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Bosonized squeezed-state coupled-cluster approach to electron
correlations in nonlinear spectroscopy
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The signatures of excited-state correlations in the third-order optical response of many-electron
systems are calculated using a time-dependent quasiparticle picture which maps the optical
excitations onto a system of interacting bosons, following a transformation to boson~oscillator!
variables. The many-body wavefunction is approximated by a Gaussian wavepacket representing a
squeezed state in the quasiparticle space. Unlike the standard coupled-cluster technique, the present
approach constitutes a generalized coherent state representation which makes it possible to derive
simple closed equations of motion for its parameters. The time-dependent Hartree–Fock
approximation is recovered for weakly correlated systems where squeezing is negligible. ©1999
American Institute of Physics.@S0021-9606~99!30734-0#
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I. INTRODUCTION

The dynamics of strongly correlated many-electron s
tems constitutes a rapidly developing area of condensed
ter physics which includes high-temperature sup
conductivity,1,2 the metal–insulator transition,3,4 and systems
of interacting electrons in a strong magnetic field~e.g., the
quantum Hall effect!.5,6 Electron correlations are also ver
important in determining the structure and photoinduced
namics of conjugated molecules. The single-electron st
of conjugated molecules~p-orbitals! are usually delocalized
over the entire molecule. Electron correlations are espec
strong in conjugated molecules because of their low~1D!
dimensionality. The significance of electron correlations
the optical response of various materials can be estim
using the ratio of the exciton binding energy to the opti
band gap. In undoped inorganic semiconductors this rati
;1022– 1023, whereas in conjugated systems this parame
is of the order of one. This implies that processes which
not conserve the number of electron-hole pairs are impor
in conjugated molecules, and correlations in the exci
states are no less important than in the ground state.
interesting problem which arises from strong electron co
lations is the relative energy of the lowest excited sta
which possess theAg andBu symmetry. It has been show
experimentally7,8 and theoretically9,10 ~by exact diagonaliza-
tion of thePPPHamiltonian! that in short polyenes the low
est ~dark! Ag excited state lies below the lowest~bright! Bu

state. The correct relative position of the lowestAg and Bu

transition may not be obtained from low-level treatments
correlations, e.g., single CI~Ref. 11! or the time-dependen
Hartree–Frock~TDHF!.12–14This issue has important impli
cations on the photophysics and photochemistry of m
conjugated systems. The fluorescence quantum yield d
substantially when theAg state lies below theBu state due to
nonradiative quenching. Carotenoids are essential com
nents of photosynthetic antenna complexes.15–17 The ener-
getics of theAg andBu transitions in carotenoids controls th
energy transfer pathways between theB800 andB850 bands
of the LH2 complex.18 Another problem which requires a
4380021-9606/99/111(10)/4383/14/$15.00
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improved treatment of correlations is two-photon spectr
copy of strongly correlated systems of electrons in the m
netic field, e.g., when biexcitons which show up in tw
photon resonances are formed by Skyrmionic excitons ra
than ordinary magnetoexctions.19

Electron correlations in the ground state can be trea
using density functional theory~DFT!.20–22 Obtaining rel-
evant information on the excited states using this appro
constitutes a more complicated task,23–25 and a convenient
way to obtain this information is to apply the time-depende
density functional theory~TDF! which is based on a func
tional of the time-dependent density.26–28 Stationary DFT is
based on the expansion of the functional in gradients of
charge density.29,30 In the time-dependent case such an e
pansion faces some difficulties since the expansion in t
derivatives fails and a Pade-type functional has been in
duced in the frequency-domain.27 This functional, however,
turns out to be extremely nonlocal31 and an extension of the
theory to current dependent functionals is needed.32 The
TDHF approach33 is a dynamical variational techniqu
which provides a simple and partial account of excited st
correlation effects. It has been applied to study electro
properties of conjugated polymers and molecules.12–14,34,35

The relevant information on the excited states is containe
the eigenmodes of the linearized TDHF equation.36 How-
ever, the TDHF fails to predict the correct order of theAg

andBu states in strongly correlated systems.
In this paper we develop a formalism for computing t

optical response of many-electron systems, which exte
the TDHF and accounts for electron correlations in the
cited states in a more profound way. The approach is ba
on the quasiparticle picture of the optical response wher
the linear response is formed by exciting the quasipartic
whereas optical nonlinearities originate from their scatteri
The classical quasiparticle~oscillator! picture of optical re-
sponse has been established earlier37 where it has been dem
onstrated that the TDHF approximation is the classical lim
of the original quantum fermion model~QFM!. Choosing a
system of local coordinates in the vicinity of the stationa
point r̄ of the TDHF equation maps the system onto a se
3 © 1999 American Institute of Physics
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coupled oscillators~quasiparticles!, representing electron
hole excitations. Transforming to canonical variables, i.e.
variables for which the Poisson bracket adopts the canon
form ~which is always possible locally!, one obtains a clas
sical system of interacting bosons, which represent the q
siparticles. Quantizing the classical quasiparticles one arr
at a quantum system of interacting bosons, which repre
the elementary excitations of the original QFM.

Representing a system for which the original element
variables are nonboson~e.g., fermion or spin systems! in
terms of effective bosons is known as bosonization. Th
are two approaches to bosonization.33 The first is based on
immersing the space of states of the original system into
oscillator space.38 The second uses an expansion of the or
nal basic operators in terms of boson operators.39,40

Bosonization schemes have been first developed for
systems.38–40 The Holstein–Primakoff ~HP! expansion40

constitutes an interesting example of a bosonization sch
of the second type, which contains a parameters related to
the value of the spin. The HP bosonization therefore allo
to treat any value of the spin within the same scheme
choosing the proper value of the parameter. For large va
of s, the HP bosonization can be considered as the trans
mation to canonical variables in the phase space of the c
sical spin represented by the 2D-sphereS2.41 Introducing the
artificial ‘‘Planck constant’’\[(2s)21, the HP bosoniza-
tion can be considered as the extension of the canon
transformation to the quantum case. The classical canon
transformation reproduces the HP transformation to fi
order in \. Extension to the quantum case can then be p
formed order-by-order in\, which constitutes a semiclassic
expansion of the HP transformation. The approach de
oped in this paper extends the HP bosonization from spin
many-electron systems and develops a quantum oscil
~boson! model~QOM! to lowest-order in the artificial Planc
constant\. This extension is based on incorporating t
QFM whose space of states forms an irreducible represe
tion of the unitary groupU(M ) whereM is the number of
single-electron states~see Sec. II for details of the represe
tation theory analysis! into a family of irreducible represen
tations ofU(M ) parametrized by an integerm. The repre-
sentations of this family are uniquely characterized by
property that they can be obtained using the procedure
geometrical quantization on an orbit given by the Grassm
nian manifoldG(N,M ;C) ~see Sec. II for the definition of a
Grassmanian!,41 where N is the number of electrons. Th
casem51 corresponds to the QFM and the artificial Plan
constant is defined as\[m21. The caseN51, M52 cor-
responds to the spin, sinceG(1,2;C)>S2 andm52s. Solu-
tion of the time evolution of the QOM model, which prop
erly takes into account interactions between
quasiparticles, is not straightforward and requires further
proximations. The boson nature of the QOM allows to ap
the dynamical variational approach using some natural
satz for the wavefunctions. The coherent state ansatz fo
bosons brings us back to the TDHF approximations. T
squeezed state is a natural extension of the coherent
ansatz for a boson system, which is extensively used in
description of quantum states of the radiation field,42 quan-
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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tum teleportation,43 and Bose condensation.44 It will be
shown in Sec. II that the squeezed state ansatz can be
sidered a bosonized version of the coupled-cluster~CC! an-
satz for many-electron systems.45,46 The latter constitutes an
extension of the HF ansatz, includes ground state corr
tions, and in its dynamical form47,48 provides relevant infor-
mation on the excited states. Technically it is much mo
convenient to work with the boson than the fermion CC a
satz, since the linear and bilinear combinations of the bo
operators form a closed algebra and the squeezed states
stitute generalized coherent states in the sense
Perelomov.49,50

The existence of a closed algebra simplifies the pro
dure of deriving the variational equations of motion. Let a
of operatorsÂj form a closed algebra:@Âi ,Âj #5( f i j ,kÂk .
We can implement an ansatz for the wavefunctions in
form exp((jajÂj)uC0& where uC0& constitutes an arbitrary
reference state whereas the set of numbersaj parametrizes
the wavefunction. The variational equations of motion a
derived from the minimal action principle, with the actio
S@V(t)#:

S@V~t!#5E dt@ i ,V~t!udV~t!/dt.2^V~t!uĤuV~t!&#.

~1.1!

Here Ĥ is the Hamiltonian anduV(t)& the time-dependen
wavefunction and, therefore, constitute equations of mot
of classical dynamics. These equations can be written in
Hamiltonian form for any setBj of coordinates, which pa-
rametrizeuV&:

dBj

dt
5$H,Bj%. ~1.2!

The classical HamiltonianH is given by:

H~V!5^VuĤuV&. ~1.3!

The Poisson bracket adopts a very simple form if the wa
functions are parametrized by the expectation valuesAj

[^VuÂj uV& of the operatorsÂj rather than the setaj of the
ansatz:

$Am ,An%5 i(
k

f mn,kAk . ~1.4!

In particular, if the corresponding classical Hamiltonian co
tains only finite-order terms in the expansion inAj :

H5 (
n51

k

(
i 1 ...i n

hi 1 ...i n
~n! Ai 1

¯Ai n
, ~1.5!

then the equations of motion forAm will also be truncated at
the same order. These equations which can be derived f
Eq. ~1.2! by making use of Eqs.~1.4!, ~1.5!, and the differ-
ential property of the Poisson bracket@Eq. ~3.8!#, have the
form:

i
dAm

dt
5 (

n51

k

(
j 51

n

(
i 0i 1¯ i n

f mi0 ,...,i j
hi 1¯ j 21i 0i j 11¯ i n

~n! Ai 1
¯Ai n

.

~1.6!
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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This implies that the existence of a closed algebra yie
simple equations in terms of the observables. Since, usu
the bottleneck of the dynamical variational approach is re
ing the parameters of the ansatz to the observables, the p
lem is simplified considerably if the operator algebra
closed, which is the case of the boson CC ansatz. Howe
since it is applied to the QOM which constitutes an appro
mation for the QFM, it still constitutes an approximation f
the ordinary fermion CC approach.

The present approach establishes the quasiparticle
ture of the optical response of many-electron system.
boson coupled cluster model~BCCM!, which is obtained
from the QOM by implementing the squeezed state ans
can be formulated as classical dynamics in the exten
phase space of one- and two-exciton variables. When
cesses which do not conserve the number of excitons ca
neglected ~e.g., for Frenkel-excitons!, the corresponding
equations of motion are exact up to the third-order respo
The two-exciton variables give rise to new resonances wh
are completely neglected within the TDHF approach. Int
action between these two types of variables in the BCC
leads to the decrease of the frequencies of the one-exc
resonances, which has a potential of resolving theAg ,Bu

problem within a relatively simple calculation. It is possib
to avoid the bosonization altogether and derive directly eq
tions of motion for the expectation values of the bilinear a
fourth-order combinations of the fermion operators.51 How-
ever, the present scheme has several advantages. First,
precisely the right number of variables~we have one quasi
particle per an electron-hole pair!, whereas when working
with Fermion objects we have redundant variables due to
over-completeness of the basis set. This allows to avoid
difficulties which arise from including the intraban
variables.51 All the necessary sum rules are therefore au
matically satisfied in the present approach. Second, it es
lished an oscillator picture of optical response. Finally, o
approach can be easily extended along the lines of Ref. 5
treat incoherent dynamical processes, which arise from
coupling to nuclear motions.

The resulting computational scheme for the optical
sponse consists of the four steps illustrated in Fig. 1:~i! We
start with the original many-electron quantum fermion mo
~QFM!, and introduce its classical counterpart. The ph
space of the corresponding classical dynamics related to
TDHF ~coherent state! approximation is the spaceM of
single Slater determinants. Following,37 the classical Hamil-
tonian is defined by Eq.~1.3! and constitutes a function o
M. The Poisson bracket inM has been introduced in Ref. 37
This yields the classical oscillator model~COM!. ~ii ! We
introduce a reference Slater determinantV0 which is the
solution of the stationary HF equation, and find the canon
variables in the vicinity ofV0 . The system described i
terms of the canonical variables constitutes a system of c
sical coupled oscillators, hereafter referred to as the class
canonical oscillator model~CCOM!. ~iii ! The CCOM is
quantized to arrive at the quantum oscillator model~QOM!
which represents a quantum system of interacting boson
siparticles.~iv! The squeezed state ansatz is applied to
quantum oscillator, yielding the boson coupled cluster mo
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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~BCCM!. The resulting variational equations of motion pr
vide a dynamical theory for the optical response which
tends the TDHF by incorporating additional two-exciton d
namical variables.

This paper is organized as follows. In Sec. II we intr
duce the boson coupled-cluster expansion based on
squeezed states and compare it with the regular fermion
expansion. Section III is devoted to developing a boson r
resentation of the fermion system@steps~i!, ~ii !, and~iii !#. In
Sec. IV we apply the squeezed state ansatz and derive cl
equations of motion for its parameters@Step~iv!#. Our results
are finally discussed in Sec. V. For clarity, details of mo
derivations are moved to the Appendices, when possible

II. FERMION VS. BOSON COUPLED-CLUSTER
EXPANSIONS

We start with the general Hamiltonian describing an o
tically driven many-electron system with two-body intera
tions.

Ĥ~t!5( tmnĈm
1Ĉn1

1

2 ( Vmn,keĈm
1Ĉn

1ĈkĈe2«~t!P̂.

~2.1!

HereĈm(Ĉm
1) are the electron annihilation~creation! opera-

tors, with the commutation relations

ĈmĈn
11Ĉn

1Ĉm5dmn , ~2.2!

and the Latin indices label the single-electron states~includ-
ing spin!. «~t! is a classical driving field and the polarizatio
operator has the form of a general single-electron opera

P̂5( mmnĈm
1Ĉn . ~2.3!

FIG. 1. The solid arrows illustrate the four steps involved in construct
the boson coupled cluster classical model~BCCM! out of the original quan-
tum fermion model~QFM!. Obtaining a bosonized quantum fermion mod
~BQFM! out of the quantum oscillator model, which can be carried o
order-by-order in the artificial Planck constant, should allow to incorpor
higher-order corrections in the strength of electron correlations. This ex
sion ~dashed arrows! which follows the generalization of the Holstein
Primakoff bosonization scheme~Ref. 40! to the case of many-electron sys
tems goes beyond the scope of the present work.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



m
em

m
an
th
ns
he
he
nd
rg

m
th

r-

o
d
c

a

n
of

n
ib
e

of

re

a

t

-

ave
trial

is
to

is a
rmi-
t

rth-

ns
ed
rth-

a
rms
ed-
er-

able
es
co-
asic
illa-

erg–

g–
na-

4386 J. Chem. Phys., Vol. 111, No. 10, 8 September 1999 V. Chernyak and S. Mukamel
A dynamical variational approach, based on an assu
tion that the many-body wavefunction of the driven syst
belongs at all times to a certain manifoldM, constitutes a
useful tool for building approximate methods for the dyna
ics of the driven system. It further provides reduced relev
information on the eigenstates obtained by investigating
resonant structure of the frequency-domain optical respo
A variational scheme is fully determined by selecting t
manifold M to which the system dynamics is restricted. T
choice ofM also constitutes an approximation for the grou
state which is obtained by minimizing the system’s ene
on M ~the standard variational procedure!. The approxima-
tion for the ground state must be compatible with the dyna
ics: The ground state is given by a stationary point of
dynamical equations in the absence of the driving field.

By choosingM to be the space of all single Slater dete
minants, one obtains the Hartree–Fock~HF! approximation
for the ground state and the time-dependent Hartree–F
~TDHF! approximation for the dynamics. Both HF an
TDHF are extremely powerful, however they neglect ele
tron correlations in the ground state, and are restricted
two-particle correlations in the excited states. The space
single Slater determinants constitutes a homogeneous m
fold. In the case ofN electrons which can occupyM single-
electron orbitals (N,M ), it is represented by the Grassma
manifold G(N,M ;C) of N-dimensional vector subspaces
theM-dimensional vector spaceCM. G(N,M ;C) can be rep-
resented as a factor spaceG(N,M ;C)>U(M )/U(N)
3U(M2N) with the natural action ofU(M ) on it, where
U(n) denotes the group ofn3n unitary matrices. The action
of U(M ) on G(N,M ;C) is induced by its natural action o
the orbitals representing the Slater determinants. All poss
Slater determinants can be generated from a single on
acting with the elements ofU(M ). The Lie algebra corre-
sponding toU(M ) is generated by bilinear combinations
the creation and annihilation operatorsĈm

1Cn which form a
closed algebra with respect to the commutator:

@Ĉm
1Ĉn ,Ĉm8

1 Ĉn8#5dnm8Ĉm
1Ĉn82dn8mĈm8

1 Ĉn . ~2.4!

Choosing a reference Slater determinantuV0& we have
uV(t)&5guV0& for somegPU(M ) which implies that single
Slater determinants constitute a set of generalized cohe
states in the sense of Perelomov for a unitary group.53 Ap-
plying an exponential representation forgPU(M ) in terms
of an element of the corresponding Lie algebrag
5exp(SUmnĈm

1Ĉn) yields the Thouless representation of
Slater determinant.33

uV~t!&5expS ( Umn~t!Ĉm
1ĈnD uV0&. ~2.5!

Note that even though the sum in Eq.~2.5! runs over all
single-electron states, we can make a transformation to
natural orbitals~eigenvectors of the density matrix! and in
the sum(

ab
UabĈa

1Ĉb only retain terms wherea represents

unoccupied orbitals~i.e., ĈauV0&50! andb stands for occu-
pied orbitals ~i.e., Ĉb

1uV0&50!. Although the elements
exp((

ab
UabĈa

1Ĉb) with this restricted summation do not rep
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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ab
UabĈa

1Ĉb)uV0& still

represents all coherent states~at least in the vicinity ofuV0&!.
This is the case since the elements exp@(

aa8
(Uaa8Ĉa

1Ĉa8

1(
bb8

Ubb8Ĉb
1Ĉb8)#, wherea,a8 are unoccupied, andb,b8

are occupied orbitals, do not affectuV0&. TDHF equations of
motion for the coupled electronic and nuclear dynamics h
been derived using a generalized coherent state as a
wavefunction.54

A straightforward generalization of the TDHF scheme
obtained by extending the ansatz for the wavefunctions
include new parameters. The coupled cluster approach
class of ansatzes which include the single Slater dete
nants as special cases.45,46 This ansatz, widely used to trea
ground state correlations, is obtained by adding the fou
order terms to the Thouless representation:

uV~t!&5expS ( Umn~t!Ĉm
1Ĉn

1( Vmn,ke~t!Ĉm
1Ĉn

1ĈkĈeD uV0&. ~2.6!

Closing the dynamical equations forUmn(t) and
Vmn,ke(t) is a formidable task, and further approximatio
need to be introduced. The difficulties can be rationaliz
using the theory of representations. The bilinear and fou
order combinations of fermion operators do not form
closed algebra, since commutators of the fourth-order te
produce sixth-order terms, etc. This implies that the coupl
cluster~unlike the HF! states may not be considered gen
alized coherent states.

The algebra of electron-hole operatorsĈm
1Ĉn may not

generally be extended to a closed algebra of a reason
dimensionality, which implies that the TDHF Ansatz do
not have extensions that have properties of generalized
herent states. Such extensions, however, do exist if the b
operators are bosons. Consider a system of coupled osc
tors and letBm(Bm

1) be a set of annihilation~creation! boson
operators, which form the Heisengberg–Weyl algebra:

@B̂m,B̂n
1#5dmnÎ . ~2.7!

The generalized coherent states related to the Heisenb
Weyl group, which correspond to the algebra of Eq.~2.7! are
the ordinary coherent states:

uV~t!&5expS (
m

bm~t!Bm
1D uV0&, ~2.8!

where uV0& is the ground state. An extended Heisenber
Weyl algebra can be obtained by adding bilinear combi
tions of the boson operators. We introduce the operators
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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X̂mn
~2 ![B̂mB̂n , X̂mn

~1 ![B̂m
1B̂n

1 , X̂mn
~z![B̂m

1B̂n1 1
2 dmnÎ ,

~2.9!

which satisfy the following commutation relations.

@X̂mn,
~2 !X̂rs

~1 !#5dnrX̂sm
~z!1dnsX̂rm

~z!1dmsX̂rn
~z!1dmrX̂sn

~z! ,

@X̂mn,
~z! X̂rs

~2 !#52dmrX̂ns
~2 !2dmsX̂nr

~2 ! , ~2.10!

@X̂mn,
~z! X̂rs

~1 !#5dnrX̂ms
~1 !1dnsX̂ms

~1 ! .

The mixed commutators between the bilinear and linear
erators have the form:

@X̂mn,
~1 !B̂j #52dm jB̂n

12dn jB̂m
1; Bm,

1 ; @X̂mn,
~z! B̂j #52dm jB̂n ,

~2.11!
@X̂mn,

~2 !B̂j
1#5dn jB̂m1dm jB̂n; Bn,

1; @X̂mn,
~z! B̂j

1#5dn jB̂m
1 .

All other commutators vanish.
The generalized coherent states with respect to the

tended Heisenberg–Weyl algebra~group! are the squeeze
states.49

uc~t!&5expS (
m

bm~t!B̂m
11(

mm
cmn~t!B̂n

1B̂m
1D uV0&.

~2.12!

As shown in Eq.~1.6!, for variational applications it is more
convenient to parametrize these states by the set of exp
tion values of linear and binary operators~instead ofbm and
cmn!:

Bm[^cuB̂muc&, Ymn[^cuB̂mB̂nuc&2BmBn , ~2.13!

Nmn[^cuB̂m
1B̂nuc&2Bm* Bn . ~2.14!

We further have

Bm* 5^cuB̂m
1uc&, Ymn* 5^cuB̂m

1B̂n
1uc&2Bm* Bn* . ~2.15!

Using the squeezed state ansatz, the variablesN andYare not
independent andN can be eliminated~see Appendix A!

N5A1

4
I 1Y1Y2

1

2
I . ~2.16!

HereN andY are linear operators with matrix elementsNmn

andYmn , andI is the unit operator:I mn5dmn . Bm andYmn

constitute a very convenient parametrization of the squee
states. Bm represents the average position of the sta
whereasYmn are responsible for the squeezing. An ordina
~nonsequeezed! coherent state hasYmn50. The expectation
value of any operator~such as the Hamiltonian! expanded as
a normally ordered product of the formB̂i 1

1
¯B̂i m

1 B̂j 1
¯B̂j n

can be expressed in terms ofB, Y, and N by applying the
Wick theorem together with Eq.~2.16!:

N5Y1Y2~Y1Y!214~Y1Y!32... . ~2.17!

Let us now return to the problem of extending the TDH
for the many-electron system, and compare the difficul
with those for a system of oscillators. Both systems can
described in terms of generalized coherent states~Slater de-
terminants for the electrons and ordinary coherent states
the oscillators!. An attempt to go beyond the coherent sta
ansatz by considering wavepackets of coherent states
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form *dV f (V)uV& faces some difficulties in both cases d
to the over-completeness of the coherent states. Howeve
contrast to the fermion system, the boson system has ano
representation in terms of functions of the oscillator coor
nates alone~we reiterate that a wavepacket*dV f (V)uV& is
determined by a functionf (V) in phase space, i.e., coord
nates and momenta! which form a complete basis set. Th
allows to extend the coherent state ansatz for the oscill
system using the coordinate representation. The two syst
also behave differently under an attempt to extend the co
ent state ansatz algebraically. The algebra of the boson
erators has a natural extension to a closed algebra achi
by adding the bilinear combinations of the basic operato
This leads to the squeezed state ansatz. A similar proce
for the electron system leads to the coupled cluster ans
where the corresponding extended algebra is not closed

The difficulties connected with the original fermion sy
tem can be avoided by mapping it onto an effective syst
of oscillators. Formally this can be accomplished by rep
senting the bilinear combinations of the fermion operators
terms of effective bosons, i.e., we expandCm

1Cn as an infi-
nite power series ofB̂ andB̂1. Such a bosonization schem
can be constructed by making use of a fact that a trans
mation to canonical dynamical variables is a classical co
terpart of the bosonization. This will be done in the ne
section.

III. COHERENT-STATE-BASED CLASSICAL
BOSONIZATION OF THE TDHF

In this section we derive the classical limit of the QF
and recast it in terms of classical oscillators. This will a
complish steps~i! and~ii ! of Fig. 1. Step~iii ! is then carried
out in Appendix D.

Following Ref. 37 we introduce the space of sing
Slater determinants,M5G(N,M ;C) which is the Grassman
manifold with the natural action of the groupU(M ), as de-
scribed in Sec. II. The classical Hamiltonian can be con
niently expressed in terms of a setrmn of functions onM
defined by

rmn~V![^VuĈm
1ĈnuV&. ~3.1!

rmn(V) are the components of the single-electron redu
density matrix corresponding to the single Slater determin
uV&. The classical Hamiltonian is easily obtained upon t
substitutions of Eq.~2.1! into Eq. ~1.3! and making use of
Eq. ~3.1! and the Wick theorem for single Slater determ
nants:

H~t!5( tmnrmn1
1

2 ( Vmn,ke~rmernk2rmkrne!

2«~t!P, ~3.2!

with

P5( mmnrmn . ~3.3!

Deriving a classical equation of motion forrmn requires
the introduction of a Poisson bracket. The Poisson bracke
M may be defined as follows: We first introduce a differe
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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tial one-forma on M by a[^VudV&, which gives rise to the
closed 2-formv[da, v defines a simplectic structure onM.
Note that the stateuV& is defined up to a phase. Although th
form a depends on the phase, since

a85^eiw~V!Vud@eiw~V!V#&5a1 idw, ~3.4!

v does not depend on that phase sinceda85da. The Pois-
son bracket is the dual object to the simplectic structurev, so
that in a system of local coordinates

v5(
ik

v ik~x!dxi∧dxk , ~3.5!

the Poisson bracket of two functionsf andg adopts a form

$ f ,g%5(
ik

v ik~x!
] f

]xi

]g

]xk
, ~3.6!

where(
k
v ik(x)vk j(x)5d i j . This procedure is based on th

dynamical variational principle which defines a classical L
grangian mechanics onM. It reflects the standard derivatio
of the Hamiltonian classical dynamics formulation from t
Lagrangian.

Equation~3.6! defines the Poisson bracket in a differe
tial form, i.e., geometrically. SinceM is a space of general
ized coherent states with respect to the groupU(M ), the
same Poisson bracket can be introduced algebraically,37 and
we have

$rmn,rkl%5 i ~dnkrml2d lmrkn!. ~3.7!

The Poisson bracket can be extended to any functions ofr by
making use of the differential property

$ f ,gh%52$gh, f %5$ f ,g%h1g$ f ,h%. ~3.8!

The resulting classical equation of motion,ṙ5$H(t),r%, fi-
nally yields the TDHF equation

i
dr

dt
5@ t1V~r!,r#, ~3.9!

whereV(r)mn[22(
m8n8

Vmn8,nn8rm8n8 . This accomplishes
step~i! where the TDHF is written as the equations of m
tion of a classical oscillator model.

Recasting these equations using canonical variab
@step~ii !# will be carried out in two stages. We first introduc
almost canonical variables obtained as eigenmode of the
earized TDHF equations and then perform a nonlinear tra
formation, order by order, to obtain the desired canon
variables. We start by expanding the density matrix in
vicinity of a reference coherent stateuV0&:

37

r~t!5 r̄1j~t!1T@j~t!#, ~3.10!

wherej and T(j) are the interband~particle–hole! and in-
traband ~particle–particle and hole–hole! components of
(r2 r̄) with respect tor̄, i.e.,37 @T(j),r̄ #50, @ r̄,@ r̄,j##
50. T(j) is uniquely determined byj, sincer is idempotent
r25r. To second-order inj we have

T~j!5 1
2 @@j,r̄ #,j#1¯ . ~3.11!

We chooseuV0& to be the solution of the stationary HF equ
tion.
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@ t1V~ r̄ !,r̄ #50, ~3.12!

and introduce a system of local coordinates onM in the
vicinity of r̄ by expandingj in the form

j~t!5 (
a.0

@~za8 ~t!ja1za8* ~t!ja
1!#. ~3.13!

Here za8 are expansion coefficients andja are the eigen-
modes of the superoperatorL of the linearized TDHF equa
tion @Eq. ~B7!#:

Lja5Vaja . ~3.14!

These eigenmodes come in pairs: for any eigenmodeja ,
with eigenvalueVa ,ja

1 is an eigenmode with eigenvalu
2Va . a.0 means thatVa.0. We will also use the nota
tion j2a5ja

1 , z2a8 5za8* . Substituting the expansion of Eq
~3.13! into Eq. ~3.10! and making use of Eq.~3.11!, we can
expand any phase space function in terms of the local c
dinatesza8 . In particular, substituting Eq.~3.10! into Eq.
~3.2!, we obtain the classical Hamiltonian. To fourth-order
z8 it reads:

H~t!5 (
a.0

Vaza8* za81 (
abg

V̄abg
~3! za8zb8zg8

1 (
abgd

V̄abgd
~4! za8zb8zg8zd82«~t!P, ~3.15!

where

P5(
a

ma
~1!za81

1

2 (
ab

mab
~2!za8zb8 . ~3.16!

Note that the summations in the second and the third te
~unlike the first! run over negative as well as positive Gre
indices. Closed expressions for all coefficientsm (1), m (2),
V̄(3), and V̄(4) in terms of the original Hamiltonian param
eters,r̄mn , and the eigenmodesja,mn , are given in Appen-
dix B.

The Poisson bracket ofz8 can be obtained by startin
with Eq. ~3.7! and making use of Eqs.~3.10!, ~3.11!, and
~3.14!. To third-order we obtain:

$za8 ,zb8 %5 i sgn~a!da2b1 i(
gd

Fab,gdzg8zd8 , ~3.17!

whereF (4) is given by Eq.~C9!. To first-order, Eq.~3.17!
reads$za8 ,zb8* %5 idab which corresponds to the canonic
commutation relations written in the holomorphic represe
tation.

The dynamics ofza8 is determined by the Liouville equa
tion ża85$H(t),za8 %. Using these trajectories we can com
pute the single electron density matrix

r~t!5 r̄1(
a

da
~1!za8 ~t!1

1

2 (
ab

dab
~2!za8 ~t!zb8 ~t!. ~3.18!

da
(1) and dab

(2) are matrices in the single electron space w
matrix elements (da

(1))mn and (dab
(2))mn ~note thata and ab
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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are labels and not indices!. These matrices can be comput
by starting with a matrixdmn representingĈm

1Ĉn in the
single electron space~all matrix elements are zero except f
the mn element which is equal to 1!. The matricesda

(1) and
dab

(2) are obtained from Eqs.~B15! by substitutingd for m.
Usingr(t) we can compute the expectation value of a

single electron operator such asP

P~t!5(
mn

mmnrmn~t!. ~3.19!

In particular, this results in Eq.~3.16!.
th
ci
fe

il-
m

n
ll
F

ct

es

o
t
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We next transform the variableza8 to a new setza for
which the Poisson bracket is canonical:

$za ,zb* %5 idab , ~3.20!

This transformation can be carried out order by order,
shown in Appendix C. To third-order we have:

za85za1(
bgd

Aa,bgd
~3! zbzgzd , ~3.21!

whereA(3) is given in Eq.~B11!. Substituting Eq.~3.21! into
Eq. ~3.15! we finally get
H~t!5(
a

Vaza* za1 (
abg

Vabg
~3,0!za* zb* zg* 1 (

abg
Vab,g

~2,1! za* zb* zg1 (
abg

Va,bg
~1,2! za* zbzg

1 (
abg

Vabg
~0,3!zazbzg1 (

abgd
Vabgd

~4,0! za* zb* zg* zd* 1 (
abgd

Vabg,d
~0,3! za* zb* zg* zd1 (

abgd
Vab,gd

~2,2! za* zb* zgzd

1 (
abgd

Va,bgd
~1,3! za* zbzgzd1 (

abgd
Vabgd

~0,4! zazbzgzd2«~t!P ~3.22!
d in
in

al

ns
an

s of
hen
where the summations are restricted to positive values of
Greek indices. This Hamiltonian constitutes a coupled os
lator representation for the classical counterpart of the
mion system. The parametersV( i , j ) are given in Appendix B.
Equation~3.22! together with~3.20!, ~3.18!, and ~3.21! ac-
complish step~ii !. Step ~iii ! is now straightforward and is
carried out in Appendix D. The classical oscillator Ham
tonian @Eq. ~3.22!# is quantized and the resulting quantu
oscillator Hamiltonian is given in Eq.~D2!. In the classical
limit the equations of motion derived from this Hamiltonia
coincide with the TDHF equations. However, more genera
it constitutes a key step in the generalization of the TDH
which will be presented next.

IV. SQUEEZED-STATE ANSATZ AND GENERALIZED
COHERENT STATE EXTENSION OF THE TDHF

In Appendix E we carry out step~iv! by applying the
squeezed-state ansatz for the time-dependent wavefun
of the quantum Hamiltonian@Eq. ~D2!#. This yields a new
classical Hamiltonian given by Eqs.~E1!–~E4! in the ex-
tended phase space ofBa and Ymn variables. Since the
squeezed states form a set of generalized coherent stat
the extended Heisenberg–Weyl algebra, and theB, Y, Y* ,
and N variables are expectation values of its generators
the squeezed states, their Poisson bracket is given by
commutators of the underlying generators. This yields

$Ba ,Bb* %5 idab ,

$Yab ,Ygd* %5 i ~dbgdad1dbddag!1 i ~dbgNda1dbdNga

1dagNdb1dadNgb!,
~4.1!
e
l-
r-

y
,

ion

of

n
he

$Nab ,Ygd%52 i ~dagYbd1dadYbg!,

$Nab ,Ygd* %5 i ~dbgYad* 1dbdYag* !.

The equations of motion for the variablesB and Y as-
sume the form of the classical Liouville equation:

d f

dt
5$H, f %, ~4.2!

whereH is given by Eqs.~E1!–~E4! and f 5Ba ,Ybg . Since
Nab are not independent variables and can be expresse
terms ofYgd @Eq. ~2.16!#, these equations can be derived
two ways. The first involves expressingN in terms ofY in
the classical Hamiltonian and then using Eq.~4.2!. Alterna-
tively we can first apply Eq.~4.2! and then expressN in
terms ofY in the right hand side of the resulting dynamic
equations. In what follows we use the second scheme.

Before deriving the full system of equations of motio
we shall first consider the harmonic part of the Hamiltoni
and the zero-order Poisson bracket in terms of theB and Y
variables, since these determine the coupled eigenmode
the linearized equation of motion. The Poisson bracket t
adopts the canonical form

$Ba ,Bb* %5 idab ,
~4.3!

$Yab ,Ygd* %5 i ~dbgdad1dbddag!,

with the harmonic HamiltonianHL expressed in terms ofB
andY:

HL5HB1HY1HBY , ~4.4!

where

HB5(
a

VaBa* Ba , ~4.5!
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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is the Hamiltonian of oscillators representing the TDH
modes, and

HY5
1

2 (
ab

~Va1Vb!Yab* Yab1 (
abgd

Vab,gd
~2,2! Yab* Ygd

16 (
abgd

Vabgd
~4,0! Yab* Ygd* 16 (

abgd
Vabgd

~0,4! YabYgd ,

~4.6!

represents the additionalY-oscillators responsible for th
squeezing. Finally

HBY5 (
abg

Vab,g
~2,1! Yab* Bg1 (

abg
Va,bg

~1,2! Ba* Ybg

13(
abg

Vabg
~3,0!Ba* Ybg* 13(

abg
Vabg

~0,3!BaYbg , ~4.7!

describes the coupling of theB and Y oscillators. The
Y-oscillators can be considered as pairs ofB-oscillators, the
first term in the r h s of Eq.~4.6! represents the energy of tw
noninteractingB-oscillators whereas the other correctio
terms are responsible for the interaction.

To describe the optical response up to third-order
expand the equations of motion, retaining cubic terms inB
andY. We then have:

i
dBa

dt
5VaBa1(

bg
Va,bg

~1,2! Ybg13(
bg

Vabg
~3,0!Ybg* 1Ḃa ,

~4.8!

i
dYmn

dt
5~Vm1Vn!Ymn12(

gd
Vmn,gd

~2,2! Ygd

112(
ab

Vmnab
~4,0! Yab* 16(

a
Vmna

~3,0!Ba*

12(
g

Vmn,g
~2,1! Bg1Ẏmn ,

whereḂ andẎ denote the nonlinear terms which are given
Appendix E.

Using the solution of these equations, the density ma
is given by:

r~t!5 r̄mn1F(
a

da
~1,0!Ba* 1c.c.G

1
1

2 F(
ab

dab
~2,0!Ba* ~t!Bb* ~t!1c.c.G

1
1

2 F(
ab

dab
~2,0!Yab* ~t!1c.c.G

1(
ab

da,b
~1,1!Ba* ~t!Bb~t!1 (

abg
da,b

~1,1!Yag* ~t!Ybg~t!

~4.9!

Finally, using Eq.~3.19! and ~4.9!, the polarization assume
the following form:
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P5F(
a

ma
~1,0!Ba* 1c.c.G1

1

2 F(
ab

mab
~2,0!Ba* Bb* 1c.c.G

1
1

2 F(
ab

mab
~2,0!Yab* 1c.c.G1(

ab
ma,b

~1,1!Ba* Bb

1 (
abg

ma,b
~1,1!Yag* Ybg . ~4.10!

The TDHF is recovered from these equations by simply s
ting Y50.

V. DISCUSSION

The present derivation of the oscillator equations of m
tion for the optical response which go beyond the TDHF
based on the following steps~Fig. 1!: ~i! Starting with a
quantum electronic Hamiltonian@Eq. ~2.1!#, which repre-
sents the original quantum fermion model~QFM!, we obtain
the classical dynamics in the Grassman manifoldM with the
Poisson bracket given by Eq.~3.7! and the classical Hamil-
tonian defined by Eq.~3.2!. This results in the classical os
cillator model~COM!.36 ~ii ! In the vicinity of the solutionr̄
of the stationary HF equation~the ground state! we find the
eigenmodesja of the linearized TDHF operatorL which
allows us to introduce a system of local coordinatesza8 @Eq.
~3.13!#. We transform the coordinatesza8 @Eq. ~3.21!# to
make the Poisson bracket canonical to fourth-order, and
tain the classical Hamiltonian in terms of the newz variables
@Eq. ~3.22!#. This results in the classical canonical oscillat
model~CCOM! which is equivalent to the COM, except tha
it uses canonical~classical boson! variables.~iii ! The CCOM
is quantized resulting in the quantum oscillator Hamiltoni
@Eq. ~D2!#, which represents the quantum oscillator~boson!
model~QOM!. ~iv! By applying the squeezed-state ansatz
obtain the Poisson bracket@Eq. ~4.1!# and the classica
Hamiltonian@Eqs.~E1!–~E4!# in the extended phase space
B and Y variables. The classical Liouville equation@Eq.
~4.2!# then gives the desired equations of motion@Eq. ~4.8!#,
which represent the classical dynamics of the boson cou
cluster classical model~BCCM!.

It may seem at a first sight that the QOM@Eq. ~D2!#
constitutes an equivalent exact representation for the orig
fermion Hamiltonian of QFM@Eq. ~2.1!#. This is however
not the case. The classical oscillator Hamiltonian variablez
parametrize the generalized coherent statesuV& of theU(M )
group in the vicinity of the HF ground stateuV0&, whereas in
Eq. ~3.22! z are parameters characterizing the oscillators’
herent state. The scalar product of two normalized cohe
stateŝ V8uV& is, therefore, different in the two cases, impl
ing that the two systems are not equivalent on the quan
level. However since the Poisson bracket of the two is
same, the scalar products coincide to second-order iz.
Therefore Eq.~D2! constitutes an approximation for th
original system. The differences of the scalar product can
compensated by making a unitary transformation in a fo
of an exponent of a power series of theB̂ andB̂1 operators
which results in the bosonized quantum fermion mo
~BQFM! ~see Fig. 1!. The BQFM constitutes an equivalen
representation of the QFM, however, quantum correction
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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Eq. ~D2!, which are responsible for the deviation of th
BQFM from the QOM, can be calculated order-by-order
the oscillator operators. This procedure goes beyond
scope of this manuscript where we applied the squeezed-
ansatz to the QOM rather than to the BQFM. One con
quence of this approximation is that the ground state~the
initial point of j! is uncorrelated (Y50 for r̄). The present
approach only includes excited state correlations. The in
poration of ground state correlations will require using t
BQFM.

The resonances of the optical response within
BCCM, and therefore the transition frequencies of the s
tem within this approximation, are determined by the h
monic HamiltonianHL @Eq. ~4.4!# which represents a system
of coupledB- and Y-oscillators. Neglecting the two-excito
Y-oscillators brings us back to the TDHF approximation. T
interaction between theY- and B-oscillators determined by
HBY @Eq. ~4.7!# reduces the frequencies of theB-oscillators
and may resolve theAg ,Bu problem.7–10

Finally we note that the squeezed states defined by
~2.12! can be considered Gaussian wavepackets in the c
dinate space. Using the oscillator coordinate representa
for the Heisenberg–Weyl algebra in the space of wavefu
tions C(q1 ,...,qL) whereL is the number of bosons~oscil-
lators! the annihilation~creation! operators act as

B̂n52
i

&
S ]

]qn
1qnD , B̂n

152
i

&
S ]

]qn
2qnD . ~5.1!

Choosing the reference stateC0 as the one which satis
fies the conditionsB̂nC050 for all n51,...,L we find that
C0 has a Gaussian form

C0~q1 ...,qL!5
1

A~2p!L
expF2

1

2
~q1

21¯1qL
2!G . ~5.2!

A direct check shows that application of the operatorsB̂n ,
B̂n

1 , X̂mn
(6) , andX̂mn

z to the wavefunction preserves its Gaus
ian form. Action byB̂ andB̂1 only shifts its center wherea
the X̂ operators change its variance as well. By acting w
the elements of the extended Heisenberg–Weyl group on
reference stateC0 we thus obtain a state of the form:

C~q1 ,...,qL!5A expF2
1

2 (
mn

smn~qm2zm!~qn2zn!G ,
~5.3!

wherez1 ,...,zL are complex numbers which determine t
average position whereas theL3L complex-valued symmet
ric matrix smn ~with smn5snm! determines its covariances
In particular, forsmn5dmn Eq. ~5.3! represents an ordinar
coherent state with the parametersz1 ,...,zL . The matrixsmn

is therefore responsible for squeezing. Gaussian wavepac
in Liouville space have been implemented previously in
context of the molecular dynamics in the presence o
bath.55 Gaussian Liouville space wavepackets are squee
Liouville space states. An extension of the present theor
include bath-induced incoherent dynamics is possible by
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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plying the squeezed state~Gaussian! ansatz to the many
body density matrix~rather than the wavefunction! written
using the oscillator representation.
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APPENDIX A: RELATIONS BETWEEN THE BILINEAR
OSCILLATOR VARIABLES

In this Appendix we derive a matrix relation between t
variablesNmn and Ymn @Eq. ~A7!# using the squeezed-sta
ansatz which allows us to eliminate the former using E
~2.16!. We first note that it suffices to show that Eq.~A7!

holds for the statesV with ^VuB̂i uV&50, i.e., whose wave-
functions are Gaussians centered atq50. We refer to these
as squeezed states. The squeezed states form an orbitM of
the groupG which corresponds to the algebra generated
X̂mn

(6) and X̂mn
(z) . In particular this means that squeezed sta

are generalized coherent states with respect toG.
We shall introduce a set of functionsXmn

(6) , Xmn
(z) on M

Xmn
6 ~V![^VuX̂mn

~6 !uV&, Xmn
~z! ~V![^VuXmn

~z! uV&, ~A1!

and define two sets of auxiliary functions

Fmn[(
a

@Xma
~1 !Xan

~2 !2Xma
~z!Xan

~z!#,

~A2!

Gmn[(
a

@Xma
~z!Xan

~1 !2Xna
~z!Xam

~1 !#.

We first prove thatGmn50 for all m andn. To that end we
note that since@X̂i j

(1) ,X̂ke
(1)#50, the operatorsX̂i j

(1) consid-
ered as vector fields onM determine a complex structure o
M:41 holomorphic functionsf are those that satisfy the con
dition X̂i j

(1) f 50. In particular, this means thatX̂i j
(1) represent

derivatives in the antiholomorphic directions. Sin
X̂i j

(1)Xmn
(1)50, Xmn

(1) are holomorphic functions which const
tute a set of holomorphic coordinates in the vicinity ofV0

PM defined as the state with the wavefunction given by E
~5.2!. A straightforward calculation shows thatXi j

(1)(V0)
50 and

Xi j
~z!~V0!5d i j . ~A3!

A direct calculation yieldsX̂i j
(1)Gmn50 which implies

that Gmn is holomorphic and can be therefore written as
series inX(1) in the vicinity of the pointXi j

(1)50 ~i.e., V0!.
SinceXma

z (V)5dma , it follows from Eq. ~A2! that the ex-
pansion ofGmn starts with the second-order terms:

Gmn5( Gmn;r 1s1 ,r 2s2

~2! Xr 1s1

~1 ! Xr 2s2

~1 !
¯ . ~A4!

We next define the degree deg f~if it exists! of a function
f by D̂ f 5(degf ) f where D̂[1/2(

j
X̂ j j

(z) . In particular

degXi j
(6)561, degXi j

(z)50, and deg(f g)5degf 1degg. It
follows from Eq. ~A2! that degGmn51. Equation~A4! on
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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the other hand implies thatGmn is a linear combination
Gmn5( j 52

` Gmn
( j ) with degGmn

( j ) 5 j and therefore contains th
degrees of 2 and higher. This impliesGmn[0 for all m and
n. The proof of Eq.~2.15! can be completed by checking th
X̂rs

(1)Fmn is a linear combination ofGab and hence
X̂rs

(1)Fmn50. Similarly X̂rs
(2)Fmn50 ~this can be obtained by

conjugating the relationX̂rs
(1)Fmn50!. The two imply that

Fmn is a constant. Since due to Eq.~A2! Fmn(V0)52dmn

we finally obtain

(
a

@Xma
~1 !Xan

~2 !2Xma
~z!Xan

~z!#5dmn . ~A5!

It follows from Eqs.~2.9! and ~2.5! that

Ymn5Xmn
~2 ! , Xmn

~z!5Nmn1
1
2 dmn . ~A6!

Substituting Eq.~A6! into Eq. ~A5! yields the matrix equa-
tion

~N1 1
2 I !22Y1Y5 1

4 I . ~A7!

Solving Eq.~A7! for N finally yields Eq.~2.16!.

APPENDIX B: THE CLASSICAL OSCILLATOR MODEL

In this Appendix we map the classical limit of the fe
mion system onto a system of classical oscillators. We s
with the Hamiltonian of Eq.~3.2! and representr in Eq. ~3.2!
in the form of Eq.~3.10!. The resulting Hamiltonian can b
conveniently represented in terms of the operatort with the
matrix elementstmn , and the superoperatorV acting in the
matrix space, whose matrix elements are given in Ref. 3
terms ofVmn,ke :

H~j!5Tr$t@ r̄1j1T~j!#%1Tr$@ r̄1j1T~j!#

3V~ r̄1j1T~j!!%. ~B1!

ExpandingT(j) in powers ofj

T~j!5T~2!~j !1T~4!~j !1¯ , ~B2!

and keeping terms up to fourth-order and using symme
properties of the superoperatorV we obtain:

H~j!5Tr$r̄@ t1V~ r̄ !#%1Tr$j@ t12V~ r̄ !#%

1Tr$T~2!~j !@ t12V~ r̄ !#%1Tr@jV~j!#

12 Tr@jV~T~2!~j !!#1Tr@T~2!~j !V~T~2!~j !!#

1Tr$T~4!~j !@ t12V~ r̄# !#%. ~B3!

T(2) and T(4) can be calculated by expanding the exact
pression

T~j!52S r̄2
I

2D ~ I 2AI 24j2!, ~B4!

obtained in Ref. 34 in powers ofj. After some simple trans
formations we obtain:

T~2!~j !52 1
2 @j,@j,r̄ ##,

T~4!~j !52 1
8 @j,@j,@j,@j,r̄ ####. ~B5!
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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Expressingj in Eq. ~B3! in terms of za8 according to Eq.
~3.14! and making use of Eq.~B5! yields:

H5
1

2 (
ab

Tr$r̄@jb ,L~ja!#%za8zb8

1 (
abg

Tr$@ r̄,ja#@V~@@jb ,r̄ #,jg#!,r̄ #%za8zb8zg8

1
1

4 (
abgd

Tr$@ r̄,ja#@V~@@jg ,r̄ #,jd#!,jb#%za8zb8zg8zd8

1
1

4 (
abgd

Tr$@ r̄,jb#@V~ja!,@@jd,r̄ #,jg##%za8zb8zg8zd8

2
1

8 (
abgd

Tr$@jb ,@jg ,@jd ,r̄ ###L~ja!%za8zb8zg8zd8 .

~B6!

The linearlized TDHF equation operatorL has the form
~Ref. 37!:

L~j!5@ t12V~ r̄ !,j#22@ r̄,V~j!#. ~B7!

In deriving Eq. ~B6! we have neglected the first~con-
stant! term in the rhs. of Eq.~B3!, the second term in the rhs
of Eq. ~B3! vanishes due to the stationary HF equati
@ t12V( r̄),r̄ #50 which implies thatt12V( r̄) contains no
particle–hole components, whereasj belongs to the
particle–hole subspace. Making use of the facts t
L(ja)5Vaja , V2a52Va , the normalization conditions
for the modes

Tr~ r̄@ja ,jb#5da,2b sgnb, ~B8!

and an identity

2Tr$@jb ,@jg ,@jd ,r̄ ###ja%

5Tr$@@jb ,r̄ #,@ja ,r̄ ##@@jd ,r̄ #,jg#%, ~B9!

yields the classical Hamiltonian@Eq. ~3.15!#, with

V̄abg
~3! [Tr$@ r̄,ja#@V~@@jb ,r̄ #,jg#!,r̄ #%, ~B10!

V̄abgd
~4! [ 1

4 Tr$@ r̄,ja#@V~@@jb ,r̄ #,jd#!,jb#%

1 1
4 Tr$@ r̄,jb#@V~ja!,@@jd ,r̄ #,jg#%

1 1
8 Va Tr$@jb ,r̄ #@ja ,r̄ #@@jd ,r̄ #,jg#%.

In Appendix C, we show that the canonical variablesza

are related toza8 by means of the following transformation

za85za2
1

8 (
bmn

sgn~a! Tr$@@ r̄,j2a#,@ r̄,jb##

3@@jm ,r̄ #,jn#%zbzmzn . ~B11!

Substitution of Eq.~B11! into Eq. ~3.15! and keeping the
terms up to the fourth-order inz gives
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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H5 (
a.0

Vaza* za1 (
abg

Vabg
~3! zazbzg

1 (
abgd

Vabgd
~4! zazbzgzd , ~B12!

with

Vabg
~3! 5V̄abg

~3! ,
~B13!

V̄abgd
~4! 5 1

4 Tr$@ r̄,ja#@V~@@jg ,r̄ #,jd#!,jb#%

1 1
4 Tr$@ r̄,jb#@V~ja!,@@jd ,r̄ #,jg##%%

1 1
4 Va Tr$@@jb ,r̄ #,@ja ,r̄ ##@@jd ,r̄ #,jg#%.

The expression for the polarization operator derived in
similar manner reads

P5(
a

ma
~1!za1(

ab
mab

~1!zazb , ~B14!

with

ma
~1!5Tr~mja!,.

mab
~2!5 1

2 Tr$m@@ja ,r̄ #,jb#%. ~B15!

The Hamiltonian@Eq. ~3.22!# constitutes a representation
Eq. ~B12! once the summations over positive and negat
Greek indices are separated. The parameters of Eq.~3.22!
Va1...an ,b1...bm

(n,m) are obtained fromV(3) andV(4) by performing

the necessary permutations.

APPENDIX C: CANONICAL TRANSFORMATIONS AND
POISSON BRACKETS

In this Appendix we first derive the Poisson brack
$za8 ,zb8 % to second-order, and then find a transformation
new variablesza for which the Poisson bracket$za ,zb% is
canonical to third-order@Eq. ~B11!#.

To calculate$za8 ,zb8 % we follow a procedure introduce
in Ref. 37. We first note that sincer has the form of Eq.
~3.10! with

j5(
a

za8ja , ~C1!

we have

za852sgn~a! Tr$r̄@j,j2a#%. ~C2!

This implies that the functionza8 can be represented in th
form

za8 ~r!5Tr~rza!, ~C3!

with

za[sgn~a!@ r̄,j2a#. ~C4!

For such functions the Poisson bracket is given by the c
mutator

$za ,zb%5 i @za ,zb#. ~C5!

Eqs.~C5! and ~C3! therefore imply
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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$za8 ,zb8 %~r!5 i Tr$r@za ,zb#%. ~C6!

Substitution ofr into Eq. ~C6! in the form of Eq.~3.10! and
taking Eq.~C1! into account yields

$za8 ,zb8 %~r!5 i Tr$r̄@za ,zb#%1 i TrH @za ,zb#TS (
g

zg8jgD J .

~C7!

Equation ~C7! constitutes an exact expression for t
Poisson bracket$za8 ,zb8 %. SubstitutingT(2) in the form of Eq.
~B5! into Eq. ~C7! we obtain the Poisson bracket to third
order inz8. This yields after some straightforward transfo
mations:

$za8 ,zb8 %5 ida,2b sgn~a!1 i(
mn

Fab,mnzm8 zn8 , ~C8!

with

Fab,mn5
1

2
sgn~a! sgn~b! Tr$@@ r̄,j2a#,@ r̄,j2b##

3@@jm ,r̄ #,jn#%. ~C9!

To prove Eq.~B11! we first apply the Jacobi identity fo
the Poisson bracket.56 Keeping the terms up to the first orde
in z8 we have

$$za8 ,zb8 %,zg8%52(
n

Fab,2gnzn8 sgn~g!. ~C10!

The Jacobi identity then yields

Fab,2gn sgn~g!1Fbg,2an sgn~a!1Fga,2bn sgn~b!50.

~C11!

Taking za in a form

za5za82
1

4 (
mnd

Fa2m,nr sgn~m!zm8 zn8zr8 , ~C12!

we make use of Eq.~C8! to obtain~retaining the terms up to
second-order inz!:

2 i $za ,zb%5da,2b sgn~a!1(
mn

Fab,mnzmzn

1
1

4 (
mn

Fab,mn@sgn~a! sgn~2a!

1sgn~b! sgn~2b!#zmzn

2
1

2 (
mn

sgn~m!@Fb2m,2an sgn~a!

1F2ma,2bn sgn~b!#zmxn . ~C13!

Applying Eq.~C11! for g52m to the last term in the rhs o
Eq. ~C13! gives

$za ,zb%5da,2b sgn~a!. ~C14!

Equation~B11! is obtained by substituting Eq.~C9! into Eq.
~C12! and expressingz8 in terms of z using the resulting
equation, retaining terms up to third-order inz.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



to

q.
to
io
-

il-

nian
ich
zed
pec-

r
d by

es

4394 J. Chem. Phys., Vol. 111, No. 10, 8 September 1999 V. Chernyak and S. Mukamel
APPENDIX D: THE QUANTUM OSCILLATOR MODEL

In this appendix we quantize the classical oscilla
Hamiltonian of Eq.~3.22! by applying the same principle
used to obtain the classical limit of the fermion system. W
first find a quantum oscillator Hamiltonian which yields E
~3.22! for its expectation values calculated on the oscilla
coherent states. By introducing the oscillator annihilat
~creation! operatorsB̂a(B̂a

1) and reiterating that the oscilla
tor coherent statesuz& determined by sets of valueszg are the
eigenstates of the annihilation operators i.e.,B̂auz&5zauz&
we obtain

^zuB̂a1

1
¯B̂am

1 B̂b1
¯Bbn

uz&5za1
* ¯zam

* zb1
¯zbn

. ~D1!

Equation~D1! implies that the only possible quantum Ham
tonian which satisfies the above requirement is:

Ĥ5(
a

VaB̂a
1B̂a1 (

abg
Vabg

~3,0!B̂a
1B̂b

1B̂g
1

1 (
abg

Vab,g
~2,1! B̂a

1B̂b
1B̂g1 (

abg
Va,bg

~1,2! B̂a
1B̂bB̂g

1 (
abg

Vabg
~0,3!B̂aB̂bB̂g1 (

abgd
Vabgd

~4,0! B̂a
1B̂b

1B̂g
1B̂d

1

1 (
abgd

Vabg,d
~3,1! B̂a

1B̂bB̂gB̂d1 (
abgd

Vab,gd
~2,2! B̂a

1B̂b
1B̂gB̂d

1 (
abgd

Va,bgd
~1,3! B̂a

1B̂bB̂gB̂d1 (
abgd

Vabgd
~0,4! B̂aB̂bB̂gB̂d.

~D2!
r

e

r
n

The density matrix operatorĈm
1Ĉn adopts the following

form in terms of the oscillator operators:

Ĉm
1Ĉn5 r̄mn1(

a
@dmn,a

~1,0! B̂a
11dmn,a

~0,1! B̂a#

1
1

2 (
ab

@dmn,ab
~2,0! B̂a

1B̂b
11dmn,ab

~0,2! B̂aB̂b#

1(
ab

dmn;a,b
~1,1! B̂a

1B̂b . ~D3!

We have thus accomplished step~iii !.

APPENDIX E: THE BOSON COUPLED-CLUSTER
EQUATIONS

In this Appendix we carry out step~iv!. By applying the
squeezed-state ansatz to the resulting quantum Hamilto
we derive closed equations of motion for the response wh
go beyond the TDHF. Since the wavefunction of a squee
state is Gaussian, the Wick theorem applies and the ex
tation value^CuĤuC& can be written in terms of theBa ,
Yab , andNab variables introduced in Sec. II. This yields fo
the classical Hamiltonian in the phase space parametrize
B,Y, andN:

H~t!5H01H12«~t!P, ~E1!

whereH0 is the classical part of the Hamiltonian, which do
not containN andY.
H05(
a

VaBa* Ba1F (
abg

Vabg
~3,0!Ba* Bb* Bg* 1 (

abg
Vab,g

~2,1! Ba* Bb* Bg1c.c.G1F (
abgd

Vabgd
~4,0! Ba* Bb* Bg* Bd*

1 (
abgd

Vabg,d
~3,1! Ba* Bb* Bg* Bd1c.c.G1 (

abgd
Vab,gd

~2,2! Ba* Bb* BgBd . ~E2!

H1 contains the variablesY andN and, therefore, represents the quantum corrections:

H15(
a

VaNaa1F3(
abg

Vabg
~3,0!Ba* Ybg1c.c.G1F (

abg
Vab,g

~2,1! Yab* Bg12(
abg

Vab,g
~2,1! Ba* Nbg1c.c.G

1F6 (
abgd

Vabgd
~4,0! Ba* Bb* Ygd* 16 (

abgd
Vabgd

~4,0! Yab* Ygd* 1c.c.G1F3 (
abgd

Vabg,d
~3,1! Ba* BdYbg* 13 (

abgd
Vabg,d

~3,1! Ba* Bb* Ngd

13 (
abgd

Vabg,d
~3,1! Yab* Ngd1c.c.G1F (

abgd
Vab,gd

~2,2! Ba* Bb* Ygd1c.c.G
14 (

abgd
Vab,gd

~2,2! Ba* BgNbd1 (
abgd

Vab,gd
~2,2! Yab* Ygd14 (

abgd
Vab,gd

~2,2! NagNbd . ~E3!

The polarization similarly adopts the form

P5F(
a

ma
~1,0!Ba* 1c.c.G1

1

2 F(
ab

mab
~2,0!Ba* Bb* 1c.c.G1

1

2 F(
ab

mab
~2,0!Yab* 1c.c.G1(

ab
ma,b

~1,1!Ba* Bb1(
ab

ma,b
~1,1!Nab. ~E4!
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The equations of motion are obtained by substituting
Hamiltonian given by Eqs.~D4!–~D7! and the Poisson
bracket@Eq. ~4.1!# into the classical Liouville equation@Eq.
~4.2!#. This yields the equations of motion in the form of E
~4.8! with the nonlinear termsḂ and Ẏ in the form:

Ḃa5Ḃa
~2!1Ḃa

~3!1Ḃa
~«!

~E5!

Ẏmn5Ẏmn
~2!1Ẏmn

~3!1Ẏmn
~«! ,

whereḂ( j ) and Ẏ( j ) denote thej th order terms in the corre
sponding equations whereasḂ(«) andẎ(«) stand for the terms
that contain the deriving field. TheB terms are given by

Ḃa
~2!53(

bg
Vabg

~3,0!Bb* Bg* 12(
bg

Vab,g
~2,1! Bb* Bg

1(
bg

Va,bg
~1,2! BbBg12(

bgd
Vab,g

~2,1! Ybd* Ygd

112(
bgd

Vabgd
~4,0! Bb* Ygd* 13(

dgd
Vabg,d

~3,1! BdYbg*

12(
bgd

Vab,gd
~2,2! Bb* Ygd13(

bgd
Va,bgd

~1,3! BbYgd , ~E6!
Downloaded 07 Mar 2001 to 128.151.176.185. Redistribution subject 
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Ḃa

~3!54(
bgd

Vabgd
~4,0! Bb* Bg* Bd* 13(

bgd
Vabg,d

~3,1! Bb* Bg* Bd

12(
bgd

Vab,gd
~2,2! Bb* BgBd1(

bgd
Va,bgd

~1,3! BbBgBd

16 (
bgdm

Vabg,d
~3,1! Bb* Ymg* Ymd

14 (
bgdm

Vab,gd
~2,2! BgYmb* Ymd ,

Ḃa
~«!52ma

~1,0!«2(
b

mab
~2,0!Bb* «2(

b
ma,b

~1,1!Bb«.

The corresponding terms forY are

Ẏmn
~2!56(

gda
Vmng,d

~3,1! Yga* Yda13(
abd

Vabm,d
~3,1! Yab* Ydn

13(
abd

Vabn,d
~3,1! Yab* Ydm12(

gd
Vmn,gd

~2,2! BgBd

16(
ad

Vamn,d
~3,1! Ba* Bd112(

ab
Vmnab

~4,0! Ba* Bb*

12(
ag

Vam,g
~2,1! Ba* Yng12(

ag
Van,g

~2,1! Ba* Ymg

12(
bg

Vm,bg
~1,2! BgYnb12(

bg
Vn,bg

~1,2! BgYmb ,
Ẏmn
~3!52 (

bgda
Vmb,gd

~2,2! Yba* YnaYgd12 (
bgda

Vnb,gd
~2,2! Yba* YmaYgd18 (

bgda
Vmb,gd

~2,2! Yba* YdaYng18 (
bgda

Vnb,gd
~2,2! Yba* YdaYmg

112 (
abdg

Vabmd
~4,0! Yab* Ydg* Yng112 (

abdg
Vabnd

~4,0! Yab* Ydg* Ydm16(
agd

Vamg
~3,0!Ba* Ygd* Ynd16(

agd
Vang

~3,0!Ba* Ygd* Ymd

12(
bgd

Vmb,g
~2,1! Ybd* YndBg12(

bgd
Vnb,g

~2,1! Ybd* YmdBg13(
abd

Vabm,d
~3,1! Ba* Bb* Ynd13(

abd
Vabn,d

~3,1! Ba* Bb* Ymd

14(
agd

Vam,gd
~2,2! Ba* BgYnd14(

agd
Van,gd

~2,2! Ba* BgYmd1(
agd

Vm,bgd
~1,3! BgBdYnb1(

bgd
Vn,bgd

~1,3! BgBdYmb . ~E7!
m.

Met.
Finally, the terms involving the driving field are:

Ẏmn
~«!52mmn

~2,0!«2(
b

@mm,b
~1,1!Ybn1mn,b

~1,1!Ybm#«

2(
ab

@mam
~2,0!Yab* Ynb1man,b

~2,0! Yab* Ymb#«. ~E8!
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