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The signatures of excited-state correlations in the third-order optical response of many-electron
systems are calculated using a time-dependent quasiparticle picture which maps the optical
excitations onto a system of interacting bosons, following a transformation to Kosoiflaton
variables. The many-body wavefunction is approximated by a Gaussian wavepacket representing a
squeezed state in the quasiparticle space. Unlike the standard coupled-cluster technique, the present
approach constitutes a generalized coherent state representation which makes it possible to derive
simple closed equations of motion for its parameters. The time-dependent Hartree—Fock
approximation is recovered for weakly correlated systems where squeezing is negligibl€990
American Institute of Physic§S0021-960609)30734-(

I. INTRODUCTION improved treatment of correlations is two-photon spectros-
copy of strongly correlated systems of electrons in the mag-
The dynamics of strongly correlated many-electron sysnetic field, e.g., when biexcitons which show up in two-
tems constitutes a rapidly developing area of condensed mathoton resonances are formed by Skyrmionic excitons rather
ter physics which includes high-temperature superthan ordinary magnetoexctiohd.
c:onductivity,l'2 the metal—insulator transitiotf and systems Electron correlations in the ground state can be treated
of interacting electrons in a strong magnetic fiékdg., the  using density functional theoryDFT).2°-22 Obtaining rel-
quantum Hall effegt>® Electron correlations are also very evant information on the excited states using this approach
important in determining the structure and photoinduced dyconstitutes a more complicated t£3k?> and a convenient
namics of conjugated molecules. The single-electron stategay to obtain this information is to apply the time-dependent
of conjugated molecule&r-orbitalg are usually delocalized density functional theoryTDF) which is based on a func-
over the entire molecule. Electron correlations are especiallyional of the time-dependent densfy 28 Stationary DFT is
strong in conjugated molecules because of their [AP)  based on the expansion of the functional in gradients of the
dimensionality. The significance of electron correlations incharge density>° In the time-dependent case such an ex-
the optical response of various materials can be estimatggansion faces some difficulties since the expansion in time
using the ratio of the exciton binding energy to the opticalderivatives fails and a Pade-type functional has been intro-
band gap. In undoped inorganic semiconductors this ratio iguced in the frequency-domath This functional, however,
~102-10 3, whereas in conjugated systems this parameteturns out to be extremely nonloéaknd an extension of the
is of the order of one. This implies that processes which daheory to current dependent functionals is neetfe@he
not conserve the number of electron-hole pairs are importartDHF approacf? is a dynamical variational technique
in conjugated molecules, and correlations in the excitedvhich provides a simple and partial account of excited state
states are no less important than in the ground state. Aporrelation effects. It has been applied to study electronic
interesting problem which arises from strong electron correproperties of conjugated polymers and molecdfes® 343
lations is the relative energy of the lowest excited stateShe relevant information on the excited states is contained in
which possess thay and B, symmetry. It has been shown the eigenmodes of the linearized TDHF equafi®tow-
experimentally® and theoretically*® (by exact diagonaliza- ever, the TDHF fails to predict the correct order of thg
tion of thePPP Hamiltonian that in short polyenes the low- andB, states in strongly correlated systems.
est(dark A, excited state lies below the lowedtright) B, In this paper we develop a formalism for computing the
state. The correct relative position of the lowégtandB,  optical response of many-electron systems, which extends
transition may not be obtained from low-level treatments ofthe TDHF and accounts for electron correlations in the ex-
correlations, e.g., single GRef. 11) or the time-dependent cited states in a more profound way. The approach is based
Hartree—FrocK TDHF).'2~* This issue has important impli- on the quasiparticle picture of the optical response whereby
cations on the photophysics and photochemistry of manyhe linear response is formed by exciting the quasiparticles,
conjugated systems. The fluorescence quantum yield dropghereas optical nonlinearities originate from their scattering.
substantially when thé state lies below th&, state due to  The classical quasiparticl®scillatoy picture of optical re-
nonradiative quenching. Carotenoids are essential compaponse has been established edfliehere it has been dem-
nents of photosynthetic antenna complexes’ The ener- onstrated that the TDHF approximation is the classical limit
getics of theA; andB,, transitions in carotenoids controls the of the original quantum fermion modéQFM). Choosing a
energy transfer pathways between B®800 andB850 bands system of local coordinates in the vicinity of the stationary
of the LH2 complex!® Another problem which requires an pointp of the TDHF equation maps the system onto a set of
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coupled oscillators(quasiparticles representing electron- tum teleportatiof® and Bose condensatidf.It will be
hole excitations. Transforming to canonical variables, i.e., tshown in Sec. Il that the squeezed state ansatz can be con-
variables for which the Poisson bracket adopts the canonicalidered a bosonized version of the coupled-clugi&®) an-
form (which is always possible locallyone obtains a clas- satz for many-electron systerffs*® The latter constitutes an
sical system of interacting bosons, which represent the quaxtension of the HF ansatz, includes ground state correla-
siparticles. Quantizing the classical quasiparticles one arrivetgons, and in its dynamical forfi*® provides relevant infor-
at a quantum system of interacting bosons, which represemnation on the excited states. Technically it is much more
the elementary excitations of the original QFM. convenient to work with the boson than the fermion CC an-
Representing a system for which the original elementaryatz, since the linear and bilinear combinations of the boson
variables are nonbosofe.g., fermion or spin systemsn operators form a closed algebra and the squeezed states con-
terms of effective bosons is known as bosonization. Therstitute generalized coherent states in the sense of
are two approaches to bosonizatiirThe first is based on PerelomovA®*°
immersing the space of states of the original system into the The existence of a closed algebra simplifies the proce-
oscillator spacé® The second uses an expansion of the origi-dure of deriving the variational equations of motion. Let a set
nal basic operators in terms of boson operatdfS. of operatorsA; form a closed algebrdA; ,AjJ==f; (A,.
Bosonization schemes have been first developed for spiwe can implement an ansatz for the wavefunctions in the
systems®*° The Holstein—Primakoff (HP) expansiof®  form expE;aA)| Wy where [¥) constitutes an arbitrary
constitutes an interesting example of a bosonization schem@ference state whereas the set of numkgrparametrizes

of the second type, which contains a parameteglated 10 the wavefunction. The variational equations of motion are
the value of the spin. The HP bosonization therefore allowsjerived from the minimal action principle, with the action

to treat any value of the spin within the same scheme byg () (7)]:

choosing the proper value of the parameter. For large values

of s, the HP bosonization can be considered as the transfog[Q(T)]:f dt[i<Q(T)|dQ(7')/d7'>—(Q(T)||:||Q(T)>].
mation to canonical variables in the phase space of the clas-

sical spin represented by the 2D-sphsfée'! Introducing the 1D

PP " n -1 . N
artificial “Planck constant”2=(2s) ~, the HP bosoniza- pere [} js the Hamiltonian andQ (7)) the time-dependent
tion can be considered as the extension of the canonicglayefunction and, therefore, constitute equations of motion

transformation to the quantum case. The classical canonicgk cjassical dynamics. These equations can be written in the
transformation reproduces the HP transformation to firstyygmiltonian form for any seB; of coordinates, which pa-
order inf. Extension to the quantum case can then be Pelrametrize|Q): J

formed order-by-order i, which constitutes a semiclassical
expansion of the HP transformation. The approach devel-
oped in this paper extends the HP bosonization from spins to
many-electron systems and develops a quantum oscillatQr . L )
(boson model(QOM) to lowest-order in the artificial Planck The classical Hamiltoniahi is given by:

constantf. This extension is based on incorporating the H(Q)z(Q|I:I|Q>. 1.3
QFM whose space of states forms an irreducible representa-

tion of the unitary grougJ(M) whereM is the number of The Poisson bracket adopts a very simple form if the wave-
single-electron statesee Sec. Il for details of the represen- functions are parametrized by the expectation valdes
tation theory analysjsinto a family of irreducible represen- E(Q|AJ~|Q> of the operators?\j rather than the set; of the
tations of U(M) parametrized by an integen. The repre- ansatz:

sentations of this family are uniquely characterized by the

property that they_ can be obtalnec_i using the procedure of (A A1=i> frn kA - (1.4)
geometrical quantization on an orbit given by the Grassma- k

nian manifoldG(N,M;C) (see Sec. Il for the definition of a
Grassmaniay™ where N is the number of electrons. The
casem=1 corresponds to the QFM and the artificial Planck
constant is defined a@s=m"1. The caseN=1, M=2 cor- K

responds to the spin, sin€(1,2;C)=S? andm=2s. Solu- H=> > hi(f.)_.inAil"'Ainy (1.5

tion of the time evolution of the QOM model, which prop- n=il-tn

erly takes into account interactions between thethen the equations of motion féx,, will also be truncated at
quasiparticles, is not straightforward and requires further apthe same order. These equations which can be derived from
proximations. The boson nature of the QOM allows to applyEqg. (1.2) by making use of Eq9.1.4), (1.5), and the differ-

the dynamical variational approach using some natural arential property of the Poisson bracKéig. (3.8)], have the
satz for the wavefunctions. The coherent state ansatz for tHerm:

bosons brings us back to the TDHF approximations. The

dB; _
F_{H,Bj}. (1.2

In particular, if the corresponding classical Hamiltonian con-
tains only finite-order terms in the expansionAn:

k n
squeezed state is a natural extension of the coherent st tQAmzz >3 f. . hm CA A
ansatz for a boson system, which is extensively used in the d7 =1 {1 it ot eei-toljer e T T
description of quantum states of the radiation ff€lguan- (1.6
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This implies that the existence of a closed algebra yields
simple equations in terms of the observables. Since, usually

Original Quantum [josonized Quantum]

. o . Fermion Model Fermiod Model
the bottleneck of the dynamical variational approach is relat- (QFM) (BQFM)
ing the parameters of the ansatz to the observables, the prol N
lem is simplified considerably if the operator algebra is )
closed, which is the case of the boson CC ansatz. Howevel i) Squeezed
since it is applied to the QOM which constitutes an approxi- E state A8Z8Z( Quantum Oscillatoj
mation for the QFM, it still constitutes an approximation for & Boson Coupled - (Boson) Model
the ordinary fermion CC approach. = Cl‘(‘ls;gchﬁ%del @iv) (oM

The present approach establishes the quasiparticle pic
ture of the optical response of many-electron system. The
boson coupled cluster modéBCCM), which is obtained Y (iii)
from the QOM by implementing the squeezed state ansatz )
can be formulated as classical dynamics in the extende( | Classical Oscillaton

: . Model (COM)
phase space of one- and two-exciton variables. When pro
cesses which do not conserve the number of excitons can b
neglected (e.g., for Frenkel-excitons the corresponding
equations of motion are exact up to the third-order responseiG. 1. The solid arrows illustrate the four steps involved in constructing
The two-exciton variables give rise to new resonances whickhe boson coupled cluster classical mo@&CCM) out of the original quan-
are completey neglected within the TDHE approach. Inter a7 i Totel QR btanng s bozonsed uantn femion oy
action between these two types of variables in the BCCMyder-by-order in the artificial Planck constant, should allow to incorporate
leads to the decrease of the frequencies of the one-excitdrgher-order corrections in the strength of electron correlations. This exten-
resonances, which has a potential of resolving M@eBu siqn (dashed arr_ow_swhich follows the generalization of the Holstein—
problem within a refatively simple calculation. It is possible tzrr;";aggzsbgzggr'fdattf: :ccgsg(ﬁiﬁe‘lgrg;;?ﬁﬁff_ of many-electron sys-
to avoid the bosonization altogether and derive directly equa-
tions of motion for the expectation values of the bilinear and
fourth-order combinations of the fermion operatdréiow-  (BCCM). The resulting variational equations of motion pro-
ever, the present scheme has several advantages. First, it hdde a dynamical theory for the optical response which ex-
precisely the right number of variabléwe have one quasi- tends the TDHF by incorporating additional two-exciton dy-
particle per an electron-hole pairwhereas when working namical variables.
with Fermion objects we have redundant variables due to the This paper is organized as follows. In Sec. Il we intro-
over-completeness of the basis set. This allows to avoid théuce the boson coupled-cluster expansion based on the
difficulties which arise from including the intraband squeezed states and compare it with the regular fermion CC
variables>® All the necessary sum rules are therefore auto-expansion. Section lll is devoted to developing a boson rep-
matically satisfied in the present approach. Second, it estaliesentation of the fermion systefisteps(i), (i), and(iii)]. In
lished an oscillator picture of optical response. Finally, ourSec. IV we apply the squeezed state ansatz and derive closed
approach can be easily extended along the lines of Ref. 52 g@quations of motion for its parametg®&tep(iv)]. Our results
treat incoherent dynamical processes, which arise from thare finally discussed in Sec. V. For clarity, details of most

Classical Canonical
Oscillator Model
(CCOM)

coupling to nuclear motions. derivations are moved to the Appendices, when possible.
The resulting computational scheme for the optical re-
sponse consists of the four steps illustrated in Figi)lwe  |l. FERMION VS. BOSON COUPLED-CLUSTER

start with the original many-electron quantum fermion modelEXPANSIONS
(QFM), and introduce its classical counterpart. The phase \ye start with the general Hamiltonian describing an op-

space of the corresponding classical dynamics related to thﬂ:a"y driven many-electron system with two-body interac-
TDHF (coherent stajeapproximation is the spac®! of  tjgns.

single Slater determinants. Followirigthe classical Hamil- 1

tonian is defined by Eq.1.3) and constitutes a function on A=t & ¢ +-Sv CrEFE.E — p

M. The Poisson bracket i has been introduced in Ref. 37. (1=2 tmeCrCy 22 mnkeCmCn CiCem ()P,
This yields the classical oscillator modéCOM). (i) We (2.9
introduce a reference Slater determindly which is the e (C) are the electron annihilatiofereation opera-
solution of the stationary HF equation, and find the canonicaj,,s with the commutation relations

variables in the vicinity of(Q)y. The system described in o o

terms of the canonical variables constitutes a system of clas- CnC, +Cp Cn=Smn» (2.2

sical coupled oscillators, hereafter referred to as the cIassic%lnd the Latin indices label the single-electron stéitesiud-

cano?ca(; toscnlgtor ;nt(r)]de{CCCiM). (”').”Tthe CCOMM')S ing spin. e(7) is a classical driving field and the polarization
quantized to arrive at the quantum oscillator mod@d operator has the form of a general single-electron operator

which represents a quantum system of interacting boson qua-
siparticles.(iv) The squeezed state ansatz is applied to the ﬁ’—Z e+ 2.3
guantum oscillator, yielding the boson coupled cluster model ~ & Mmn~min- '
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A dynamical variational approach, based on an assumpresent all elements of the groupU (M) even in the vicinity
tion that the many-body wavefunction of the driven systemof the unit element of the group, e@ﬂ(ﬂuaﬁé;éﬁ)m& still
belongs at all times to a certain manifold, constitutes a
useful tool for building approximate methods for the dynam-__"." . A
ics of the driven system. It further provides reduced relevani 'S S the case since the elements [&Xp,(UqaCo Cor
information on the eigenstates obtained by investigating theFEBﬁ,UBﬁ/CECB/)], wherea,a’ are unoccupied, ang, 8’
resonant structure of the frequency-domain optical responsere occupied orbitals, do not affg€},). TDHF equations of
A variational scheme is fully determined by selecting themotion for the coupled electronic and nuclear dynamics have
manifold M to which the system dynamics is restricted. Thebeen derived using a generalized coherent state as a trial
choice ofM also constitutes an approximation for the groundwavefunctior?*
state which is obtained by minimizing the system’s energy A straightforward generalization of the TDHF scheme is
on M (the standard variational procedurdhe approxima- obtained by extending the ansatz for the wavefunctions to
tion for the ground state must be compatible with the dynaminclude new parameters. The coupled cluster approach is a
ics: The ground state is given by a stationary point of theclass of ansatzes which include the single Slater determi-
dynamical equations in the absence of the driving field.  nants as special cas®<'® This ansatz, widely used to treat

By choosingM to be the space of all single Slater deter- ground state correlations, is obtained by adding the fourth-
minants, one obtains the Hartree—Fdek) approximation  order terms to the Thouless representation:
for the ground state and the time-dependent Hartree—Fock
(TDHF) approximation for the dynamics. Both HF and
TDHF are extremely powerful, however they neglect elec-
tron correlations in the ground state, and are restricted to
two-particle correlations in the excited states. The space of
single Slater determinants constitutes a homogeneous mani- + 0 Vinnkel NC, CrCCel|Q0). (2.6)
fold. In the case oN electrons which can occupy single- ’
electron orbitals <<M), it is represented by the Grassman
manifold G(N,M;C) of N-dimensional vector subspaces of
the M-dimensional vector spac@™. G(N,M;C) can be rep-
resented as a factor spac&(N,M;C)=U(M)/U(N)

X U(M—N) with the natural action ofJ(M) on it, where
U(n) denotes the group ofX n unitary matrices. The action

represents all coherent states least in the vicinity ofQ)).

|Q<r)>=exp(2 Unn(1)CrCh

Closing the dynamical equations foU,,(7) and
Vimnke(7) is a formidable task, and further approximations
need to be introduced. The difficulties can be rationalized
using the theory of representations. The bilinear and fourth-

TN ) . order combinations of fermion operators do not form a
of U(M.) on G(N’M’C.) is induced by its n_atural action N Closed algebra, since commutators of the fourth-order terms
the orbitals representing the Slater determinants. All possibl

Slater determinants can be generated from a single one tE{roduce sixth-order terms, etc. This implies that the coupled-
acting with the elements dfi(M). The Lie algebra corre- uster (unlike the HF states may not be considered gener-

sponding toU(M) is generated by bilinear combinations of alized coherent states.

: A ~ . The algebra of electron-hole operatd®s C, may not
the creation and annihilation operatd®$ C, which form a I g ded | dp | b§1 “f y bl
closed algebra with respect to the commutator: generally be extended to a closed algebra of a reasonable

dimensionality, which implies that the TDHF Ansatz does
(2.4) not have extensions that have properties of generalized co-

herent states. Such extensions, however, do exist if the basic

Choosing a reference Slater determinfig) we have Operators are bosons. Consider a system of coupled oscilla-

|Q(7))=4|Q,) for some, e U(M) which implies that single tors and Iele(B;;) be a set of_ annihilatiofcreation boson
Slater determinants constitute a set of generalized coherefPerators, which form the Heisengberg—Weyl algebra:
states in the sense of Perelomov for a unitary groufsp-
plying an exponential representation fpe U(M) in terms Aoa .
of an element of the corresponding Lie algebsa [Bm,Bn 1= Omnl - 2.7
=expEUnCrC,) yields the Thouless representation of a
Slater determinant

[é;én ,é:,],énr] = 5nm’é:r—1(,\:n’ - 5nrmé;,én .

The generalized coherent states related to the Heisenberg—
o Weyl group, which correspond to the algebra of Ej7) are
|Q(r)):ex;<2 Unn(7)CmCa | [Q0)- (2.9 the ordinary coherent states:

Note that even though the sum in Eg.5) runs over all
single-electron states, we can make a transformation to the
natural orbitals(eigenvectors of the density matriand in

the sumEaBUaBC;CB only retain terms where represents

|Q(T)>=6XF{% bm(T)Br;)mo), (2.8

u.noccupifad ork.)itaIQ.Ae:Ca|QO)=O) andp stands for occu-  \yhere |),) is the ground state. An extended Heisenberg—
pied orbitals (i.e., C5|Q0)=0). Although the elements eyl algebra can be obtained by adding bilinear combina-
exp(EaﬁUaBCZCB) with this restricted summation do not rep- tions of the boson operators. We introduce the operators
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X(i)EémBn =B B+ X(Z)Eéﬁéﬁ %5mnT form [dQf(Q)|Q) faces some difficulties in both cases due
mn mnoommen mnoom (2.9 tothe over-completeness of the coherent states. However, in
contrast to the fermion system, the boson system has another

which satisfy the following commutation relations. representation in terms of functions of the oscillator coordi-
KK =5 KD 15 KDys KDis (@ nates alonéwe reiterate that a wavepackedQ f(Q)|Q) is
(X Xrs 1= OnXsmt OneXem+ OmXin + OmeXen determined by a functiofi(Q)) in phase space, i.e., coordi-
[XE X = = 8, X )= Xl (2.10  nates and momentavhich form a complete basis set. This
' allows to extend the coherent state ansatz for the oscillator
[X(E X T= 8 X e + 86X system using the coordinate representation. The two systems

Th ived tators bet the bili dli also behave differently under an attempt to extend the coher-
€ mixed commutators between the bilinear and i€ar oPg; giate ansatz algebraically. The algebra of the boson op-
erators have the form:

erators has a natural extension to a closed algebra achieved

[kﬁfn?éj]: _ 5mj|‘3:_ 5nj|§r;; B [5(531’{3]]: — 5mj|‘3n' by.adding the bilinear combinations of the bgs!c operators.
o A A o (21D This leads to the squeezed state ansatz. A similar procedure
[XGn B 1= 80jBm+ 0mBni Br: [X(31Bj 1= 6,8 for the electron system leads to the coupled cluster ansatz,

where the corresponding extended algebra is not closed.
The difficulties connected with the original fermion sys-
can be avoided by mapping it onto an effective system
of oscillators. Formally this can be accomplished by repre-
senting the bilinear combinations of the fermion operators in
. P terms of effective bosons, i.e., we expa@gC, as an infi-

|9 7)):exp< %: b T)Bm+%1 Cinr 7)Bn B | 120). nite power series oB andB*. Such a bosonization scheme
(2.12  can be constructed by making use of a fact that a transfor-

As shown in Eq(1.6), for variational applications it is more mation to canonical dynamical variables is a classical coun-
S terpart of the bosonization. This will be done in the next

convenient to parametrize these states by the set of expecta-" .
: : . . section.
tion values of linear and binary operatdmsstead ofb,,, and

Crmn: [ll. COHERENT-STATE-BASED CLASSICAL
Bu=(#Bulv), Ymi=(#|BBult)—BrB,, (213  BOSONIZATION OF THE TDHF

In this section we derive the classical limit of the QFM

All other commutators vanish.

The generalized coherent states with respect to the Sfem
tended Heisenberg—Weyl algebi@roup are the squeezed
states!®

— B+E6 _n*

Nimn=(#|BmBal 1) — BBy (2.149 and recast it in terms of classical oscillators. This will ac-

We further have complish stepsi) and (ii) of Fig. 1. Step(iii) is then carried
. . . P ‘s out in Appendix D.

Brn=(¥Bnl#), Yhn=(4IBmB,|¢)—ByBY . (2.19 Following Ref. 37 we introduce the space of single
Using the squeezed state ansatz, the varidblasdY are not ~ Slater determinantsyl =G(N,M;C) which is the Grassman
independent andll can be eliminatedsee Appendix A manifold with the natural action of the growp(M), as de-

scribed in Sec. Il. The classical Hamiltonian can be conve-
/1 1 niently expressed in terms of a sef,, of functions onM
_ _ +v_ n

N= 4H_Y Y 2" (2.16 defined by

HereN andY are linear operators with matrix elememg,, Pmn( ) =(Q|C}C.|Q). (3.1

andY,,, andl is the unit operatort,,,= éin- B andY
constitute a very convenient parametrization of the squeez
states. B,, represents the average position of the state
whereasY,,, are responsible for the squeezing. An ordinary
(nonsequeezedcoherent state hag,,,=0. The expectation
value of any operatoisuch as the Hamiltoniarexpanded as

a normally ordered product of the for8 B B; -*B;

can be expressed in terms Bf Y, and N by applying the
Wick theorem together with Eq2.16):

N=YTY—=(YTY)2+4(YTY)3—.... (2.17 —&(7)P, (3.2

Let us now return to the problem of extending the TDHF with
for the many-electron system, and compare the difficulties
with those for a system of oscillators. Both systems can be  P=2 u.momn. (3.3
described in terms of generalized coherent sté®ster de-
terminants for the electrons and ordinary coherent states for Deriving a classical equation of motion fpy,, requires
the oscillators An attempt to go beyond the coherent statethe introduction of a Poisson bracket. The Poisson bracket on
ansatz by considering wavepackets of coherent states of M may be defined as follows: We first introduce a differen-

(Q) are the components of the single-electron reduced
ensity matrix corresponding to the single Slater determinant
IQ0). The classical Hamiltonian is easily obtained upon the
substitutions of Eq(2.1) into Eqg. (1.3) and making use of
Eqg. (3.1) and the Wick theorem for single Slater determi-
nants:

1
H(T):E tmann"'EE an,ke(PmePnk_Pmkpne)

Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



4388 J. Chem. Phys., Vol. 111, No. 10, 8 September 1999 V. Chernyak and S. Mukamel
tial one-forma on M by a=(Q|dQ), which gives rise to the [t+V(p),p]=0, (3.12
closed 2-formw=da, » defines a simplectic structure dm _ . _

Note that the stati) is defined up to a phase. Although the and introduce a system of local coordinates Mnin the

form a depends on the phase, since vicinity of p by expanding in the form
a'=(e¢Q|d[e“V0])=a+ide, 3.9

w does not depend on that phase sideé=da. The Pois-
son bracket is the dual object to the simplectic structarso
that in a system of local coordinates

&(1)= go [(Z(T)éu+Z, 5 (TENT. (3.13

Here z/, are expansion coefficients ang, are the eigen-
modes of the superoperatbrof the linearized TDHF equa-
tion [Eq. (B7)]:

LEa=Qu&, (3.19

These eigenmodes come in pairs: for any eigennggde

(3.9

0=, o*(x)dxOdx,
X

the Poisson bracket of two functiohgndg adopts a form

{f g}zz wik(x)ia_g (3.6 with eigenvalueQ, & is an eigenmode with eigenvalue
K IXi IXg -Q,. a>0 means thaf),,>0. We will also use the nota-
tion ¢ ,=¢., 2z ,=z/* . Substituting the expansion of Eq.

whereS, i, (X)@*I(x)= & . This procedure is based on the
@i @(X) =9y P (3.13 into Eq.(3.10 and making use of Eq3.11), we can

dynamical varLatiqnaIdp;inlcipI(; Whicrr‘]deﬁ”ej adclgsgica! La-expand any phase space function in terms of the local coor-
grangian mechanics dW. It reflects the standard derivation ginatesz/,. In particular, substituting Eq(3.10 into Eq.

of the Hamiltonian classical dynamics formulation from the(3_2)’ we obtain the classical Hamiltonian. To fourth-order in

Lagrangian. Z' it reads:
Equation(3.6) defines the Poisson bracket in a differen-
tial form, i.e., geometrically. Sinchl is a space of general- N —
. . _ ’ ’ (3) 57 51 51
ized coherent states with respect to the gragM), the H(T)—QZO 0oz, Za+0%y VapyZaZply

same Poisson bracket can be introduced algebraitadipd
we have

{Pmn,PkI}:i(gnkPml_5Impkn)- (3.7

The Poisson bracket can be extended to any functiopdgf
making use of the differential property

{f.gh}=—{gh,f}={f,gth+g{f,h}. (3.9

The resulting classical equation of motiqgrs={H(7),p}, fi-
nally yields the TDHF equation

[t+V(p).pl, (3.9

i—P
dr
whereV(p)mp=—2% , Vmy nn'Pmnr - This accomplishes
step(i) where the TDHF is written as the equations of mo-
tion of a classical oscillator model.
Recasting these equations using canonical variable
[step(ii)] will be carried out in two stages. We first introduce

%

+ Bzé Wfﬁ)wz;zbz’yz;—e(ﬂP, (3.1
apy
where
(1), 1 (2) 51 51
P:E Mo Zyt EEB ,l,LaBZaZB. (3.1

Note that the summations in the second and the third terms
(unlike the firsj run over negative as well as positive Greek
indices. Closed expressions for all coefficiepts", u(?,
V®), andV™ in terms of the original Hamiltonian param-
eters,pn,, and the eigenmodes, ,,,, are given in Appen-
dix B.

The Poisson bracket of' can be obtained by starting
ith Eq. (3.7 and making use of Eq<¢3.10, (3.11), and
.14). To third-order we obtain:

almost canonical variables obtained as eigenmode of the lin-

earized TDHF equations and then perform a nonlinear trans-
formation, order by order, to obtain the desired canonical

{z;,z’ﬁ}:i sgr(a)&a,!ﬁ—izg Faﬁ,,ﬂsz;zg, (3.17
Y

variables. We start by expanding the density matrix in thg,nare g is given by Eq.(C9). To first-order, Eq.(3.17)

vicinity of a reference coherent stgt@):’

p(1)=p+&(n)+TE(7)], (3.10

where ¢ and T(£) are the interbandparticle—holé and in-
traband (particle—particle and hole—hglecomponents of
(p—p) with respect top, i.e.”” [T(£),p]=0, [p,[p.£]]
=0.T(¢) is uniquely determined by, sincep is idempotent
p?=p. To second-order if we have

T(&)=z[[£p] €1+ (3.11

We choosé() ) to be the solution of the stationary HF equa-
tion.

!

reads{z,,z;"}=i4,z which corresponds to the canonical
commutation relations written in the holomorphic represen-
tation.

The dynamics of], is determined by the Liouville equa-
tion z/,={H(7),z.}. Using these trajectories we can com-
pute the single electron density matrix

_ 1
p(r)=p+§ d;l>z;(r)+§azﬁ dZ@z(1)zj(7). (3.18

d{) andd{?) are matrices in the single electron space with
matrix elements ol(al))mn and (dﬁfﬂ))mn (note thata and a8
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are labels and not indicesThese matrices can be computed We next transform the variabl®, to a new set, for
by starting with a matrixd,,, representingC,-C, in the  Which the Poisson bracket is canonical:

single electron spacd@ll matrix elements are zero except for (2,25} =15 (3.20
the mn element which is equal to)1The matricesd{™) and @R “p '
dffg are obtained from Eq$B15) by substitutingd for . This transformation can be carried out order by order, as

Using p(7) we can compute the expectation value of anyshown in Appendix C. To third-order we have:
single electron operator such Bs

z\=z,+ 25 A 522,25, (3.21
P(1)=2 tmnpmil(7). (3.19 h
mn whereA® is given in Eq.(B11). Substituting Eq(3.21) into
In particular, this results in Eq3.16). Eqg. (3.15 we finally get

— 3,0 2,1 1,2)
M-S 022,03 VESzzz+ 3 V2t zie, e S Vid ez,
a aBy aBy aBy
03 4,0 03 22
+ 2 V32,252, + X VO zhzizizs+ X VD 2z tzst X VP 2k zhz,zs
aBy aByd aByé aByd

+ BE(S VO sZh 22,25+ ;5 VO 52,252, 25— &(T)P (3.22
aBy apy

where Fhelsumma.tions are re.stricted tc_) positive values of t_he {Nop, Yoot =—1(8,,Y g5+ SusY py),
Greek indices. This Hamiltonian constitutes a coupled oscil- . . .
lator representation for the classical counterpart of the fer-  {Nag, Y35t =1(8s, Yoot 9p5Y5,)-

mion system. The parameter)) are given in Appendix B. The equations of motion for the variabl@and Y as-

Equation(3.29 together with(3.20, (3.18, and(3.21 ac- g ;me the form of the classical Liouville equation:
complish step(ii). Step(iii) is now straightforward and is

carried out in Appendix D. The classical oscillator Hamil-
tonian [Eq. (3.22)] is quantized and the resulting quantum
oscillator Hamiltonian is given in EqD2). In the classical o B .
limit the equations of motion derived from this Hamiltonian whereH is given by Eqs(ED)—(E4) andf=B,,Yg,. Since

coincide with the TDHF equations. However, more generally " *A are not independent variables ?”d can be expr_esse_d in
9 9 yi\(larms ofY, s [Eq. (2.16], these equations can be derived in

it constitutes a key step in the generalization of the TDHF, T o :
- - two ways. The first involves expressiigjin terms ofY in
which will be presented next. . o :
the classical Hamiltonian and then using E412). Alterna-
tively we can first apply Eq(4.2) and then expressl in
terms ofY in the right hand side of the resulting dynamical
IV. SQUEEZED-STATE ANSATZ AND GENERALIZED equations. In what follows we use the second scheme.
COHERENT STATE EXTENSION OF THE TDHF Before deriving the full system of equations of motions
we shall first consider the harmonic part of the Hamiltonian

In Appendix E we carry OUt. stefiv) by applying the .and the zero-order Poisson bracket in terms ofBhand Y
squeezed-state ansaz for the time-dependent Wavefuncnc\)/%riables since these determine the coupled eigenmodes of
of the quantum HamiltoniahEq. (D2)]. This yields a new ’ b 9

classical Hamiltonian given by EGS$ED)—(E4) in the ex- the linearized equation of motion. The Poisson bracket then

tended phase space &, andY,, variables. Since the adopts the canonical form

squeezed states form a set of generalized coherent states of {B,,Bj}=id,g,

the extended Heisenberg—Weyl algebra, andBhe, Y*, ) 4.3
and N variables are expectation values of its generators on  {Yag: Yyt =1(8p,0a5t Op50ay),

the squeezed states, their Poisson bracket is given by thein the harmonic HamiltoniaiM, expressed in terms @&
commutators of the underlying generators. This yields andY:

df
d_T:{H’f}’ 4.2

{Bu.BE}=i68,p, H =Hg+Hy+Hgy, 4.9
{Yaﬁ ,Y’;g}:i(aﬁyﬁa&‘i' 6ﬁ55a7)+ | (5B7N50‘+ 5B5N')’CV Whel’e

+ 84yNsgt 045N ,p), ) HB:E Q,B*B,, (4.5)
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is the Hamiltonian of oscillators representing the TDHF

1
modes, and P=[E wtOB* +c.c|+ >

20
aEﬁ uZBEBS +c.C.

1
_ 2.2 1
HY_EQEB (Qa-i—QB)YZﬁYaB-i—aBEy& V2 Y ERY s +s

2,0 )
> WY g+cc|+ 2 ulHiBEB,
aB ap

(4,0 \x (04
- 60/%’5 VapysYapYys™ 6a%6 VagraYagYyo: - zﬁ: ’U“(al,g)YZVYBV' (4.10
aBy

(46 The TDHF is recovered from these equations by simply set-

represents the additionaf-oscillators responsible for the tngY=0.

squeezing. Finally
V. DISCUSSION
Hgy= >, V(azp’;l)szgBﬁ > V(al’[?sz Y, The present derivation of the oscillator equations of mo-
aBy ’ afy tion for the optical response which go beyond the TDHF is
based on the following step§-ig. 1): (i) Starting with a
+32 VEIBEYE +3> VI9IB,Y,,, (47 quantum electronic HamiltoniafEq. (2.1)], which repre-
aBy aBy sents the original quantum fermion mod@FM), we obtain
the classical dynamics in the Grassman manifdlavith the
Poisson bracket given by E€3.7) and the classical Hamil-
tonian defined by Eq(3.2). This results in the classical os-
cillator model(COM).% (ii) In the vicinity of the solutiorp

describes the coupling of th& and Y oscillators. The
Y-oscillators can be considered as pairsBebscillators, the
first term in the r h s of Eq(4.6) represents the energy of two

noninteracting B-oscillators whereas the other correction . . .
g of the stationary HF equatiofthe ground stajewe find the

terms are responsible for the interaction. . . . :
To describe the optical response up to third-order Weelgenmodesga of the linearized TDHF operatol which

: ; o : . allows us to introduce a system of local coordinatg$Eq.
expand the equations of motion, retaining cubic term8in .
angY We the% have: g (3.13]. We transform the coordinates, [Eq. (3.21] to

make the Poisson bracket canonical to fourth-order, and ob-
dB, , tain the classical Hamiltonian in terms of the newariables
(s =Q,B,+> Viiﬁ)yYﬁyHE VY s+ By, [Eq. (3.22)]. This results in the classical canonical oscillator
pr Py model (CCOM) which is equivalent to the COM, except that
Y (4.8 it uses canonicalclassical bosonvariables (iii) The CCOM
d’” =(Q,+Q,)Y,,+2> V22 Y ; is quantized resulting in the quantum oscillator Hamiltonian
T e [Eqg. (D2)], which represents the quantum oscillatboson
model(QOM). (iv) By applying the squeezed-state ansatz we
+12> VO vE+62 ViEoB: obtain the Poisson brackdEq. (4.1)] and the classical
p “ Hamiltonian[Egs.(E1)—(E4)] in the extended phase space of
) B and Y variables. The classical Liouville equatiditg.
+2> VZUB+Y,,, (4.2)] then gives the desired equations of motj&uy. (4.9)],
7 which represent the classical dynamics of the boson coupled

whereB andY denote the nonlinear terms which are given in clUSter classical modeBCCM).
Appendix E. It may seem at a first sight that the QOMq. (D2)]

Using the solution of these equations, the density matrixconstitutes an equivalent exact representation for the original
’ fermion Hamiltonian of QFMEg. (2.1)]. This is however

is given by: . : - :
not the case. The classical oscillator Hamiltonian variables
. 100 parametrize the generalized coherent st of the U(M)
p(7)=pmnt 20:4 d,"Bgt+c.c. group in the vicinity of the HF ground stal®,), whereas in

Eq. (3.22 z are parameters characterizing the oscillators’ co-

1 (20 m% . herent state. The scalar product of two normalized coherent
) % dap Ba(mBg(7)+c.c. state(Q)'|[Q)) is, therefore, different in the two cases, imply-

ing that the two systems are not equivalent on the quantum

N 1 S 42OVt (r)+cc level. However since the Poisson bracket of the two is the
2| 4f B B T same, the scalar products coincide to second-ordez. in

Therefore Eqg.(D2) constitutes an approximation for the
(1,) ok (1, )\ * original system. The differences of the scalar product can be
+a2,3 das Ba ()B4l T)+C%7 das Yar(T) Y p(7) compensated by making a unitary transformation in a form
(4.9 of an exponent of a power series of tBeandB* operators
which results in the bosonized quantum fermion model
Finally, using Eq.(3.19 and(4.9), the polarization assumes (BQFM) (see Fig. 1L The BQFM constitutes an equivalent
the following form: representation of the QFM, however, quantum corrections to
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Eq. (D2), which are responsible for the deviation of the plying the squeezed stai&aussiah ansatz to the many-
BQFM from the QOM, can be calculated order-by-order inbody density matrix(rather than the wavefunctiprwritten
the oscillator operators. This procedure goes beyond thasing the oscillator representation.
scope of this manuscript where we applied the squeezed-state
ansatz to thg QOM rqther_thap to the BQFM. One consepckNOWLEDGMENT
guence of this approximation is that the ground stle
initial point of f) is uncorrelated ‘(:0 forﬁ)_ The present The support of the National Science Foundation and the
approach only includes excited state correlations. The incoiJnited States Air Force Office of Scientific Research is
poration of ground state correlations will require using thegratefully acknowledged.
BQFM.

The resonances of the optical response within thexpPENDIX A: RELATIONS BETWEEN THE BILINEAR
BCCM, and therefore the transition frequencies of the sysOSCILLATOR VARIABLES
tem within this approximation, are determined by the har-

monic HamiltoniarH, [Eq. (4.4)] which represents a system bl q . H q
of coupledB- and Y-oscillators. Neglecting the two-exciton Va/1aPIesNm, and Yy, [Eq. (A7)] using the squeezed-state
ansatz which allows us to eliminate the former using Eg.

Y-oscillators brings us back to the TDHF approximation. The 4 hat i i h h
interaction between th¥- and B-oscillators determined by (2.16. We first note that it suffices to show that E&\7)

Hay [EQ. (4.7)] reduces the frequencies of tBeoscillators  holds for the state§) with (©|B;|©)=0, i.e., whose wave-
and may resolve thé,B, problem’~° functions are Gaussians centeredjat0. We refer to these

Finally we note that the squeezed states defined by E@S Squeezed states. The squeezed states form arvodiit
(2.12 can be considered Gaussian wavepackets in the coof?€ groupG which corresponds to the algebra generated by
dinate space. Using the oscillator coordinate representatiof;,, andX{3,. In particular this means that squeezed states
for the Heisenberg—Weyl algebra in the space of wavefuncare generalized coherent states with respe.to
tions ¥(qy,...,q,) WhereL is the number of boson@®scil- We shall introduce a set of function”), X{?, on M

latorg the annihilation(creatior) operators act as . .
X D) =(Q[X1Q), XD(Q)=(QIXTQ), (A1)

and define two sets of auxiliary functions

In this Appendix we derive a matrix relation between the

B*——i(ﬁ—) (5.2
SRR AFT R A

R i [ d

By=——|—+

" vz(aqn n o

anzz [X%a)xgn)_XEr%ngrz]v

Choosing the reference stailg, as the one which satis- ¢
fies the conditionén‘lf():O for all n=1,...L we find that

V¥, has a Gaussian form

(A2)
Gmnm= 2 [XEXGH = XEXHT.

We first prove thaG,,,=0 for all mandn. To that end we
. (62 note that sincé X{”,X{:)]=0, the operatorX"”) consid-
ered as vector fields okl determine a complex structure on
] o A M:** holomorphic functiond are those that satisfy the con-
,ik+d|r?t:i)check;;hows that appllcat!on of the opera®rs  jition X(7f=0. In particular, this means thaf;" represent
Bn s Xin » andXp,, to the wavefunction preserves its Gauss-gerjvatives in the antiholomorphic directions. Since

. . ~ A+ . . -

A . ) o N
the X operators change its variance as well. By acting withute a set of holomorphic coordinates in the vicinity @f
the elements of the extended Heisenberg—Weyl group on the M defined as the state with the wavefunction given by Eq.

1 1 5 .
‘Po(%---,QL):Wex _E(ql+"'+QL)

reference statd’, we thus obtain a state of the form: (5.2). A straightforward calculation shows thmi(jﬂ(ﬂo)
1 =0 and
\P(QL---,CIL):AGXF{_EE; O'mn(qm_zm)(qn_zn) ’ XI(]Z)(Qo):5|J . (A3)
(5.3 A direct calculation yield§(i(j+)Gmn=0 which implies

that G, is holomorphic and can be therefore written as a
series inX(*) in the vicinity of the pointx{”=0 (i.e., Q).
Since X7, ,(Q) = 8ma, it follows from Eq.(A2) that the ex-
pansion ofG,,, starts with the second-order terms:

wherez,,...,z, are complex numbers which determine the
average position whereas the<L complex-valued symmet-
ric matrix o, (With o= 0,) determines its covariances.
In particular, foro,,= dmn EQ. (5.3) represents an ordinary
poherent state with t_he paramete;s:..,zL. The.matrix<rrnn G :2 G@ X(F) x(+) . (Ad)
is therefore responsible for squeezing. Gaussian wavepackets —mn MNrgSy S S oS,

in Liouville space have been |mplgme_nted previously in the We next define the degree defiffit exists) of a function
context of the molecular dynamics in the presence of a AL - o (2) .
bath%® Gaussian Liouville space wavepackets are squeezéd PY Df=(degf)f where D=1/22 Xji". In particular
Liouville space states. An extension of the present theory talegX|”) = =1, degX{?=0, and deg{g) =degf +degg. It
include bath-induced incoherent dynamics is possible by apfollows from Eg. (A2) that dedG,,,=1. Equation(A4) on
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the other hand implies thaB,,, is a linear combination Expressingé in Eqg. (B3) in terms ofz,, according to Eq.
Gmn= 2=, G, with degG!)) = and therefore contains the (3.14 and making use of EqB5) yields:
degrees of 2 and higher. This impli€s,,=0 for all m and
i 1

;(I?Fe pro_of of Eg(2.15) can pe cgmpleted by checking that H=ZS TplE, L(£) 11202}

s 'Fmn is a linear combination ofG,, and hence 2B
X{IF L ,=0. Similarly X{.’F,,=0 (this can be obtained by
conjugating the relatioX{;’F,,=0). The two imply that +> Tr{[p, € V([[€5.0).,]) .01} 20252,
Fmn is @ constant. Since due to EQA2) F (o) = — Smn Py
we finally obtain

1 _
+7 2 Tl EJIVAILE, p).ésD). Egli20242,2)
aBysd

2 [XRa X = XX = Smn- (A5) )
It follows from Egs.(2.9) and (2.5 that * Za%a Tr{[p,fﬁ][V(fa),[[g(;,pj,§,/]]}zazb,zyz§

Yon=X s X =Nyt 3 8mn. (AB) 1

mn Amn - Amn = Emn T2 Omn- _ —g 2 Trl&s.[&,[&.p11IL(ED)} 225725

Substituting Eq(A6) into Eq. (A5) yields the matrix equa- aByé
tion (B6)

(N+31)2=YTY=2l. (A7) The linearlized TDHF equation operatdr has the form
Solving Eq.(A7) for N finally yields Eq.(2.16). (Ref. 37:

L(&)=[t+2V(p),&]-2[p,V(&)]. (B7)

APPENDIX B: THE CLASSICAL OSCILLATOR MODEL In deriving Eg.(B6) we have neglected the firgton-

) _ ) o stanj term in the rhs. of Eq(B3), the second term in the rhs.
In this Appendix we map the classical limit of the fer- of Eq. (B3) vanishes due to the stationary HF equation
mion system onto a system of classical oscillators. We start; 1 2v/(5), 5]=0 which implies that +2V(p) contains no

conveniently represented in terms of the operateith the | (¢ y— ¢  Q__,=-0Q,, the normalization conditions

matrix elementg,,, and the superoperatdf acting in the  {or the modes
matrix space, whose matrix elements are given in Ref. 37 in

terms Ofvmn'ke: Tr(ﬂga 16,3] = 50(,7[3 SgnBv (B8)
H(E=Tr{tlp+ + TN+ THp+E+T(E)] and an identity
XV(p+E+T(8)} (B1)
-T , , , N
ExpandingT (&) in powers ofé r{[gﬁ [€;.L¢5 plllea
TEO=TAEH+TH(E) +- -+, (B2) =TH[[&5.p).[ €0 p1I[[E5.p].6,1}, (B9)

and keeping terms up to fourth-order and using symmetryields the classical Hamiltonigreq. (3.15], with
properties of the superoperatdrwe obtain:

H(g):Tr{B[t_FV(Bj]}_}-Tr{g[t-{-2V(m]} V(asgyETr{[Ega][v([[g,B vmvgy])!m}! (B]-O)
FTHTO(E)[t+2V(p) L+ T EV(6)] Vo= s THI. £ IV([[ 5,91, €51). €1
(2) (2 (2)
T2 TLEVTE(E) ]+ THTH (VT ()] i TP, E6lLV(£a) [[€5,0).6,1}
+THT@(H[t+2V(p]]}. (B3)
0, T , ws Pl .
T® and T™ can be calculated by expanding the exact ex- t 80 Tl&p Pl pllLEs P L 65
pression In Appendix C, we show that the canonical variaktgs
| are related ta, by means of the following transformation
T(§)=—(F— §)<l—w—4§2>, (B4) .
obtained in Ref. 34 in powers @ After some simple trans- Za=Za” 551, sgnia) Trillp,é-41.[p,épll
formations we obtain:
1 X[[gy, !ﬂ!gv]}zﬁzuzv . (Bll)
T(Z)(g):_ E[gi[faﬂ], o ) .
Substitution of Eq.(B11) into Eq. (3.15 and keeping the
TH(E) =— L& &€ 1111 (B5)  terms up to the fourth-order ingives
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'z, =i Tr , . C6

2 o) Z Z + 2 Vaﬁyz ZBZ)/ {Za Zﬁ}(p) | {p[ga gﬁ]} ( )
a=0 Substitution ofp into Eq. (C6) in the form of Eq.(3.10 and

taking Eq.(C1) into account yields
+ ;5 VU 62025225, (B12)
a ’y . . ’
with {Z;z ’Z[IZ}(I)) =1 Trmga 1§B]}+| Trr [ga 1§B]T( 2 Z‘yg'y> } .
Y
(3) _\3) (C7)
Vaﬁy_vaﬁw

(B13) Equation (C7) constitutes an exact expression for the
Poisson brackefiz;,,z,}. SubstitutingT) in the form of Eq.

Vi3,s= 3 TP, £IVILLE, ] €5D) 1}
(B5) into Eq. (C7) we obtain the Poisson bracket to third-

+ 3T, é61IV(£).[[€5.9). 6,11} order inz’. This yields after some straightforward transfor-
mations:
+ %QaTr{[[ng rpjv[ga lm][[éﬁamagy]}'
The expression for the polarization operator derived in a {z;,zg}=i5a,_ﬁsgr(a)+i2 F o uZuZy (C8)
similar manner reads rr
with
P= Z w2z, + 2 nlz.zs, (B14) .
af _ —
F ==S S Tr Eo e €
with aBuv=> gr(a) sgn(B) TH{[[p,&-ol.[p.€-4l]
wWV=Tr(ué,),. X[[€,,p]. 6,1} (C9
ﬂ(azé_ T u[[£,.p), 51} (B15) To prove Eq.(B11) we first apply the Jacobi identity for

the Poisson brackét.Keeping the terms up to the first order
The HamiltonianEq. (3.22] constitutes a representation of 4 ;' \we have

Eq. (B12) once the summations over positive and negative
Greek indices are separated. The parameters of(€82

E,”l'"gn 5, p., are obtained fronv® andVv*) by performing

the necessary permutations.

{zl, 252} =22 Fop 0z, sgn(y). (C10

The Jacobi identity then yields

Faﬁ,* yv Sgr( 7) + Fﬁy,fav Sgr(a) + F'ya,*ﬁv Sgr(lg) =0.
APPENDIX C: CANONICAL TRANSFORMATIONS AND (C1)

POISSON BRACKETS . .
Taking z, in a form

In this Appendix we first derive the Poisson bracket
{z,,,z5} to second-order, and then find a transformation to  z,=z/ — —E F o pp SO 1)2,2,2), (C12
new variablesz, for which the Poisson brackgt, ,zs} is
canonical to third-ordefEq. (B11)].

To calculate{z,,,zz} we follow a procedure introduced
in Ref. 37. We first note that singe has the form of Eq.

we make use of EqC8) to obtain(retaining the terms up to
second-order irz):

(3.10 with .
—{Za 25} = 8, SN @)+ 2, Fop u12,2
nv
£=2 7,¢,, (C1) .
+—2, FosulS sgn —
we have 4% gl SO @) SO =)
z,=—sgr(e) Tr{p[&,¢_ .1} (C2 +sgn(B) sgn(—p)1z,z,
This implies that the functiorz,, can be represented in the 1
form =52 SOw)[F gy, 0 ST @)
y7a%
z/(p)=Tr : C3
«(P)=Tr(pl,) (C3 FF SO, (C13
ith
W B Applying Eq.(C11]) for y=— u to the last term in the rhs of
Lo=sgria)[p,&- ] (C4  Eq.(C13 gives
For such functions the Poisson bracket is given by the com- (20,25 =0, _ sSgra). (C14)
mutator «tpTe
. Equation(B11) is obtained by substituting E4C9) into Eq.
Lo Lpt=ilda L) (CH) (C12 and expressing’ in terms ofz using the resulting
Egs.(C5) and(C3) therefore imply equation, retaining terms up to third-orderzn
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APPENDIX D: THE QUANTUM OSCILLATOR MODEL The density matrix operatdt,:C,, adopts the following

In this appendix we quantize the classical oscillatorform in terms of the oscillator operators:
Hamiltonian of Eq.(3.22 by applying the same principle
used to obtain the classical limit of the fermion system. We  ¢'¢ =75 + > [d%anLB(t*dn?nlLBa]
first find a quantum oscillator Hamiltonian which yields Eqg. a
(3.22 for its expectation values calculated on the oscillator
coherent states. By introducing the oscillator annihilation + = 2 [dmznO)aBB |3,+ d<0n2>aﬁ|3 BB]
(creation operatorséa(B;) and reiterating that the oscilla-
tor coherent stateg) determined by sets of values are the D
eigenstates of the annihilation operators i,]z)=z,|z) +E dmnaﬁB Bg-
we obtain

(D3)

<Z||§§1'"é;méﬁl“‘BﬁJZ):ZZl‘“szzﬁl"‘zﬁn- (D1) We have thus accomplished stép).

Equation(D1) implies that the only possible quantum Hamil-

tonian which satisfies the above requirement is: APPENDIX E: THE BOSON COUPLED-CLUSTER
i i X EQUATIONS
H=2 Q.BB.+ 2 ViyBiB;B, j . . .
a In this Appendix we carry out stejiv). By applying the

squeezed-state ansatz to the resulting quantum Hamiltonian
+ 2 Vfﬁllysa BB o+ z VE)}BZYB“ BBBV we derive closed equations of motion for the response which
go beyond the TDHF. Since the wavefunction of a squeezed
A state is Gaussian, the Wick theorem applies and the expec-
+2 VO3B, BB+ > VIO BIBsBIBS tation value(W|H|¥) can be written in terms of th8,,
“py e Y.z, andN,g variables introduced in Sec. II. This yields for

A R the classical Hamiltonian in the phase space parametrized by
(3,9 (2,2)
+ 2 Vaﬁy BaBsB,Bs+ aﬂzya ViiyBaBsB,B, B.,Y, andN:

A H(7)=Hy+H;—&(7)P, (E1)
+ > VI BIBB B+ E VisB.BsB,B, o

aBye whereH, is the classical part of the Hamiltonian, which does
(D2) not containN and .

Ho= E Q,B:B,+ E vy aB*B*+E ViZLBEBEB,+c.Cc.|+ aﬂEy VY0 B BYBY B
+a32 Vs sBEBEBYBs+C.C. +%5 V%2 BLB%B.B;. (E2

H, contains the variable¥ andN and, therefore, represents the quantum corrections:

leE QaNaa+

3,0
3> VEIBLY,, +eoc.
apy

2,0 (2,0
Z VY B, +2§7 V3 BEN,+c.c.

32 VED BEB,sYS +32 V(31)5BzBENy5

40 p* p*\v* (4,0 \v* *
+(6 E vaﬁyél3a|3,5,\(y5+GQBEWs VDYV st cc| + o ¥
3D (22 m*p*
+32 Vi, oYagNystcc + %5 V32 sBEBEY s+ C.C.
(2,2 * (2,2 (2,2
+4a%§ vaﬁwBaByNﬁﬁa%é V2 YELY, 5+4Z Ve NaNgs. (E3

The polarization similarly adopts the form

[E wOB* +c.cl+ E wZPBEBE+c.cl+ E w2V s+ c.c

+2 p3BEB +Eﬁ S ENs  (EY
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The equations of motion are obtained by substituting the
Hamiltonian given by Eqs.(D4)—(D7) and the Poisson
bracket[Eqg. (4.1)] into the classical Liouville equatiofiqg.
(4.2)]. This yields the equations of motion in the form of Eq.

(4.8) with the nonlinear term& andY in the form:
B,=B?+B»+B

v =Vv(2) 4 y3) 4 vi(e)
YMV—YMV-FYMV-FY’;V,

whereB() andY() denote theith order terms in the corre-
sponding equations whereBS”) andY(®) stand for the terms

(E9)

that contain the deriving field. ThB terms are given by

Y

B?=32 v§,3B°yB*B*+22 v B5B
By

+> VBB +2> VEY
By Byo

*
By apyY oY ys

+122 Vi BEY *5+32 VS BsYE,

(2,2 (1,3
+ 22 VZ2 BEY., s+ 3;75 VD sBaY s,

(E®)

v(3) _ (2,2
V=2 2 ViV

75+2 E

(2,2)
ﬁ 75Y YﬂaY75+8 2 B vo

Bosonized coupled-cluster 4395

3(3) — (4,0 (31
B!} —4%5%375'32 B*+3E V%Y sBEBB,

+2>
Byé

(2,2 (1,3
Vaﬁ’yﬁB;;ByB,ﬁ—ﬂE Vi $BsB,Bs

(3, *\/*
+63%M Vaﬁ%ﬁBB w/Y;u?

(2,2
+4 2 ﬁ)yﬁ MJ’YM?’

(108_2 M(ZO)

The corresponding terms fof are

v(2) _ 3,1
YZ=62 VD v
yéa

Blo= o= uitiege

Y5a+ 32 VE13B’:2 §YaﬁY§V

(3,1 2,2)
+32 VI Y BY5#+2y2 V22 BB,

(3,2 * (4,0 p*xp*
+6% V3D BiBs+ 122 V40 BB

ap,y"a av,yPa Yoy

(2,9 (2,0
+2a2v B*YV,/+22V BXY

+22 viia g

(1.2
i 3B VB+2% VeyByYus:

Y&aYvy+ 8 E 2[32)75 aYﬁaYM)/

+122 VU YEYEY,,+ 12(1525y VY E Y Y 5,4 egg VEOBEY* Y, 5+ 62 VEOBEY®SY s

w3hy aBfp
+22 vy ’ﬁ‘gYV(SBfI—Zga VELYEY B, +32
+42 V22 BEBLY,s+ 4%6 V22 BB

Finally, the terms involving the driving field are:

Vil 20— S Yt )

2,0 2,0)
—2 (205 pY pt w20 YhgY uple.
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