !

3Gbm8~ t !Uma8,b8b~2t !2Ga8a
* ~ t !

3Gam8~ t !Gnb8~ t !Gbn8
* ~ t !Uma8,b8b~ t !

2Ga8a~ t !Gan8
* ~ t !Gmb8

* ~ t !

3Gbm8~ t !Una8,b8b~2t !#, ~A5!

whereUmn,ab(t) is the phonon Greens function29 expressed
in terms of spectral densities:

Umn,ab~ t !5E
2`

` dv

2p
Cmn,ab~v!FcothS \v

2kTD cos~vt !

2 i sin~vt !G , ~A6!

T is the temperature, andG is the one exciton Green of Eq
~2.21! with hmn

(1)5dmnem , which is diagonal in the exciton
basisGmn(t)5dmn exp(2iemt). This yields

Gmn5(
a

E
0

`

dt exp@2 i ~ea2en!t#Uma,an~ t !, ~A7!

Rmn,m8n85(
a

E
0

`

dt @exp@2 i ~ea2en8!t#Una,an8~ t !dmm8

1exp@ i ~ea2em8!t#Uma,am8~2t !dnn8

2exp@2 i ~en2en8!t#Umm8,nn8~ t !

2exp@ i ~em2em8!t#Unn8,mm8~2t !#. ~A8!
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