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Multidimensional spectroscopic probes of single molecule fluctuations
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Single photon counting time distributions obtained from single molecule photon arrival trajectories
are employed in the theoretical study of multistate kinetics coupled to a two-state jump bath. The
bath time scale may be extracted from statistical analysis of one- and two-point time-domain optical
measurements. The amplitude and shape of the distribution of interphoton arrival times reflects bath
correlations. A slow bathrelative to the kinetidsresults in broad distributions of arrival times
reflecting bath memory. For a fast bath, the arrival time distributions narrow around shorter times,
similar to motional narrowing in frequency domain spectroscopy. The variance of either kinetic rates
or equilibrium population of bath states results in asymmetry of the distribution of two photon
arrival times. © 2002 American Institute of Physic§DOI: 10.1063/1.1515321

I. INTRODUCTION of the dynamic£>?! Fleury et al. performed single photon
counting (no binning cw measurements on terrylene mol-
Single moleculdSM) measurements provide detailed in- ecules in terphenyl crystals. Interphoton times between two
formation on the entire distributions of physical quantities, inconsecutive photons were recorded and their histogram was
contrast to bulk measurements which only yield theirused to construct the two-time fluorescence intensity auto-
averages:® SM observables have distinct stochastic signacorrelation function. The binning time which limits the time
tures of coupling to bath degrees of freedbthThey have  resolution is adjusted to optimize signal-to-noise ratio and in
been used to gain information on molecular motions, e.g.recent experiments it has been as shorugs
intermolecular rotation in charge conducting peptiti@pro- To observe faster fluctuations, a train of weak optical
tein folding®** electron transfer in DNA,spectral diffusion  pulses separated by the tiriehas been recently applied to
in glasses at low temperatures(terrylene in  excite the molecule. A sequence of chronologicgl &nd
polyethileng,*?~*8kinetics in enzymatic systenfsholester-  single photon arrival times, i.e., delay times between ex-
ole oxidase binding kinetigs and conformational relaxation citation and emission events is then recordEily. 1). 7 is
in biomoleculesDNA, tRNA).19-23 typically in the nsec regime wheretisan span a broad range
In many optical SM experiments, a molecule is excitedof timescales from seconds down josec. The resulting
by a strong continuous-wavécw) monochromatic laser {r,t} data set forms ghoton arrival trajectory (PAT) in
field X273 The collected fluorescence photons are groupeavhich each detected photon represents a datapbifThe
into intervals (bins) of a certain duration(binning time. separation time is a control parameter which can be varied
Typical observables analyzed in a cw experiment include stoby changing the pulse intensity and train period to capture
chastic trajectories of fluorescence inten&ity} absorbtion  the characteristic bath time scale. Excitation typically occurs
frequency peak positioff;}” and line shape¥$~*¥Such data every 16 pulses of the train.
have been used to probe spectral diffusion rates in the time A PAT experiment is an analogue time domainmul-
regime between msec and s&c'8An absorption frequency tiple pulse techniques ubiquitous in nonlinear spectroséopy.
trajectory on a time scale of seconds can be even analyzdd general, one can conduct ampoint measurement and
visually!*” From such a trajectory, the two-time frequency compute am-time histogram of arrival times; , ...,r,, sepa-
autocorrelation function has been calculatéd. rated by timeg,,...,t,_, yielding thenth order distributions
cw experiments on glasses at low temperatite€  of arrival timesQ,(7q,...,7 t1,....th—1). > As n is in-
were the subject of intensive theoretical investigatitnd’  creasedQ, contains gradually more detailed information on
Reilly and Skinner used the Anderson—Kubo two state jumghe dynamics of correlations of bath variables which modu-
modef®2° for the spectral diffusion of a single pentacenelate the time scale of the kinetic process under sftdly.this
molecule transition frequency ip-terphenyP* Zhaoetal.  paper, we limit our discussion to one- and two-point mea-
computed the four-point correlation function and the thirdsurements. In a one-poinh 1) measurement, one records
order response of a chromophore coupled to either a twa histogram of photon arrival timess. In a two-point f
state jump or a Brownian oscillator bathBarkai, Silbey, =2) measurement, a set of the two photon arrival times
and Zumofen studied fluctuations of line shapes of SMs in{r,’s andr,’'s) and their separation tintg is recorded. This
teracting with randomly distributed two-level systems bycarries information on bath dynamics on thetime scale.
computing the distribution of moments and cumulafitfhe  Xie and co-workerS employed this technique to prohes
same group used the two state jump model to establish theonformational relaxation of single DNA and tRNA mol-
relation between line shape fluctuations of a molecule underecules through fluorescence resonant energy transfer
going spectral diffusion and a four point correlation function (FRET). Seidel and coworkers used the same techniques to
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FIG. 1. One- and two-pulse PAT experiment: Interphoton tirtissand
arrival times7's are obtained from time resolved single photon counting
using a train of excitation pulses. =

(©)

KaptR —Kpa
—Kap  KpatR+K/’

K, R, andk are 2<2 matrices in thex, B-space: they rep-
resent energy transfer, bath jump rates and radiative decay

probeus conformational dynamics of the 20-mer oligonucle- rates, respectively,

otide strand of DNA®
FRET experiments*?involve two chromophores and an O Kba O

B. A absorbs a photon and undergoes a transition from the ab™ 0o KB/ Kba= 0o KB/

ground|0) to the excited1) state. A photon is subsequently ab ba (4)

emitted either fromA or from B, following energy transfer R.s —Rga k, O

[Fig. 2@]. In a previous work? we studied the arrival time = * :( 0 k)

distributions for the model where kinetics was coupled to a o o

stochastic bath diffusive coordinate. We showed how PAT ~ Our model has three basic time scales: characteristic

statistics for one- and two-point measurements of photondMe scale of the bath evolutiors~ 1/R:(RaB+RLﬁa)_1*

emitted byA can be employed to probe bath jumps on thekinetic time scalety ~max(Kg,+ Kb (Kap+Kba) ™1,

time scale of separation times between the two emissioAnd radiative lifetimetg~k;, .

- Raﬁ Rﬁa

events. The solution of equationgl) in Laplace domain
In this paper, we perform a similar analysis of emission  _ o
from B for a two state jump bath to study both bath jumps  P(z)= fo e “'P(t)dt, 5

and transfer kineticgFig. 2@]. If photon emission is faster

than both bath jumps and transfer kinetics, the statistics ofeads

emitted photons probes bath jump timescale and one can _ .

obtain information on the distribution of kinetic rates. Cou-  P(2)=[ZI—=M]""P(0), (6)
pling of kinetics to the bath makes PAT statistics non-ywherel is 4X4 unit matrix, [---]”! denotes inverse of a

Poissonian. By analyzing experimentally accessible PATmatrix andP(0) is a vector representing the equilibrium dis-
data, we utilize deviations of arrival time distributions from tripution of statega,«), |a,B), |b,«) and|b,B).

Poissonian statistics to deduce the bath time scale. The Lap|ace Conjugate quantity Corresponding to the

Our mpdgl is'presented in Seg. Il. .In Sec. lll we intro- 1k population vecto(f’(z)) can be obtained frorfi(z) by
duce the distributions of photon arrival times accessible fro”bveraging over initial realizations of the bath

one- and two-point measurements. In Sec. IV we compute
the arrival time distribution and in Sec. V we examine the  (P(z))=1[zI—M] *P(0), (7)
joint distribution of two photon arrival times and employ
various statistical measures for probing the dynamics of bat
correlations. Our results are summarized in Sec. VI.

herel is a row vector whose elements are equal to unity.
he bath state dependent population ve&f) is obtained
by inverse Laplace transform of Eq®) and (7).
Let us now consider some limiting cases of the dynamics
of P(t). We first write the formal solution of Eq1) when
Il. THE MODEL: ENERGY TRANSFER COUPLED the system is initially in stata:

TO A TWO STATE JUMP BATH
Pa(O)) Pa(0)
0

0
where\ and U are, respectively, the matrix of eigenvalues

and eigenvectors d¥1, U™ ! is inverse of matrixJ andO is
a row with zero entries.

(=e"™

, 8

a — —tAp—1
Consider reversible excitation transfer kinetics from the (Pb =Ue U (

absorbing chromophorA to the emitting chromophor8.
We assume that the system is coupled to a two state(bath
and B), which modulates its forwarl{},, and backwardk,

excitation transfer rated € «,8). The bath evolution is not The eigenvalues ¥ are the roots of the secular deter-

affected by the kinetics. . -~ : I :
We model the bath evolution as a stochastic Markovmmam detil —M). Using an identity for the determinant of

process and the systenbath kinetics is governed by the the square block matrix, we habe

stochastic Liouville equatidi=¢-*" M—K,—R —Kpa
detAl—M)=de
_ ~Kas  M—Kp,—k—R
Pa.(t)y=— M Py 5(1), 1
aa(t bEB awbpPo. (1) @ —dei( N —K,p— R) X de(A 1 —Kyp,—k—R
with the four-dimensional population vectB(t) — KoM —=Kap—R] Kp). 9)
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FIG. 2. (a) A two-site kinetic scheme for the creation of excitation in gite
(|0)—|1) transition, followed by the propagation from to B with for-
ward K& and backwarK g, kinetic rates and emission of a photon from

site B with ratesky, , kyg. These processes are coupled to the two-state

bath evolution with rate®,,; andRg, ; (b) Ensemble average distribution
of photon arrival timegQ(7,)) vs 7, (in units of 107 s) for slow k>K
>R, solid line), intermediate k>R>K, dashed lineand fast R>k>K,
dashed and dotted lipevath. Parameters used ag=1.0x10" s™%, K2,
=4X10ky, KE,=6X1CPky, Kif=ky,; Rus=Rg,=10 %k, for slow,
Rag=Rg.=kp for intermediate, Raﬂ=Rﬁa=103kb for fast bath. The
Laplace transform of the distribution of photon arrival tir{€3(z)) for a

slow and fast bath is shown in the inset. Motional narrowing is seen for the

fast bath.

Let us assume that excitation return ratgg, are small com-
pared toK 5, andk. Then, Eq.(9) yields

de(\ 1—M)=de(\l—K ,—R)de(A\|—k—R).  (10)

When R<K, ,k, the eigenvalues oM are \;=Kg,,
N,=K2B and\z=M\,=ky. In this case, Eqg1) for popula-
tions P, (1), Ppu(t), andPy4(t), Pyg(t) for channele and
B (see Fig. 2are decoupled anBl,, . (t), Pagps(t) evolve
independently. However, wheR~K,, and/or R~k, the
two channels are coupled amj, p.(t), Pagps(t) mix due

to bath jumps which modulates both energy transfer and pho-

ton emission rates, i.eK,,—K,ap+R andk—k+R. Be-
cause the eigenvalues &f,,+R andk+R are larger than
the eigenvalues oK,, and k, respectively, populations
Ppo(t) and Py(t) of site B evolve on a shorter time scale

display the ensemble average photon arrival time distribution
for a slow k>K>R), intermediate k>R>K) and fast
(R>k>K) bath demonstrates that the arrival time distribu-
tion showsmotional narrowing?®6-3

In the following Sections we use the population trajec-
tory of site B (P(t)) to compute the distributions of photon
arrival times for one- and two-point measurements.

Ill. SINGLE- AND TWO-POINT PAT OBSERVABLES

In this Section we introduce the quantities used in the
statistical analysis of one- and two-point PAT data. To ana-
lyze one-point data, we define thex2 conditional distribu-
tion matrix Q(71)={Q(71)}ij, Where i=ba,bg, ]j
=aa,aB, of observing a photon arriving at; when the
system is in statba or bB, given that at the time of exci-
tationt=0 it is in stateaa or aB. This matrix can be con-
structed by taking a product of the mattxof decay rates
and a 2x2 block of the 4x4 matrix[zI—M]~* of Green
functions corresponding to propagation of excitation from
stateslaa), |agB) to stategba), |bg) during timer,, i.e.,

Qij(2=ky{[zl =M]™1}; (11
wherei=ba,bB and j=aa,aB. Q(7,) is obtained by in-
verse Laplace transformation @f(z).

Because the system can emit a photon from either state
ba or b, we define the joint distribution vector of photon
arrival times,q(7,), a quantity directly accessible from a
one-point PAT experimeng(7;) can be computed by aver-
aging Q(7;) over the initial realizations of bath states, i.e.,

o Uba
q(r)= ( Ubg

whereN; is a normalization constant

(1)=N7'Q(r)w*, (12)

o= | dngaiQem we)

« Qba,aa( Tl) Qba,aﬁ( Tl)) ( Pgi)
=| dry(1 1 e 13
Jo am )< Qopec(r) Qupas(rn) 1P 2
andw®%is the equilibrium population vector
oo [ Paa|_ Paa(0>)
w q_(Pg%)_(PaB(O) . (14
The macroscopi¢‘bulk” ) distribution of r; is
(Q(72)) =Ny (1]Q(71) W= (15

A useful statistical measure of observed PAT is given by
the ensemble averag@dh moment ofr; which can be com-
puted from the average histograi@(r;))

()= J?dTﬁE(Q(Tl)). (16

Note that we can further construct a matrix, of the pth
moments ofr; as mp=N1_1f6°drlrEQ(rl). Note that in

and are peaked at shorter times. As a result, the distributiocontrast to{7}) which can be accessed through bulk mea-

of photon arrival timeQ(7;) ~Kp(Ppa(71) + Ppg(71)) (€€
Sec. I, narrows at short times. Figurd® in which we

surementsm, can only be obtained from statistical analysis
on SM PAT measurement.
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We next turn to two-point information. Consider a pro-

cess when chromophote is excited at time+0 and trans-
fer excitation to chromophor® which emits a photon at
time 7,. Then, at later time:, A is excited again and trans-
fers excitation tdB which emits the second photon at timge

V. Barsegov and S. Mukamel

and the ensemble averaged quantid(t)) is obtained from

(Q(71,7251)) as

(@)= [ an [ “arairi i), (24)

after the second excitation. This process can be described byy(t)) directly probes the decay of bath correlations.

Qij(71,72;t), of observing a pair of photons arriving, re- the above introduced quantities.
spectively, atr; and 7, when the system is in the final state

j=ba,bB and separated by time given that initially (at t
=0) it was in the staté=aa,a. The matrix can be com-
puted by taking a product of conditional probability of being In this section, we compute the one-point distributions

e_xcited at tima_fo and emitt_ihg the first photon at timg Q(r), q(r1), and(Q(r,)) defined in Eqs(11)—(15). Let us
times the conditional probability representing bath evolution,«; study some limiting cases () when the timescales

IV. SINGLE-POINT MEASUREMENTS

for time t— 7, (when chromophores are in the ground state ¢
times the conditional probability for the second excitation to
occur at timet followed by emission of the second photon lae),|ba) and|ag),|bs)

arriving at timet+ 75, i.e.,

Q(71,72:1) =Q(72)G(t—71)Q(71), (17)

whereG(t) is Green the function for our two state jump bath

given in Appendix A. The joint distribution vector,
g(7y,7;t), a quantity directly accessible from two-point
PAT data, can be computed fro@( 7, ,75;t)

(71, 72;8)=Na(t) " 1Q( 7y, 71;t) W, (18)
whereN,(t) is the normalization factor
Na(t)= fwdTlfwde«HQ(Tl:Tzit)|Weq>>- (19
0 0

The distribution ofr; and 7, in a bulk measurement is ob-

k, tp andtg are well separated.

Case I: k>K>R. In this case populations of states
evolve independently due to ab-
sence of bath jumps, and the off-diagonal tel@s, .5 and
Qup.ax are negligible. Expressions for the diagonal elements
are presented in Eq&B1) and (B2) in Appendix B.

Case I:K>k>R. As in case |, due to absence of bath
jumps, populations of statefaa),|ba) and |ag),|bg)
evolve independently. Expressions for the diagonal terms of
Q(r,) are given by same EqéB1) with Eq. (B1).

When the bath is slow, the amplitude of the diagonal
elements of)( ;) is determined in case | by transfer kinetics
(Kap, Kap) whentg<ty and in case Il by fluorescence de-
cay (k,) whentg>t, . Decay rates 0Q(7,) are dominated
by fluorescence decay rate constakyis andkyz in case |
and a sum of forward and backward kinetic rate§ + Ky,
andK? +KE, in case Il. In the square roots in the expres-

states, i.e.,

(Q(71,72;1)) =Nao(t) (1| Q(7, 71;1)| WD), (20)

kp(Kg,—K2) and ky(KE,—K~) represent coupling be-
tween transfer kinetics and fluorescence decay. The dynam-
ics of the distribution of photon arrival times does not de-

From the moments of the conditional probability matrix pend on the slow bath.

Q(7,7;t) we can also compute a matrix of correlation

functions of two photon arrival times;, 7, i.e., Cnl,nz(t)
=Ny(t) S od T 5drm m52Q( 1, m2;t). This was done in
Ref. 34 and will not be considered here.

Case lll: k>=R>K. The bath undergoes jumps which
mix channelsa and 8. As a result,Q(7;) has off-diagonal
elements. Note that due to presence of factors [(expr ]
—exd —k,m]) and (exp—zm]—exd —k,]) the time profile

A useful statistical measure of dynamics of bath correlais determined now by the competition between fluorescence

tions i$43°

D(7y,72:t)=(Q(71,72:1)) —(Q(71)){(Q(72)). (21

This quantity depends on the separation tinvehich can be

varied in the two-point experiment to capture the bath time

scale.

decay and bath dynamisee Eqs(B5)]. Also, in the square
roots in the expression®5) for z;, z,, a cross termR,z
—Rga) (K3p— be) stands for coupling between transfer ki-
netics and dynamics of the bath.

Case IV:K>R>k. As in case lll,Q(7;) contains the
nonvanishing off-diagonal terms originating from the bath

Another useful experimental quantity that can be utilizedfrequent jumpgsee Eqs(B6)].

for probing the bath time scale is the conditional probability

distribution of interphoton separation timeg(t). This
guantity can be computed by integrati@fr,, 5;t) over
and7,, i.e.,

Q(t)= f:drl J:derm,rz;t). 22

The joint distribution vector of interphoton timegt) is

av= | “ar, [ “arsa(ramn), 23

In contrast to cases | and Il, a fast bath in cases Ill and
IV modulates both the amplitude and a time profile of the
elements ofQ(r,) by factors that involve the forward and
backward bath jump raté®,; andRg, and exponential fac-
tors exp—(Kg,+Kps) 7] and ex@—(K§b+ Kﬁa)rl], respec-
tively. For a fast bath, the distribution of arrival times be-
comes dependent on bath jump timescaR, 4+ nga)*l
[Egs. (B6)]. As we shall demonstrate below, this results in
shorter arrival times.

We present numerical studies of modélsl, M3, M5,
andM 7 of a slow bath wittk>K (M1, M3, case ] and with
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TABLE I. Numerical values of parameters used in simulations for models
M1-M14.

Model R.,s ' Rg,,s? K%, st K&, st Ky, st kst

M1 1.010° 1.010° 1.010 1.010° 1.0.10° 1.01C¢°
M2 2510° 2510° 1.010 1.010° 1.010° 1.010¢°
M3 1.010° 9.0.10° 1.0.10' 1.01¢¢ 1.0.10' 1.0-10°
M4 2010 1.810° 1.010 1.010° 1.0.10° 1.01C¢°
M5 10100 1.010° 1.010° 1.010° 1.010° 1.0-1C°
M6 25108 25106 1.010° 1.010° 1.010° 1.0-1¢°
M7 1.01° 9.010° 1.0010° 1.010° 1.010° 1.0-1C°
M8 2010 1810¢ 1.010° 1.010° 1.010° 1.0-1C°
M9 8.010° 2010° 5.010 1.010 1.010° 1.01C¢°
M10 5.010° 5.0.10° 1.0.10' 5.0.10 1.0.10' 1.0-10°
M11 2.010° 8.0-10° 5.010 1.010 1.0.10 1.0-10¢°
M12 8.010° 2010° 5.010° 1.010° 1.010° 5.010
M13 5010° 5.010° 1.010° 5.010° 1.010° 5.0-10
M14 2010° 8.010° 5.010° 1.010° 1.010° 5.010

K>k (M5, M7, case I}, as well as model$12, M4, M6
and M8 of a fast bath wittk>K (M2, M4, case Il) and
with K>k (M6, M8, case IV. The parameters for all mod-
els are given in Table I. In modeM 1, M2, M5 andM 6, the
bath is at high temperatureR(,;=Rg,) and stateg of the  FIG. 4. From top to bottom: elemen@., ba(71), Qaa.bp(71), Qap balT1)
bath facilitates faster kineticsk§,>Kgp). In modelsM3,  @ndQag () of the photon arrival time densit@(7) vs 7, (in units of
M4, M7, andM8, the bath is at arbitrary temperature with 10 $) for modelsM5 andM6 (right panel, and models7 andM8
. . . (right panel$. Solid (dashedl lines correspond to modelgll, M3 (M2,

R.p<Rg,, but stateg facilitates faster kinetics. We assume 14y of a siow(fas bath.
thatKg,=KE,=Kp,.

Simulated conditional distribution matrix elements
Qbaaa( ), Qoaap(7), Qupae(), and Qugap(my) [S€€ g firgy study the conditional distributio@(7,) for cases |
Eq. (11)] for modelsM1-M8 are presented in Figs. 3 and 4. and Il (Fig. 3. When a slow bath is at high temperature and

one of the two bath states facilitates faster kinetit(
>KZ,, modelM1), the “diagonal” pathsaa—a« andbp

0 —bpB dominate over the off-diagonal patlesx—bg and
) bB—aca, and the diagonal element§y, ..(7) and
0.4] Qup.ap(1) contribute primarily to the distributiorQ(r,)
0.24" (solid lines in right panels in Fig.)3Here, the contribution
from single-transition evolution pattesr—bB, aB—ba to

the off-diagonal elements @( ;) are negligible(compare,
e.g., the magnitude ®y,, .5 andQyg 4, With the magnitude

of Qpa,ae @Nd Qpp 45). However, since stat@ of the bath
facilitates faster kineticQy 5 25 has greater amplitude com-
pared toQy, .- When the bath is fastmodel M2), its
jumps become more probable and a share of the off-diagonal
elements originating from single-transition paths grows at
the expence of the diagonal onesshed lines in right panels

in Fig. 3.

When a fast bath is at arbitrary temperatur@,
<Rpg,), but stateg facilitates faster kinetics KE>KS,,
model M 3), contributions from the off-diagonal paths be-
come negligible and the distributid@( ;) is maximized by
0 0.5 1 1.5 2 . . a single elemenQ, . representing the bath evolution in-
volving stateB (solid lines in left panels in Fig.)3As inM 1,

a share of the off-diagonal elemem@g,, .5, Qpp a. is SMall
(bath jumps are still rajeHowever, when bath is faginodel
FIG. 3. From top to bottom: element@,, ba(71), Qaaps(71): Qapba(m)  M4), jumps occur more often, and a share of the off-

and Q,g,ps(71) Of the photon arrival time densit®(7;) vs 7, (in units of . . . . .
10-7's) for modelsM1 andM2 (right panels, and models\i3 andM4 diagonal elements growslashed lines in left panels in Fig.

(right panels. Solid (dashedl lines correspond to modelsl1, M3 (M2, 3). In contrast to modeM2, Q,, ,5 of modelM4 has greater
M4) of a slow(fas} bath. magnitude compared tQyg .., Since pathaa—bpg be-

N W
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FIG. 5. From top to bottom: Componentg,(7,) (left panel$, gys(71)
(middle panels of the joint disitribution vectorg(7;) and the ensemble
average distributiofQ(7,)) (right panel$ vs 7, (in units of 1077 s) for
modelsM 3, M4 (top panelg M1, M2 (upper middle panelsM7, M8
(lower middle panelsand M5, M6 (bottom panels Solid lines represent
modelsM1, M3, M5, andM7 of a slow bath; dashed lines correspond to
modelsM2, M4, M6, andM8 of a fast bath.

comes probabilistically more favorable than paip—bea.
The conditional distributiol®Q(r,) for cases Il and IV is

V. Barsegov and S. Mukamel

netics,gyg has shorter most probable arrival time compared
to gy, in ModelsM 1-M4 where transfer kinetics is the rate
determining step. This effect is less pronounced for models
M5-M8 where emission of a photon determines the overall
rate of a process. Due to this coupling of kinetics to the bath
evolution, paths involving statg are kinetically more favor-
able, and modelM2, M4, M6, M8 of a fast bath all have a
decreased share df,, and an increased share @f; com-
pared to model$11, M3, M5, M7 of a slow bath.

The ensemble-averaged distribution of arrival times
(Q(74)) for modelsM1-M8 is presented in the right col-
umn in Fig. 5. Detailed microscopic information on contri-
butions from various evolution paths to the distribution
Q(ry) is completely lost in the bulk quantiyQ(7,)), and
we are left with a highly averaged picture. Although a fast
bath hardly changes the peak position of the most probable
arrival time (compared to a slow bathit eliminates long
tails of (Q(,)) by putting more weight on shorter arrival
times. In analogy with frequency domain spectroscopy, due
to coupling of transfer kinetics to the bath, the distribution of
photon arrival times exhibits motional narrowing.

V. TWO-POINT MEASUREMENTS

In the previous section we found that whBr<K, the
joint distribution vectorq(r;) corresponding to a one-point
measurement is not sensitive to the bath dynaifises Egs.
(B1)—(B3), cases | and |l This is when two-point measure-
ments become most valuable. In this section, we compute
the joint distributions Q(7y,75;t), q(71,7;t) and
(Q(71,72;1)) of two-photon arrival times.

Let us first analyze the contributions to the joint distri-
bution vectorq(r,,7,;t) from various evolution paths. Al-

displayed in Fig. 4. We see that the corresponding elementhiough this quantity depends explicitly on the final state of

of the distributionQ( ;) computed, respectively, for models
M5, M6 (right panel$ and M7, M8 (left panels exhibit
similar tendencies as those of mod#d4, M2 andM 3, M4
namely, negligible(models M5, M7) and almost equal
(modelsM6, M8) contributions from the off-diagonal ele-
mentsQyp,, a5 and Qpp 2, COMpared to their diagonal coun-
terpartsQyp,,ao, aNdQpg 5. Notice, however, that the distri-
bution Q(7;) of models M5, M6, M7, and M8 are

characterized by shorter most probable photon arrival times.

The quantities defined in Eq$12)—(15), can be com-

puted from a histogram of arrival time obtained from experi-

the system when the second photon is emittgd; , 75 ;t)
involves contributions from 16 paths—j—k—I, where
i,k=aa,aB andj,|=ba,bB. Herei is state of the system
when it absorbs the first photop,is a state when the first
photon is emittedk is a state of the system corresponding to
the second excitation arlddenotes a state corresponding to
emission of the second photon. These paths are summarized
in Table 1.

There are two “diagonal” paths 1 and 2, six single-
transition paths 3-8, six two-transition paths 9—14 and two
three-transition paths 15 and 16. Depending on the bath evo-

mental PAT data and can be further utilized to construct sevhution timescale g and separation timg the time profile of
eral quantities sensitive to bath dynamics. For example, if thelements of the distributiog(r,,7,;t) as well as the aver-

characteristic bath time scale excedlesne obtains a single

age quantit Q(7y,7,;t)) is determined by the interplay of

PAT from a single one-point experiment on a SM, resultingweighted contributions from the most dominant paths.

in just one elementd,, or g,g) of the joint probability
vector q(r,). If PAT data are collected from many experi-

We shall study the evolution of correlations of bath vari-
ables and present the joint distribution of two photon arrival

mental runs on many molecules, one obtains the macroscopitnes only for models of a slow batftases | and )l with

(“bulk™ ) distribution of 7.
Ope @andqpg and(Q(7;)) for modelsM1-M8 are dis-

kinetics(modelsM9, M10, andM 11) and decay of fluores-
cence(modelsM 12, M13, andM 14) as a rate limiting step.

played in Fig. 5. The dynamics of various elements of theln modelsM 10 andM 13, the bath is at high temperature and

distribution Q(7,) is reflected in a time profile of the joint
distribution componentsy,, andqy (left and middle panels
in Fig. 5 for modelsM 3, M4 (top panely M1, M2 (upper
middle panelsand modelsM 7, M8 (lower middle panels
M5, M6 (bottom panels Since states facilitates faster ki-

stateg facilitates faster kinetics. In modeM 9, M12, M11,
andM 14 the bath is at arbitrary temperature. In moltd,
M12 stateaa is less equilibrium populated but facilitates
faster kinetics. In model$111 andM 14 stateaa is both
more equilibrium populated and facilitating faster kinetics.
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TABLE II. System evolution paths contributing to the joint distributions
Q(71,72:1), A(71,72;1) and(Q(71,72;1)).

Path i i k |
1 aa ba aa ba
2 ap bB ap bB
3 aa ba aa bB
4 aw ba ap bB
5 aa bB aB bg
6 ap bp ap ba
7 ap b aa ba
8 ap ba aa ba
9 aw ba ap ba

10 aa bB aa bg
11 aw bp ap ba
12 ag bB aa bp
13 ap ba ap b
14 ap ba aa bB
15 ap ba ap ba FIG. 7. Contour plots of the calculations of Fig. 6.
16 aw bB aa bB

andq,g are dominated by the diagonal paths 1 and 2, respec-

In Fig. 6 we present three-dimensional plots of the com—tlvely' As aresultg, is larger thard, (Fig. 6) and shorter

ponentsy,, (1, 7,:t) (Ieft panels andgy s(71,7:t) (Middle most probable arrival t.imes. Since fortg the first and
panels ofathe'dis’tributionq(rl 1) f%r rrylod’el M9 for second photon emission events are strongly correlated
three values of separation tinte (a) When bath jumps are (memory, ryon—Pmssoman &gryatu)r@eontour plots forqpa
improbable,t<tg, (b) few bath jumpst~tg and (c) many and qp (Fig. 7) are symmetric with respect to the inter-
jumps(bath is in equilibriun), t>tg . Corresponding contour Char\}\gllﬁe%f:}v?no(lrgziddle anels few bath jumps occur and
plots are presented, respectively, in Fig. 7. The same calcu- B P jump

lations are repeated for modk110 (Figs. 8 and 9 and for gg:;eirl:glggSbbe;\?;eelg_ter;nr:zi'igg e‘;ﬁﬂ?;ﬁgaﬁlﬂiﬂm zlre Be-
modelM11 (Figs. 10 and 11 y sing p » resp Y.

Because in modeM9, stateaa is less populated but cause of thisgy, is controlled by a process when the first

facilitates faster kinetics and because individual photonand the second photon is emitted from stajé and be,

. respectively, whereas,; is controlled by a process when the
emission events are controlled Qé“'é}“ an%QbB'aB cg Eas. first and the second photon is emitted from stadgeandb .
(B1) directly proporional to, respectivel;, and K3, and

: X A As a result, the amplitude af,, (dps) decays(grows, and
no jump occur during separation tinie tg (top panels dp. a time profile ofqy,, andqyz is now longerr,-shorterr, and

shorter ri-longer 7,, respectively. As the joint probability
grows along ther;- and 7,-axes at the expence of the diag-

FIG. 6. The joint probability distribution:qy,(7,,7,;t) (left panels, FIG. 8. The joint probability distribution:qy,(7,,7,;t) (left panels,
Qpp(71,72:t) (middle panelsand(Q(7y,75;t)) (right panel$ vs 7, and 7, Qps(71,72;t) (middle panelsand(Q(7y,7,;t)) (right panel$ vs 7, and 7,
(in units of 1077 s) for modelM9 of case | fort=3.0x10"" s™* (top), t (in units of 1077 s) for modelM 10 of case | fot=3.0x10"7 s~ (top),
=1.0<10"8 s7! (middle) andt=1.0x 10" ° s~ * (bottom). t=1.0x10"8 s7! (middle) andt=1.0x10"° s~* (bottom.
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FIG. 11. Contour plots of the calculations of Fig. 10.

FIG. 9. Contour plots of the calculations of Fig. 8.

| i b . di contour plots for botty,, andq,; become convex in, signi-
onal features, contour lines become more convex inward ingin g gecay of correlations between the first and second pho-
dicating decay of bath correlations. Wheatg (bottom pan- "o ission processésee Fig. 9

els), this is elven more pronounced. ! I In modelM11 stateag is now both more populated at
In modelM 10, statesie anda are equally populated, o jilibrium and facilitates faster kinetics. As a resulfy
but stateag facilitates faster kinetics. Herey,, is of negli- dominates oven,, for all separation timescompare, e.g.,

gible amplitude compared i, ; (Fig. 8) for t<tg, because he magnitude ofj,s and gy, in Fig. 10 as contributions
a contribution from path 2 dominates over that of path 1, anqrom evolution paths involving statesa and ba: become
a time profile ofy, (Anp) is long 7y, 75 (Shortry, m). When o yjiginie Note that time profile of both,, and Opp does
t~tg, due to coupling of kinetics to the bath, as in model ¢ change with and is longerr;, 7, for gy, , while shorter
M9 single-transition paths dominate bath, andqy,s. The 71, 7, for qug.

amplitude Of%a therefore grows at th_e expenseqyf;, and Let us ngw turn to models 12 (Fig. 12, M13 (Fig. 13,
as0bq (dnp) is controlied by shorter first and longer second 54 \14 (Fig. 14. We have simulated three-dimensional
(_Ionger first and shorter seconghoton emission, a time pro- PlOtS Of Gy (71, 72:1) (Ieft panel3 andgys(y, 75;t) (middle
file of gy, anddy, becomes shorter,-longer, and longer 5615 of the distributionq( 7, , 7,:t) for two values of sepa-
T-shorter 7,, respectively. As we go to the limit of long

separation time, this tendency becomes more prominent.

Whent>tg, q,, andqyz are of comparable amplitude, and <Q>

FIG. 12. Three-dimensional plotsop and upper middle pangland contour
plots (lower middle and bottom panelsf the joint probability distribution:
FIG. 10. The joint probability distributiongy,(71,72;t) (left panels, Oba(71,72:t) (left panel$, qyp( 71, 75;t) (Middle panelsand(Q(7y,7,;:t))

Qpp(71,72:t) (middle panelsand(Q(7y,75;t)) (right panel$ vs 7, and 7, (right panel$ vs 7, and 7, (in units of 10 7 s) for modelM 12 of case Il for
(in units of 107 s) for modelM 11 of case | fot=3.0<10" 7 s * (top), t=1.0x10"" s * (top and lower middle panelandt=2.0x10 ¢ s~ * (up-

t=1.0x10"8 s7! (middle) andt=1.0x10"° s~ (bottom. per middle and bottom panels
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FIG. 13. Three-dimensional plotsp and upper middle pangland contour
plots (lower middle and bottom panelsf the joint probability distribution:
Uba(T1,72;t) (left panels, gy (71, 75;t) (Middle panelsand(Q( 74,7, ;t))
(right panel$ vs 7; and, (in units of 107 s) for modelM 13 of case Il for
t=1.0x10"" s7! (top and lower middle panglandt=2.0x10"8 s~ (up-
per middle and bottom pangls

ration time, whent<tg and t>tg (top and upper middle

termined primarily byk [see Eqs(B1) and (B3)] and since
in our simulation we took equal radiative decay rate con-
stants for both channelg and 8, the amplitude ofy,, and
Qg is controlled by the weight of dominant paths contribut-
ing to g, andq,,g, determined by both equilibrium popula-
tion of statesaw, aB as well as evolution of the bath during
timet. For instance, in mode¥112 q;,; has larger amplitude
compared tay,, for botht<tg andt>tg. Whent>tg, the
bath approaches equilibrium before the second excitation oc-
curs, and the amplitude af,, andqy is determined solely
by the equilibrium population of statesa and aB. As a
result,q,, grows at the expense of,;. The latter is domi-
nated by a contribution from diagonal path 2 fegtg but
involves contributions from paths 3-5 fae-tgz. On the
other hand,qy, is dominated by path 1 fot<tg and in-
volves contributions from paths 6—8. Because of this, time
profile of g,z andqy, is, respectively, long, 7, and short
7,7 for t<tg, but shorter r;-longer 7, and longer
71-Shorterr, for t>tg.

In modelM 13, equilibrium populations of statesr and
ap are equal, and the amplitudes @, andq,; are almost
same for botht<tg and t>tg. Since in this modeKj,
<K§b, time profiles ofqy, andq,, are reverseddy,; and
Op. are shortry, 7,-like and longr;, 7,-like for t<tg and
longer r;-shorterr, and shorterr;-longer 7, for t>tg). In
model M14, because botRg, <R,z and K, <K%, Oys
completely dominates ovey,, (compare, e.g., the amplitude

of gy, anddpp).

panel$. The contour plots corresponding to these models are  Let us now turn to the ensemble-averaged quantity

presented in lower middle and bottom panels.
In contrast to modelM9, M10, andM 11, in models
M12, M13, andM 14, the amplitude ofj,, andqyg is de-

FIG. 14. Three-dimensional plot®p and upper middle pangland contour
plots (lower middle and bottom panglsf the joint probability distribution:
Oba(T1,72:t) (left panely, dpg(71,7,;t) (middle panelsand(Q(7y,72;t))

(right panel$ vs 7, and 7, (in units of 10 7 s) for modified modeM 14 of
case Il fort=1.0x10"" s (top and lower middle pandlsand t=2.0
X1078 s71 (upper middle and bottom pangls

(Q(71,7,:1)). Clearly, since this is an equilibrium popula-
tion weighted superposition of,, andg, it contains more
averaged information on elementary processes involved
(right panels in Figs. 6, 8, 10, and 12914or example,
(Q(71,72;1)) carries information on the most probable pair
of arrival times{r,,7,} and allows to compute the two-time
correlation function ofr; and 7,

<T”1(0)7“2(t)>zJ:drlf:dwzlr?(Q(rl,Tz;t)>.
(25

By comparing contour plots gfQ(7,,75;t)) for several
separation times, we gain an insight into dynamics of bath
correlations(lower middle and bottom panels in Figs. 7, 9,
11, and 12-1% At shorter separation times, in models
M9—-M11 with kinetics controlling the overall rate of emis-
sion of a photon, contour lines are straight whereas convex
inward at longer times. This implies that due to coupling of
kinetics to the bath, at shorter separation times when bath
jumps are rare, emission events of the first and second pho-
ton are correlatedmemory effect, and(Q(7y,7,;t)) is dif-
ferent from a product of individual distributions, i.e.,
(Q(71,72:1))—(Q(71){Q(72))#0 (non-Poissonian signa-
ture). Whent>tg, as the bath approaches equilibrium and
loses memory of its initial state, correlations between emis-
sion events are irretrievably lost implying their statistical in-
dependence, i.e., the joint distribution of arrival times be-
comes bi-Poissoniafi.e., Poissonian with respect to both
and 7).
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ics. Because of this, the first photon is emitted averagge
from stateba and is emitted faster compared to the second
0.2 photon emittedon averagefrom statebg.

A We have simulatedQ(t)) for modelsM9-M11 for a
slow and fast bath. The normalized quanti@(t))/(Q(0))
is presented in Fig. 1Bottom panels For all models a fast
bath curve lies below a corresponding slow bath curve. Due
to more frequent jumps in modeid9 andM 11, correlations
live shorter compared to mod# 10.

D(r,,7,.1)

0.8'-2

VI. CONCLUSIONS
0.4}

<Q()>

In this paper we studied the distribution of kinetic rates
103050 0 30 400 107 30 50 in a system where energy transfers between the Aiia

t 1 i) which excitation is created by weak optical pulse and the site
— Slow bath B from which a fluorescence photon is emitted. The transfer
kinetics is coupled to a two-state jump bath which is not

""""" Fast bath affected by kinetics.

FIG. 15. Top: Three-dimensional pl@eft) and contour plofright) of the . \.Ne .have de_mo!'lstrated how the bat.h evo'.uuon and the
differenceD (r;,7,:t) vs =, and , (in units of 107 s) for modelM9 for  distribution of kinetic rates may be studied using one- and
t=3.0x10"7 s~ 1. Bottom: (Q(t)) for models M10 (left pane), M9  two-point PAT data. A statistical analysis yields physical
I(‘mid;ﬂe pane)landl?/l t11d(r_i9ﬂ¥ L:)almell- Earame:ers usetcij f]?raslfowt bﬂid . quantities related to the dynamics of bath correlations: The
Ines) are accumulated in fable |. Parameters used 1or a rast bath moae H 7 i 7 7 H H H H
M9’, M10’, andM11" (dashed Iine)sarg same as those for a slow bath Fhr:gtuog;]hae:::;i/lsfgnoef gfgﬁgfﬁnva# Iggtésv\?;;ef;g{nzfﬁ%g;zble
except thaR ,; andR,, have been multiplied by a factor of ten. R . |

distributions of arrival times for two photons, etc. These

quantities can be obtained from experimental histograms of

PAT data. Using one-and two-photon arrival time distribu-

Indeed, using the properties Gf(t) for a two-state jump  tions, we examined several measures that can be employed

bath given in Appendix A, one can show that when in the statistical analysis of one- and two-point PAT data to

>(Rupt+Rga) ™ (Q(71,72:t)) is factorized probe dynamics of bath correlations and extract the charac-
teristic bath evolution time scale.
(Q(71,72;1))—=(Q(71) ) Q(72)). (26) The arrival time distribution provides information on the

distribution of kinetic rates; the joint distribution of arrival

This limiting property allows us to study the dynamics of times of two adjacent photons probes both the distribution of
correlations in variables of the bath by defining statisticalkinetic rates and stochastic bath jumps on the time scale of
measures sensitive to the characteristic bath time $saks  separation time. Similar information can be obtained by
e.g., Eq.(2D)]. looking at emission from chromophor&. However, the

In contrast to model®9-M 11, (Q(7y,75;t)) of mod-  present study of emission froBiis a good starting point for
els M12-M 14 does not change with (compare, e.g., the an extended kinetic model where excitation transfers among
amplitude of surfaces in the right panels in Figs. 12—14 fom chromophoreA;,A,, ... A,. This model may apply to
t<tg and t>tg) and contour lines remain straight at all electron transfer in DNA or hole transfer in peptidés.
times, indicates absence of bath correlations. Indeed, in mod- Due to coupling of the excitation transfer process to the
els M12-M 14 radiative decay is not coupled to the bath,bath, the arrival time distributions exhibit interesting types of
rendering evolution paths ending in stdte indistinguish-  static and dynamic behaviors, caused by changing weights of
able from those ending in stabgs. the relevant bath evolution paths. This can only be observed

We have simulated(7,,7,;t) [Eq. (21)] for models through SM measurements; simulated bulk quantigesre-
M9—-M11. Because the two-dimensional surfaces and consponding to optical measurements on the pyikld a highly
tour plots ofD(74,7,;t) for these models and various sepa- averaged picture where the entire spectrum of static and dy-
ration times look qualitatively similar, in Fig. 15 we present namic behaviors is averaged out.
surfaces and contour plots only for modéb for t<tg. As Coupling of the kinetics to a sloicompared to kinetic
t increases, the amplitude & (7;,7,;t) decays implying timescale and radiative lifetimebath results in longefon
decay of bath correlatiori®ot shown. Convex contour lines averagg¢ photon arrival times. The distribution of arrival
indicate the presence of correlations between the first antimes exhibits long tails indicating the presence of bath
second photon emission events. The contour plotsnate memory to its initial state. However, when the kinetics is
symmetric with respect to the interchange af and 75, coupled to a fast bath, the arrival time distribution narrows
since the lines of equal probability are stretched more alondloss of memory and arrival times become short. ThHime
T-axis compared ta,-axis. This can be rationalized by re- domaineffect is quite similar to motional narrowing in the
calling that in this model kinetics is a rate determining stepfrequency domain
and that stateaa is more frequently visitedequilibrium The joint distributions of arrival times allows to study
populated, whereas stateg facilitates faster transfer kinet- dynamics of correlations of bath variables. First, asym-
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metry of contour plots implies asymmetic bath evolutionwherew;, i=1,2,..n denote the probability density of to
paths, which in turn implies inequivalence of kinetic ratesbe in stateX,,X5,..., X, respectively,R;; , are the rate con-
associated with different bath state channels. Second, chang&ants for interconversion from staiteto statej. We solve
in the amplitudg(shape of the two-dimensional surfacésf  Eqgs.(Al) by recasting it into a matrix form

contour lines in the contour plotsfor qu.(71,72;1), )

dpp(71,72;t) as well as the ensemble average quantity W(t)=RW(t), (A2)
(Q(ry,73:1)) for different separation timefy andt, signi-  hereR;=R;; andR;= —=;R;; . To calculate the prob-
fies a presence of bath correlations. As these correlaﬂor@oi“ty densityW(t,) at timet,, given the probability den-

decay, the amplitude decreasesntour lines change from gy isW(t,) at timet,, we define the conditional probabil-
convex out to convex in when viewed along the diagonaliy gensity matrix

T1=1Ty). N-point experiments considered here, can also be

employed to study lineshape fluctuaticns. G(t1,to) =G(t1—t0,0) = G(1). (A3)
_ F_inaIIy we show hoyv to use the one- and two-point dis'Then,W(t) can be computed as

tributions of photon arrival time®(7,) andQ(74,7,;t) to

probe the characteristic bath evolution timescale. Using the W(t)=G(t)W(0), (Ad)

factorization(17) for the conditional probabilitQ( 7, 75;t),

expression(20) for (Q(7,,7,;t)) and algebra of the matrices

G®9and G"®Y presented in Appendix A, we obtain

andG(t) is governed by the same master equati@®) that
governW(t), i.e.,

Sty )= QT 723t ~(Q(7) Q7)) G(1)=RG(1), (A5)
F QU7 m23t) —(QU72) QU 7)) Eg. (A5) can be solved in the Laplace domain as
:exq_R(tZ_tl)]v (27) é(s):(SI_R),l- (A6)

Eq. (27) is valid for the two-state jump model of the bath, Solving for the two-state moddkee Fig. 2 with a ki-

arbitrary number of protein sitesA(B,...) partaking in ex-  petic rate matrix given by Eqé4), we obtain matrixG(t) by
citation transfer and a wide range of the relevant time scalesnyerse Laplace transformation

Equation(27) contains average quantities accessible from the

experimental one- and two-point histograms of the photon ~ G(t)=(G*+G"*%™"), (A7)
arrival times. Therefore, using the average distribution of hareR=R .+R. and the %2 matricesGe® and G"¢d
arrival times(Q(r,)) obtained from one-point measurement are given bf/‘ﬁ pa

PAT data and the average joint distributiof@(7,,7;t1))

and (Q(7,,7,;t,)) obtained from two-point measurement o1 R.s Rag

PAT data for only two interphoton separation tintgs-t,, G™=R R R, |’

we can find the bath time scaR. We have verified the pa Tha
validity of Eq. (27) by computing the rati®(t, ,t,) for short ~and

t;=1.0 us and long,=10.0 us separation times and values R “R
of arrival times r; and r, corresponding to maximum of Gned= Rl( pa “B>_ (A8)
(Q(7)) for modelsM9-M11 and obtained a good agree- “Rga Rag

ment betweerR used in simulation of one- and tWO-pOint Note thatGeq and Gneq are Orthogona' and idempotent ma-
measurement and the value Rfobtained from Eq(27). trices, i.e.,

GeIGNeI=GNeaGeI=0, GeIG%=GeY
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APPENDIX A: GREEN FUNCTIONS FOR THE .
MULTI-STATE BATH EVOLUTION where 0a zero column vector.

In this section we derive the propaga@(t) for two-
state jump bath used in E(L7). In the n-state model of the
bath the dynamics of a bath variabfeis described by the APPENDIX B: LIMITING CASES FOR k, K, AND R

master equation ) _ ]
In this section we present expressions for the elements of

wi(t)=2 R;iw; (1) — Rywi(t), (A1) conditional Q|str_|but|on matr|>Q(T_l)={Q(rl_)}ij defined in
0 Eq. (11) for limiting cases |-V discussed in Sec. IV.
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Case I: Off-diagonal term&y,, a5 and Qpz 4, are neg-
ligible and

@ 3
e hm_e 5T

Qba,aa( Tl) = kagb

(z5—-z7)
e An—e %n (5D
Qobpap(T1)= kabe,
where
23 = 5[ ko= VK~ 2kn(Kp,— Kgp) .
(B2)

28 1= 3[kp+ VK — 2kp(KE,— KB 1.

Case II: As in case |, the diagonal terms @fr;) are
given by same Eqg¥B1) with

= 3K+ KEa= V(K + Ki 2= 2kp(KE,— K&,

= 3[KE+ KB, = V(K + KE )2 — 2kp(KE,— Készl]aé)

Case Il

Kan(Z1—Rge— K& (e am—e ko)

(kb= 21)(21—27)
Kan(Za—Rga— KE)(e %2m—e kbfl))

(kp—=22)(21—2,)

Qbaaal 1) = kb(

KgpRga(e 271—e ko)
(kpb—22)(21—2,)
KabRga(€ A1~ ekb’l))

(kp—21)(z1—22)

Qba,a,g( )= kb(

Qbp.aa(T1) =k (Kaﬁb(zl_ wp— Kgp)(e77171—e7H0m)
o\ T1) =
bf.aat 11 b (kp—21)(21—2,)
Kgb(ZZ_RBa_

Kgb)(ezle_eka)>

(ko—22)(21—27) ’

KE R, s 21— kom)
(Ky—22)(21—2)

) beRame—ZM—e—kb’w)

(Kp—21)(21—2,)

Qbﬁ,aﬁ( )= kb(

(B4)

where
217 3 (Rp+ Rg,)

+ V(Rapt Rpa) + 2(Rup— Raa) (KE— KE)1.
(B5)

Case |V:

Rga+ Rype (RoatRap) Tl)
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