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Quadratic Brownian-oscillator model for solvation dynamics
in optical response
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The optical response of a chromophore coupled to a collective Gaussian solvation coordinate with
a different curvature of the ground- and excited-state surfaces is studied. Exact expressions are
derived for the time-dependent Stokes shift assuming an arbitrary solvent spectral density.
Deviations from Onsager’s linear fluctuation–dissipation relations between the Stokes shift and
equilibrium fluctuations are discussed. ©2001 American Institute of Physics.
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I. INTRODUCTION

Many optical and rate processes of molecules in solu
may be described by a two-electronic level model syst
coupled linearly to a collective harmonic bath coordina
representing the solvent. Marcus electron transfer theo1,2

and the multimode Brownian oscillator model of nonline
spectroscopy3 are widely used examples for the applicabili
of this spin boson model.4 The linear coupling implies a
displaced quadratic free-energy surface with the same cu
ture in both electronic states. In this model the solvat
coordinate responds linearly to the electronic excitation
all nonlinear response functions vanish identically. One c
sequence of this strict linearity is the proportionality of t
time-dependent Stokes shiftDE(t),3,5–7 and the energy gap
correlation functionC(t). This manifestation of the cel
ebrated Onsager’s fluctuation dissipation relations is satis
experimentally in many systems, but clear deviations h
been reported in other solvents. For example, simulati
conducted by Skaf and Ladanyi,8 show differences betwee
the two for water. Recent simulations by Geissler a
Chandler9 demonstrated the Gaussian statistics of the e
tronic energy gap, with time-dependent first two moment

In this paper we show that these observations may
explained by extending the multimode Brownian oscilla
model for solvation dynamics by taking the energy gap
depend quadratically rather than linearly on the solvat
coordinate. The model remains Gaussian and exactly s
able but the solvent response to electronic excitation
comes nonlinear, yielding a different time profile forDE(t)
and C(t). In Sec. II we present formal correlation functio
expressions forDE(t) andC(t). Closed expressions for th
quadratically coupled Brownian oscillator and a general d
cussion are given in Sec. III. Technical details are given
the Appendices.

a!Electronic mail: mukamel@chem.rochester.edu
10430021-9606/2001/114(23)/10430/6/$18.00
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II. THE DYNAMIC STOKES SHIFT AND NONLINEAR
SOLVENT RESPONSE

We consider a two-level solute with electronic statesug&
and ue&, coupled to a solvent. The corresponding Hamil
niansHg andHe depend on the solvent degrees of freedo
We define

U[He2Hg , ~1!

to be the collective solvation coordinate representing
electronic energy gap. The statistics of its fluctuations c
trols the optical response of the system. At this point
need not specify the Hamiltonians any further, except
noting that there are many solvent degrees of freedom
that the central limit theorem should be applicable for d
scribing these statistics.

To calculate the dynamic Stokes shift we note that f
lowing an impulsive optical excitation, the Hamiltonia
changes abruptly fromHg to He . The time-dependent en
ergy gap which corresponds to the maximum of the fluor
cence spectrum is given by3

DE~ t ![^U exp~2 iH et !rg exp~ iH et !&, ~2!

with

DE~0!5^Urg&, DE~`!5^Ure&. ~3!

Hererg(re) is the equilibrium solvent density matrix whe
the system is in the ground~excited! state. Equation~2! can
be expressed as
0 © 2001 American Institute of Physics
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DE~ t !5K U exp~2 iH gt !exp1F2 i E
0

t

dtU~t!Grg

3exp2F i E
0

t

dtU~t!Gexp~ iH gt !L
5K exp2F i E

0

t

dtU~t!GU~ t !

3exp1F2 i E
0

t

dtU~t!GrgL , ~4!

exp1(exp2) denote positive ~negative! time ordered
exponentials.3 By collecting terms order by order inU,
DE(t) may be recast in terms of the complete set of respo
functions with respect toU

DE~ t !2DE~0!5E
0

t

dt1R(1)~ t,t1!

1E
0

t

dt2E
0

t2
dt1R(2)~ t,t2 ,t1!1•••

5(
n
E

0

t

dtnE
0

tn
dtn21 . . . E

0

t2
dt1

3R(n)~ t,tn , . . . t1!. ~5!

Here

R(n)~ t,tn , . . . t1!

5S i

\ D n

^@@@U~ t !, U~tn!#,U~tn21!# . . . ,U~t1!#rg&,

~6!

are ground-state response functions, where

U~ t !5exp~ iH gt!U exp~2 iH gt!. ~7!

To lowest~linear! order we have

DE~ t !2DE~0!5E
0

t

dtx~ t2t!, ~8!

where

x~ t2t![R(1)~ t,t!5
i

\
^@U~ t !, U~t!#rg&, ~9!

is the linear response ofU. Note thatDE(t) is related to the
response function, rather than to thecorrelation functionof
U.

Equation~8! obviously holds providedU is sufficiently
weak. A more interesting and profound condition is whenU
is a Gaussian coordinate. Equation~8! is then exact no matte
how strongU is, since the model is linear and all nonline
response functionsR(n) n52,3, . . . vanish identically.3

We next turn to a different quantity, the correlation fun
tion which represents equilibrium fluctuations ofU

C~ t ![ 1
2 @^U~ t !U~0!&1^U~0!U~ t !&#. ~10!

C(t) has been symmetrized to better correspond to its c
sical counterpart@Eq. ~8.24a! in Ref. 3#.
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The fluctuation–dissipation theorem gives the followi
general relationship between the Fourier transforms ofC and
x:

C̃~v!5coth~b\v/2!x̃~v!, ~11!

whereb51/kt, t is the temperature and we define

Ã~v![E A~ t !exp~ ivt !dt. ~12!

Substituting Eq.~11! into Eq. ~8! gives

DE~ t !2DE~0!5E
0

t

dtE dv tanh~b\v/2!C̃~v!

3exp@ iv~ t2t!#. ~13!

In the high temperature limit we set tanhx>x and obtain

DE~ t !2DE~`!5
1

2kT
@C~ t !#, ~14!

where

DE~`!5DE~0!2C~0!/2kT. ~15!

Equations~14! and ~15! can be recast in the form

DE~ t !2DE~`!

DE~0!2DE~`!
5

C~ t !

C~0!
. ~16!

DE(t) is the time-dependent fluorescence frequency follo
ing an impulsive excitation.DE(0) coincides with the ab-
sorption frequency whereasDE(`) represents the fully re-
laxed emission which corresponds also to the station
fluorescence.DE(0)2DE(`) is thus the ordinary Stoke
shift between stationary absorption and emission. The l
hand side~lhs! of Eq. ~16! is the normalized time-dependen
Stokes shift which provides a direct experimental meas
for the dynamics of solvation.

This equivalence between the time-dependent respo
to an external field that is suddenly switched off~in our case,
the Stokes shift! and equilibrium fluctuations has been esta
lished by Onsager.10,11 The two crucial assumptions used
deriving this result are the linear response and the hi
temperature approximation. Using a Taylor expansion of
tanh factor, Eq.~13! can be calculated at arbitrary temper
tures as an infinite sum over Matsubara frequencies.3,12 This
should allow to relax the high-temperature approximat
which is one possible reason for discrepancy between
time profiles ofC(t) andDE(t). In addition, we need con
sider more complex models of solvation which go beyo
the linear response. Both extensions will be introduced in
next section.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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III. THE QUADRATICALLY COUPLED BROWNIAN
OSCILLATOR

Differences betweenDE(t) andC(t) may be attributed
to anharomonicities~nonparabolic potential-energy surface!
which make the nonlinear response functionsR(n) with n
.1 finite. These response functions affectDE(t) but not
C(t). However, a convincing statistical argument suppor
by recent simulations13,14 can be made to the effect that so
vation energies should have Gaussian statistics. This is b
on the central limit theorem stemming from the fact th
these energies are given as sums of many contribution
individual solvent molecules. The other possibility is that t
basic solvation coordinateX is Gaussian butU depends non-
linearly on this coordinate. To keep bothHe and Hg har-
monic,U can be at most quadratic inX

U5AX1BX2. ~17!

The quadratic~B! term builds nonlinearity into the mode
and the nonlinear response functions ofU R(n) n52, . . . no
longer vanish.3 The effects of quadratic terms in the ener
gap on optical line shapes have been studied previously
several authors.15–20

For a dielectric model of solvation we have

Vg52E Dg~r !P~r !dr ,

~18!

Ve52E De~r !P~r !dr .

HereDg(De) is the electrostatic field created by the solute
the ground~excited! state andP(r ) is the dipole~polariza-
tion! density of the solvent. We assume that bothVg andVe

are parabolic in the collective coordinateX but with a differ-
ent curvature. This amounts to using two different refere
states for the solvent, depending on the state of the solu

The dynamic Stokes shift for this model is calculated
Appendix A using a Liouville-space expansion of Eq.~4!.
This gives

DE~ t !5DE1~ t !1DE2~ t !1DE3~ t !, ~19!

with

DE1~ t !5A2E
2`

` dv

2p i
~12e2 ivt!

Rg~v!

122BRg~v!
, ~20!

where

Rg~v!5E
2`

` de

2p
C̃~e!S 1

v1e1 ih
2

1

v2e1 ih D , ~21!

andh→0 a small positive number. We further have

DE2~ t !5
B

A2
@DE1~ t !#2 ~22!

and
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DE3~ t !54B2E
2`

` dv1

2p E
2`

` dv2

2p

3
Rg~v1!Kg~v2!

@122BRg~v1!#@122BRg~v2!#

3
exp@2 i ~v11v2!t#21

i ~v11v2!
, ~23!

with

Kg~v!52E
2`

` de

2p i
C̃~e!cothS e

2vT
D

3S 1

v1e1 iG
1

1

v2e1 iG D . ~24!

HerevT[kT/\. The correlation function of the energy ga
is given by

C~ t !5A2Kg~ t !1B2$2@Kg~ t !#22@Rg~ t !#2%. ~25!

Assuming linear response (B50) and high temperature, Eqs
~19! and ~25! satisfy Eq.~16!.

As an example let us consider a spectral density rep
senting a single overdamped solvent mode

C~v!5
2v

v21L2
. ~26!

For this model we can solve the Smoluchowski–Fokke
Planck equations forC(t) and DE(t). General expression
for DE(t) andC(t) are derived in Appendix B. In the high
temperature limit they assume the simplified form.

DE~ t !52
A2

L12B
$12exp@2~L12B!t#%

1
A2B

~L12B!2
$12exp@2~L12B!t#%2

2
B2vT

L12B
$12exp@22~L12B!t#%, ~27!

C~ t !5
2vT~A212B2!

L
exp~2Lt !2B2 exp~22Lt !.

~28!

Setting B50, Eq. ~16! holds with both sides equal to
exp(2Lt). Numerical simulations8,9 show thatDE(t) has
faster components thanC(t). Equations~27! and~28! clearly
show this behavior.C(t) has decay rates ofL and 2L
whereasDE(t) decays with the faster ratesL12B and
2(L12B). It is clear from Eqs.~27! and ~28! and from the
more general expressions for arbitrary temperatures give
Appendix B that the time profiles ofDE(t) and C(t) are
generally different.

In summary, the present model provides a physical
sight into why the Stokes shift and the equilibrium fluctu
tions of the electronic energy gap do not generally satisfy
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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fluctuation dissipation relation@Eq. ~16!#. Deviations may be
attributed to breakdown of the high temperature or to
nonlinearity of the solvation model. It is possible to exte
this calculation and compute the linear and nonlinear opt
response functions of the solute for this model. This is
interesting topic for a future study. The linearly coupl
Brownian oscillator provides a powerful model for analyzi
many ultrafast nonlinear techniques.3,21–23 Extending it to
quadratic coupling should allow a broader range of appli
tions such as to the spectroscopy of the solvated electro24
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APPENDIX A: LIOUVILLE-SPACE CALCULATION
OF THE TIME-DEPENDENT STOKES SHIFT

In this Appendix we derive a closed expression for t
time-dependent Stokes shift for the model defined by Eq.~1!
together with Eq.~17!. The dynamics of the collective har
monic coordinateX is described by an arbitrary spectral de
sity. Equation~4! can be evaluated most conveniently
Liouville-space. To that end we introduce for any ordina
Hilbert space operatorQ two tetradic superoperatorsQ6 rep-
resenting an anti commutator and a commutator.

Q1r[ 1
2 ~Qr1rQ!,

~A1!
Q2r[Qr2rQ.

Equation~4! then adopts the form

DE~ t !5K U1~ t !exp1F2 i E
0

t

dtU2~t!G L , ~A2!

where^•••& stands for the Liouville space correlation fun
tion in the ground electronic state.

The tetradic operator expression in the angular brac
is chronologically ordered, as indicated by the1 subscript.
Note that the Hilbert space expression@Eq. ~4!# contains both
chronologically (1) and antichronologically (2) ordered
exponents coming from the forward~backward! propagation
of the ket~bra!. By formulating the theory in Liouville space
@Eq. ~A2!# we only need consider a chronologically order
exponent representing the forward propagation of the den
matrix. This makes the interpretation and analysis m
transparent since we naturally follow the sequence of eve
as they occur in real time. Eliminating the need for backw
propagation constitutes a notable advantage of Liouv
space descriptions.3

It directly follows from Eq.~17! that

U2~ t !5AX2~ t !12BX1~ t !X2~ t ! ~A3!

and

U1~ t !5AX1~ t !1B@X1~ t !#21
B

2
@X2~ t !#2. ~A4!
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The third term in Eq.~A4! does not contribute to the right
hand side~rhs! of Eq. ~A2!. Substituting Eqs.~A3! and~A4!
into Eq. ~A2! yields

DE~ t !5K @AX1~ t !1BX1~ t !X1~ t !#

3exp1F2 iAE
0

t

dtX2~t!G
3exp1F2 i2BE

0

t

dtX1~t!X2~t!G L . ~A5!

The rhs of Eq.~A5! can be evaluated by expanding th
exponents and applying Wick’s theorem.25 We first note that
nonzero contributions are obtained only from those terms
the expansion that contain products of even numbers ofX6

operators, and provided the number ofX2 operators does no
exceed the number ofX1 operators. This implies that th
first exponent in the rhs of Eq.~A5! should only be expanded
to second order. Retaining the terms that satisfy the afo
mentioned properties we obtain

DE~ t !5DE1~ t !1DE2~ t !1DE3~ t !, ~A6!

with

DE1~ t ![2 iA2K E
0

t

dt8X1~ t !X2~t8!

3exp1F22iBE
0

t

dtX1~t!X2~t!G L , ~A7!

DE2~ t !52A2BK E
0

t

dt9E
0

t9
dt8X1~ t !X1~ t !X1~ t !

3X2~t9!X2~t8!

3exp1F2 i2BE
0

t

dtX1~t!X2~t!G L ~A8!

and

DE3~ t !5BK X1~ t !X1~ t !

3exp1F2 i2BE
0

t

dtX1~t!X2~t!G L . ~A9!

To evaluate Eqs.~A7!–~A9! we expand the chronologically
ordered exponent

exp1F2 i2BE
0

t

dtX1~t!X2~t!G
5 (

N50

`

~2 i2B!NE
0

t

dtN•••E
0

t2
dt1

3X1~tN!X2~tN!•••X1~t1!X2~t1!, ~A10!

and substitute the expansion@Eq. ~A10!# into Eqs.
~A7!–~A9!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Substitution of theNth order term in the expansion@Eq.
~A10!# with t1,t2,•••,tN in Eq. ~A7! yields

^X1~ t !X2~t8!X1~tN!X2~tN!•••X1~t1!X2~t1!&

5^X1~ t !X2~tN!&^X1~tN!X2~tN21!&•••

^X1~t2!X2~t1!&^X1~t1!X2~t8!&. ~A11!

This expression vanishes unlesst8,t1. All other terms in
the Wick expansion vanish since they either contain
^X2(t j )X2(tk)&[0 factor or ^X1(t j )X2(tk)& for t j,tk

which is zero as well.
Substituting Eq.~A10! into Eq.~A7!, and making use of

Eq. ~A11! yields

DE1~ t !5A2E
0

t

dtRe~t!. ~A12!

The functionRe(t) can be expressed in terms of the groun
state linear response functionRg(t) with respect to some
effective field coupled toX. Rg(t). It, therefore, has the form

Rg~t!52 iu~t!^X1~t!X2~0!&, ~A13!

Re(t) is given by

Re~t!5Rg~t!1 (
N51

`

~2B!NE
0

t

dtN•••E
0

t2
dt1

3Rg~t2tN!•••Rg~t22t1!Rg~t1!. ~A14!

Switching Eq.~A14! to the frequency domain, using the co
vention

A~v!5E dtA~t!exp~ ivt!, ~A15!

yields

Re~v!5
Rg~v!

122BRg~v!
. ~A16!

The ground-state response functionRg(t) is related to the
spectral densityC̃(v) of the collective harmonic coordinat
X by

Rg~ t !52u~ t !E
2`

` dv

2p
C̃~v!sin~vt !. ~A17!

Equations~A12!, ~A16!, and~A17! expressDE1(t) in terms
of the spectral densityC̃(v).

A similar, though more tedious derivation yields fo
DE2(t)

DE2~ t !5A2BF E
0

t

dtRe~t!G2

, ~A18!

making use of Eq.~A12! we obtain

DE2~ t !5
B

A2
@DE1~ t !#2. ~A19!

Finally, we have forDE3(t)
Downloaded 05 Jun 2001 to 128.151.176.185. Redistribution subject to A
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-

DE3~ t !54B2E
0

t

dtRe~t!Ke~t!. ~A20!

Ke(t) is given by the ground-state correlation functio

Kg~t![u~t!^X1~t!X1~0!&. ~A21!

In the frequency domain we have

Ke~v!5
Kg~v!

122BRg~v!
. ~A22!

Kg(t) is expressed in terms of the spectral density

Kg~t!5u~t!E dv

2p
C̃~v!coth~v/2vT!cos~vt!. ~A23!

Equations~A6!, ~A12!, ~A18!, and~A20!, together with Eqs.
~A16!, ~A17!, ~A22!, and~A23!, provide a closed expressio
for the time-dependent Stokes shiftDE(t) in terms of the
spectral densityC̃(v).

Finally, we turn to the correlation function

C~t!5^U1~t!U1~0!&, ~A24!

with

U1~ t !5AX1~ t !1B@X1~ t !#21
B

2
@X2~ t !#2. ~A25!

C(t) may be computed similarly by making use of the Wi
theorem, which immediately yields Eq.~25!.

APPENDIX B: APPLICATION TO A SINGLE
OVERDAMPED SOLVATION MODE

In this Appendix we use the results of Appendix A
derive expressions for the time-dependent Stokes shift, m
ing use of the spectral density@Eq. ~A1!# of a single over-
damped Brownian-oscillator mode.

When substituted into Eqs.~A17! and ~A23!, Eq. ~26!
yields

Rg~ t !52u~ t !exp~2Lt !, ~B1!

Kg~ t !5u~ t !F cotS L

2vT
Dexp~2Lt !

14vT(
n51

`
nn

nn
22L2

exp~2nnt !G , ~B2!

where vT[kT/\ is the thermal frequency, andnn

[2pvTn are the Matsubara frequencies. Transforming E
~B1! and ~B2! to the frequency domain yields

Rg~v!5
1

iv2L
,

Kg~v!52cotS L

2vT
D 1

iv2L
2 (

n51

`
4vTnn

nn
22L2

1

iv2nn
.

~B3!

When Eq.~B3! is substituted into Eqs.~A16! and ~A22! we
obtain
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Re~v!5
1

iv2~L12B!
,

Ke~v!52

cotS L

2vT
D

iv2~L12B!

2 (
n51

`
4vTnn

nn
22L2

iv2L

~ iv2nn!@ iv2~L12B!#
.

~B4!

Transforming back to the time domain results in

Re~t!52u~t!exp@2~L12B!t#,

Ke~t!5u~t!H F cotS L

2vT
D1 (

n51

`
8BvTnn

~nn
22L2!~L12B2nn!

G
3exp[2~L12B!t] J
1 (

n51

`
4vTnn~nn2L!

~nn
22L2!@nn2~L12B!#

exp~2nnt!. ~B5!

Substituting Eqs.~B5! into Eqs. ~A12!, ~A18!, and ~A20!
finally gives

DE1~ t !52
A2

L12B
$12exp@2~L12B!t#%, ~B6!

DE2~ t !5
A2B

~L12B!2
$12exp@2~L12B!t#%2, ~B7!

and

DE3~ t !52B2F cotS L

2vT
D1 (

n51

`
8BvTnn

~nn
22L2!~L12B2nn!

G
3

1

2~L12B!
$12exp@22~L12B!t#%

1 (
n51

`
4vTnn~nn2L!

~nn
22L2!@nn2~L12B!#~nn1L12B!

3$12exp@2~nn1L12B!t#%. ~B8!

Similarly by substituting Eq.~B3! into Eq.~25! we obtain for
the symmetrized ground-state correlation function
Downloaded 05 Jun 2001 to 128.151.176.185. Redistribution subject to A
C~t!5A2u~t!F cotS L

2vT
Dexp~2Lt!

1 (
n51

`
4vTnn

nn
22L2

exp~2nnt!G12B2u~t!

3F cotS L

2vT
Dexp~2Lt!1 (

n51

`
4vTnn

nn
22L2

3exp~2nnt!G 2

2B2u~t!exp~22Lt!. ~B9!

Equations~B6!–~B8! provide a general expression for th
Stokes shift. In the high-temperature limit they reduce
Eqs.~27! and ~B9! reduce in this limit to Eq.~28!.
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