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The time evolution of the reduced single electron density matrix for eight electrons in a
one-dimensional finite box potential driven by an intense laser field is calculated by numerically
integrating the time-dependent Hartree–Fock equations. We study the effects of the Coulomb
interaction, field intensity, and frequency on the time profile of the ionization process. Our computed
saturation ionization intensity (I sat) is in good agreement with experimental results for decatetraene
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I. INTRODUCTION

The interaction of various types of materials with intense
femtosecond laser pulses has drawn considerable recent the-
oretical and experimental attention.1 Multiphoton dissocia-
tion and ionization of molecules in strong laser fields allow
one to probe and control electronic and nuclear dynamics by
electric forces.2 The coherent creation of multiexcitons by
high-density photoexcitations in insulators provides a win-
dow into many-body effects among photogenerated elemen-
tary excitations.3

The interaction of materials and laser fields depends on
four basic parameters: field intensityI , field frequencyV,
material size~atoms, molecules, polymers, or bulk!, and rel-
evant time scale~electron dynamics, phonon dynamics, lat-
tice relaxations, and so forth!. For weakI , the interaction of
an electron or a phonon with a photon can be treated pertur-
batively, and all effects can be understood by the linear re-
sponse to the field. In contrast, when the field becomes com-
parable to internal Coulomb fields, at intensities exceeding
1014 W/cm2, the response may no longer be described per-
turbatively in the field and nonlinear phenomena dominate
the matter/laser field interaction.

In this study, we focus on molecules driven by a non-
resonant ultrashort strong laser field. Recently, intense field
dissociation and ionization processes in conjugated poly-
atomic molecules, such as benzene, naphthalene, anthracene,
hexatriene, decatetraene, and C60, have been reported.4–12 In
the low-frequency~electronically off-resonant! regime, ion-
ization can be understood qualitatively in terms of a quasi-
static tunneling model based on the adiabatic response of a
single active electron.13–15 However, in polyatomic mol-
ecules, many-body effects strongly influence the electron dy-

namics, and electrons are emitted through nonadiabatic mul-
tielectron excitation processes.11,12,16 In small molecules,
such as H2 or HCl, when the number of participating elec-
trons is limited to one or two, exact numerical simulation of
these processes have been carried out.16–21Such calculations
are too expensive for polyatomic molecules. Ivanovet al.12

studied this strong excitation process in a polyatomic mol-
ecule with eight electrons using a theory which includes
the electron–electron Coulomb interaction, but neglects
exchange.12

In a previous paper, we reported the charge and the
bonding redistribution in an octatetraene driven by a strong
laser field using the Pariser–Parr–Pople model
Hamiltonian22 and a time-dependent Hartree–Fock~TDHF!
simulation in the preionization regime. In the present article,
we extend that study to the nonperturbative electronic re-
sponse of many-electron systems to strong external fields,
including multiple-electron excitation induced by both Cou-
lomb and exchange interactions. We simulate the ionization
dynamics in polyatomic molecules subjected to a strong fem-
tosecond laser field using a model with eight electrons in a
one-dimensional finite potential well by solving the TDHF
equations for the single-electron density matrix. Although
this level of theory fully includes exchange and provides an
approximate treatment of correlations, the TDHF has not
proven to be very accurate for atoms,23–27 but it is not clear
how accurate it is for conjugated molecules.

II. MODEL AND TIME-DEPENDENT
HARTREE–FOCK SIMULATIONS

Our simulations of field-induced ionization processes in
the multielectron systems start with the one-dimensional
Hamiltonian.a!Electronic mail: suzuki@sci.osaka-cu.ac.jp
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whereC(x) (C†(x)) is the annihilation~creation! field op-
erator andx is the one-dimensional coordinate of the real
space. We assumed the following form for the one-
dimensional potential energyU0(x):

U0~x!5U0F tanhH uS uxu2
L

2D J 21G Y 2, ~2.2!

whereL andU0 represent the length and the depth of the box
potential, respectively, andu is the reciprocal width of the
potential edge. This potential is very similar to that used by
Ivanov et al.12 The Ohno model was used for the repulsion
between electrons atx andx8 V(x2x8),

V~x2x8!5
V

A11~~x2x8!/a!2
, ~2.3!

where a is a characteristic length andV is the repulsive
energy at the same position.

E(t) represents the Gaussian envelope of the external
electric field polarized alongx,

E~ t !5E
1
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where E, V, tp , and d denote the amplitude, carrier fre-
quency, central time, and duration, respectively.E andV are
the key parameters which determine the electronic response
as discussed above.

In order to solve Eq.~2.1!, C(x) is expanded by a com-
plete set of the plane waves ([$wk

s(x)%),

C~x![(
k,s

wk
s~x!ak,s , ~2.5!

whereak,s is the annihilation operator of an electron with
spin s ([a,b) at the plane wave with a momentumk.
wk

s(x) satisfies the following equation:
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Substituting Eq.~2.5! into Eq.~2.1!, we transform the Hamil-
tonian from the real space representation tok space,
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whereU(q) and V(q) are the Fourier transforms ofU0(x)
andV(x2x8), respectively,

U~q!5
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n E exp~2 iqx!U0~x!dx, ~2.10!
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m(q) denote the dipole moment ink space,

m~q!5
e

n E x exp~2 iqx!dx. ~2.12!

Our simulations focus on the one-electron density operator in
k space

r̂k8k
s [aks

† ak8s . ~2.13!

r̂k8k
s can be transformed to real space@ r̂(x,x8)# by the Fou-

rier transformation,
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The matrix element of the one-electron density operator is
defined asrkk8

s (t)[^F(t)ur̂kk8
s uF(t)&, where uF(t)& is the

total many-electron wave function.
We have simulated the time evolution starting with the

Heisenberg equation of motion forrkk8
s (t),
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where^¯&[^F(t)u¯uF(t)& is the expectation value with
respect to the total wave function. The equations of motion
were closed using the TDHF approximation, which assumes
that uF(t)& can be expressed by a single Slater determinant
at all times. This results in the following factorization of
two-electron densities:

^r̂kk8
s r̂ i j

s8&5rkk8
s

~ t !r i j
s8~ t !2dss8r ik8

s
~ t !rk j

s ~ t !

1dss8dk jr ik8
s

~ t !. ~2.16!

The TDHF describes quantum fluctuations around the
Hartree–Fock ground state; electron correlation effects are
taken into account beyond the random phase approximation.
In optical properties of molecules and semiconductors,
TDHF contains exciton effects which are missing in station-
ary Hartree–Fock calculations. TDHF contains information
about correlations between electrons and holes~i.e., exciton
binding energy!. Substituting Eq.~2.16! into Eq. ~2.15!, we
obtain the following closed self-consistent nonlinear equa-
tions of motion for the one-electron density matrix:
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This approach has been widely used for computing the opti-
cal response of conjugated molecules by solving the equation
perturbatively in the field.28 In this study, we avoid this ex-
pansion and instead directly solve Eq.~2.17! numerically by
applying the fourth-order Runge–Kutta technique.29 We in-
troduce the discrete time series$t0 ,t1 ,t2 , ... ,ts , ... ,t f%, and
rkk8

s (ts11) is generated from the previousrs(ts) as follows:

rkk8
s
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s

~ ts!1 1
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The time evolution of the density matrix is computed by
direct iteration of Eq.~2.19!. The initial values ofrkk8

s (t)
(5rkk8

s (t0)) are determined by the charge distribution of the
ground state without an external field which is given by the
Hartree–Fock solution ofH. We verified that this method
gives stable solutions even for a very intense field
(>1015 W/cm2) and for field frequencies V
<20 000 cm21.

III. RESULTS AND DISCUSSION

The following parameters were used to mimic field-
induced ionization processes in polyenes with eight
p-electrons such as octatetraene or decatetraene:U0

516.0 eV, u55.0 A21, L513.2 A, a51.0 A, and V
52.0 eV. These parameters roughly reproduce the ionization
potential energy and electronic level spacings of the linear
polyenes that contain eightp-electrons.12 The smoothly
varying one-dimensional box potential for these values of
U0 , u, andL is depicted in Fig. 1 by the dot–dashed line. We
set the field parameters to betp550 fs andd510 fs and
computed the time evolution of the system untilt5100 fs.

In our calculations, we set the length of the outer region
to be 4L, and used periodic boundary conditions. We veri-
fied that this size is sufficiently large to describe the time
evolution of the ionized electrons from the potential region
in 100 fs. We also setDt to be 0.001 fs. We used 101 size
grid for k, k5 2p/5L n, where n50,61,62, ... ,650.
About 20 h of central processing unit time is expended in
calculating the time evolution of the density matrix of this
system until 100 fs using a VT-Alpha 600 Work Station.

In the following calculations, we analyze the effects of
interelectron interactionV, the dependence on the field in-
tensity I ([e0cE2/2, wheree0 is the vacuum permittivity
andc is the speed of light in a vacuum!, and field frequency
V on the ionization dynamics. We further compare the com-
puted saturation intensity of the ionization with experiment.

A. Effects of electron–electron repulsion

In Fig. 1, we depict the diagonal elements of the density
matrix r(x,x,t50), i.e., the charge distribution of the HF
ground state, forV50 ~solid line!, 2.0 ~dotted line!, and 4.0
eV ~dashed line!. WhenV50, the eight electron distribution
has four peaks. Once the Coulomb interactionV is switched
on, these peaks break and the electron distribution spreads
out in order to minimize the electron–electron repulsion.
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Consequently, a peak grows up at the center. These features
reflect the spreading of the electron cloud due to electron–
electron repulsion.

In Fig. 2 we display the time evolution of the entire
density matrix r(x,x8,t) in the two-dimensional plots at
times 0, 40, 50, 60, and 100 fs forV50 eV ~left-hand side
column! andV52.0 eV~right-hand side!. The field intensity
I 53.031015 W/cm2 and frequencyV51334 cm21. In Fig.
2 we show small values between20.1 and 0.1 by the con-
tour maps for the entire 5L calculated region. The coordinate
value of these figures represents the entire calculated region
5L566.0 A with a 100 points grid. The potential region is
between 40 and 60.

We see how the externally driven charges oscillate and
fluctuate in the potential region. Charge fluctuations forV
50 eV are larger than forV52.0 eV. This is because as the
Coulomb interaction is switched on, the electron motions are
strongly correlated and collective. As the external field sets
in, the off-diagonal elements of the density matrix in the
potential region begin to fluctuate strongly. Due to the Cou-
lombic interaction, the fluctuation forV52.0 eV shows a
noticeable cooperativity compared toV50 eV. As the field
becomes stronger, aroundt550 fs, new off-diagonal compo-
nents are induced between the potential and outer regions.
Through these off-diagonal elements, the diagonal part of the
outer region corresponding to the charge of the ionized elec-
trons grows. It is also seen that the electrons are emitted from
the potential to the outer region constructing the wave pack-
ets. ForV52.0 eV, the wave packets of the emitted elec-
trons are bound in the potential region, as compared with the
V50 eV case. This comes from the Coulombic interaction
between the emitted electrons and the polarization created by
the fluctuation of electrons in the potential region. The oscil-
latory behavior in both diagonal and off-diagonal compo-
nents of the density matrix lasts beyondt560 fs where the
external field almost vanishes. This is because dissipation
processes are not included in our model, and the field-
induced higher-energy nonstationary electronic state cannot
dissipate its excess energy to a heat bath.

The time evolution of the off-diagonal components of

the density matrix is very sensitive to the Coulomb and the
exchange interaction. Hence, both play an essential role in
the many-electron dynamics.

We define the ionization number as the total number of
electrons that leave the potential region to the outer region,

~ Ionization number!5E
2L8/2

1L8/2
$r~x,x,0!2r~x,x,t !%dx

582E
2L8/2

1L8/2
r~x,x,t !dx. ~3.1!

Here, we takeL85L10.5 A to be slightly larger thanL.
We next consider the time evolution of the ionization

number calculated using Eq.~3.1!, as depicted in Fig. 3 as a
function of time forV50 eV ~broken line! and V52.0 eV
~solid line!. The field amplitudeE(t) for V51334 cm21 is
also plotted in Fig. 3 by the dotted line. Back electron trans-
fer from the outer to the potential region is clearly noticeable
for V52.0 eV aroundt550 fs compared withV50 eV.
This can be attributed to Coulomb interaction between the
polarization in the potential region and the ionized electrons;
the ionized electrons are weakly bonded to the potential re-
gion by the interactionV.

B. Dependence on field intensity

We have examined the ionization dynamics dependence
on field intensityI for V51334 cm21 and V52.0 eV. In
Fig. 4, we display the time evolution of the ionization num-
ber for various values ofI . As I exceeds about 131015

W/cm2, back electron transfer from the outer region be-
comes noticeable aroundt550 fs. This is due to the Cou-
lomb interaction between the ionized electrons and the re-
maining holes in the potential region.

In order to estimate the total number of electrons ejected
from the potential region during the femtosecond laser pulse,
we define the final ionization number. In Fig. 5, we display
the final ionization number att5100 fs as a function ofI by
log–linear plot~solid line! and by log–log plot~dotted line!.
These plots show that the final ionization number scales as
;I n, and the I -dependence changes in the vicinity ofI
51015 W/cm2. The exponentn for the region belowI
51015 W/cm2 is larger than above 1015 W/cm2. This can be
attributed to back electron transfer from the outer to the po-
tential region occurring aboveI 51015 W/cm2, as seen in
Fig. 4.

C. Dependence on field frequency

We have examined the dependence of the ionization on
the field frequencyV, for a fixedI 513.231014 W/cm2 and
V52.0 eV. The time evolution of the ionization number is
depicted in Fig. 6 for various values ofV. In Fig. 7, the final
ionization number is plotted versusV. We see that whenV is
lower than about 10 000 cm21, the final ionization number
increases withV. In this region, the ionization mechanism
changes from tunneling to a nonadiabatic multielectron exci-
tation process. At higherV, the final ionization number rap-
idly decreases withV. This can be rationalized as follows:
WhenV>10 000 cm21, the time period of the field oscilla-

FIG. 1. One-dimensional smooth box potentialU(x) for the case ofU0

516.0 eV andu55.0 A21 and the diagonal part of the density matrix
r(x,x,t) of the Hartree–Fock ground state att50 fs for V50, 2.0, and 4.0
eV as a function of the coordinatex.
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tion exceeds the propagation time of the electron to move to
the outer region. The excited electrons cannot escape from
the potential region during 100 fs, and the electrons remain
in the potential region for a long time.

D. Saturation ionization intensity

We have determined the saturation ionization intensity
(I sat) by extrapolating the baseline of the ionization number

plotted as a function of log@I/(W/cm2)# for various values of
V, as seen in Fig. 8, and compare with the experimental
results of Ivanovet al.12

I sat versusl is depicted in Fig. 9. The solid circles and
solid line indicate the present calculations. The crosses from
the study of Ivanovet al.12 are on decatetraene. The dotted
line ~calculated! and the open circles~observed! I sat. As dis-
cussed in the previous section, in the vicinity ofl

FIG. 2. ~Color! Two-dimensional plots
of the density matrixr(x,x8,t) of the
entire calculated region at times 0, 40,
50, 60, and 100 fs. Left-hand side col-
umn is for V50 eV and right-hand
side for V52.0 eV. V51334 cm21

and I 53.031015 W/cm2.
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51.5 mm, the ionization dynamic is primarily determined by
the tunneling process. At lower wavelengths, the ionization
mechanism changes to the nonadiabatic multielectron excita-
tion process, resulting in the decrease ofI sat. Our simula-
tions agree well with the experimental results abovel
50.8 mm. At lower wavelengths, our calculatedI sat is too
high because, in this region, the time period of the field
oscillation exceeds the propagation time of the excited elec-
tron and the excited electrons can not escape from the poten-
tial region during our calculation time scale of 100 fs. Our
results for this region are about one order of magnitude
larger than experiment. This can be rationalized as follows:
Since the photon energy of the field ofl50.5 mm is about
2.5 eV and thep-electorn energy gap of decatetraene is
about 4 eV, excitons can be easily created by a few photons
absorption process. To ionize the excited molecule, the mul-
tiple excitons trapped in the molecule must dissociate into
electrons and holes. The time scale of this process should be
longer than our calculation time scale, and is not reproduced
by our simulations.

IV. CONCLUSIONS

We have investigated many-body effects in the ioniza-
tion process of polyatomic molecules with eightp-electrons,
such as octatetraene or decatetraene, in a strong femtosecond
laser field using a one-dimensional potential model. The time
evolution of the density matrix has been calculated by nu-
merically integrating the TDHF equations, including multi-
electron excitations induced by Coulomb and exchange in-
teractions.

We have investigated the effects of the electron–electron
interactions on the time evolution of the density matrix. We
found that the ionized electron wave packets tend to be
bound in the potential region due to the Coulombic interac-
tion with the polarization created by the fluctuation of elec-
trons in the potential region. We also found that the time
evolution of the off-diagonal elements of the density matrix
shows a noticeable cooperativity as a result of interelectron
interactions, and the diagonal elements of the outer region
corresponding to the charges of the ejected electrons grow
through the off-diagonal elements between the potential and
the outer region. These features are very sensitive to the

FIG. 3. Time evolution of the total number of electrons emitted from the
potential region~ionization number! for V50 and 2.0 eV in the case ofV
51334 cm21 andI 53.031015 W/cm2. The dotted line is the field envelope
E(t) for V51334 cm21. The pulse durationd510 fs and the center of the
pulsetp550 fs.

FIG. 4. Time evolution of the total number of electrons emitted from the
potential region ~ionization number! for various values of I . V
51334 cm21.

FIG. 5. Final ionization number as a function ofI as indicated log–linear
plot ~solid line! and log–log plot~dotted line!. V51334 cm21 and V
52.0 eV.

FIG. 6. The time dependent total number of electrons emitted from the
potential region~ionization number! for various values ofV. I 513.2
31014 W/cm2 andV52.0 eV.
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Coulomb and exchange interactions, which control the
many-electron dynamics.

We further investigated the ionization dynamics depen-
dence on field intensity and frequency. We found that the
final ionization number scales as;I n, and the scaling expo-
nentn changes in the vicinity ofI 51015 W/cm2 due to the
appearance of the back electron transfer from the outer to the
potential region. WhenV is less than about 10 000 cm21,
the final ionization number increases withV. In this region,
the ionization mechanism changes from tunneling to nona-
diabatic multielectron excitation. At higher frequencies, the
final ionization number rapidly decreases withV because the
excited electrons cannot escape from the potential region
during our simulation time of 100 fs.

Our calculated saturation ionization intensity results
agrees well with the experiment for wavelengths longer than
l50.8 mm. For shorter wavelengths, our calculatedI sat in-
creases and are about one order of magnitude larger than
experiment. This comes from the effect of a long-time ion-
ization process of the excitons whose lifetime exceeds our
simulation time scale.
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