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Semiclassical mode-coupling factorizations of coherent nonlinear
optical response
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The identification of relevant collective coordinates is crucial for the interpretation of coherent
nonlinear spectroscopies of complex molecules and liquids. Usifigeapansion of Liouville space
generating functions, we show how to factorize multitime nonlinear response functions into
products of lower-order correlation functions of collective coordinates, and derive closed
expressions for linear, second- and third-order response functions. In addition to providing
systematic quantum correction’,offers a convenient bookkeeping device even for the purely
classical response, since including quantum fluctuations allows to circumvent the expensive
computation of stability matrices which is a major bottleneck in molecular dynamics simulations.
The existing classical simulation strategies, including mode couplifkgspace and in real space,
Langevin equations, and instantaneous normal modes are compared from a unified viewpoint.
© 2003 American Institute of Physic§DOI: 10.1063/1.1610437

I. INTRODUCTION tion conditions on liquid C$24?° These differences are

. ... most pronounced along the second time axig) where
In 1993 Tanimura and Mukamel had proposed the flfth—both a ridg@%® and node¥-?> have been reported. A funda-

order.Raman regpon]sag a mqudmenspna} spectroscopic mental understanding of the underlying physical processes
technique especially suitable for investigating the structure

and dynamics of molecular liquids by revealing detailed in-ShOUId help res'olve the questions about the origin of the
nodes and the ridges.

formation unavailable from linear spectroscopies. That ar- , :

. . . . . S The first approximate scheme employed to analyze the

ticle had triggered an intense experimental mvestlgatlon? .

mainly on liquid CS 2-16 Egrlier experimental investiga- ifth order Raman response was based on the instantaneous
' normal modegINM).202231-37This method uses snapshots

tions were haunted by competing, sequential, low ofdas- f the liquid * | des” ing that th h
cading processes. Separating the direct and sequential coff: '€ TIquid “normal modes- assuming that th€y are har-
monic and do not change over the time scale of the experi-

tributions had drawn considerable attentfor:}"18 .
ent. However, in general the normal modes do change on

Several theoretical techniques have been employed t ) le of thei oHsand dies h
predict the fifth-order response from molecular dynamicst e time scale of their own periodsand recent studies have

simulations of liquids. Two methods obtain the response diSnown that the INM gives rather poor results for the fifth-

. 34
rectly without further approximations, other than that the re-0rder response of liquid xenc: S
A more attractive procedure is to identify some relevant

sponse is classical. The first, based on calculating time cor- ; : -
relation functions, relies on propagation of the full stability cOllective coordinatesand adopt a reduced description for

matrix [Eq. (25)].2°-2! Since the stability matrix depends on the response. Unlike. m!croscopic INM .vvht_ar-e a harmqnic
the number of phase space coordinates squared, it is Vemode! for molecular liquids may not pe ]ustlfl_ed, collective
time consuming and was only implemented for smalicoordinates can have Gaussian statistics by virtue of the cen-
system£2-% The other, finite field, method is based on tral limit theorem. A simple and tractable physical picture for
propagating only one column of the stability matrix, giving the origin of the response is then, in principle, possible. The
rise to a particular response function of interest, significantlymultimode Brownian oscillator model has been successfully
reducing the computational effort. This method is a directemployed in the analysis of solvation dynamics in electronic
simulation of the experiment, where forces originating fromSpectroscopg,**~* where the response may be expressed
interactions between the electric fields and the molecules ar¢sing a few(overdamped or underdampecbllective coor-
incorporated in the simulation on the f8722One drawback dinates. This model has been used to simulate the fifth-order
of computing the actual non equilibrium response rather thafiesponse of liquid watéf;** but identifying the microscopic
response functions is that the entire simulation needs to berigin of these modes still remains an open challetfdéon-
repeated for each choice of time intervals and pulse configuinear hydrodynamics and mode coupling theories success-
rations. Both of these methods are therefore computationallfully use collective variables in momentutk) space to de-
very demanding. Developing alternative numerically morescribe slow, long-wavelength, variables and their
affordable approaches, which could also provide physical influctuations. Mode-couplingMC) theory*>~>* has been ap-
sight will therefore be highly desirable. plied to relate the fifth-order Raman respotise®to fluctua-
Some discrepancies currently exist between various reations of density modes ik space. Another related approach
space simulations performed under slightly different simulais based on the generalized Langevin equati@BisE).>”-°8
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Classical mode-coupling theory contains some ambiguitiesiere V, and 7, are the superoperators associated with the
regarding the proper factorization of high-order responsenharmonic part of the potential and with the interaction di-

functions, and Schofield and Keye$’ and collaborators pole, respectively, in the interaction picture with respect to
have discussed possible simulation strategies based aq, i.e.,
Langevin equations. i i

In this paper we apply a unifying superoperator picture 3 _ - _
of quantum field and mode-coupling Green function theories Adl 7)—ex;<h LOT)AV exr{ h L°T>' ©
developed recentfy:°*61to derive expressions for the first-,
second-, and third-order response functions. The technique
provides an unambiguous, unique, factorization scheme of LyQ=[Hq,Q]=(Hg)_Q, (6)
multitime correlation functions and allows the perturbativeis the Liouville operator corresponding k. The average
incorporation of anharmonicities as well as quantum c:orreczA> —Tr[Ap,] is defined as the trace wifh respect to the
t!ons through anh expansion. Applications are made to the equ(i)librium gensity operator for the harmonic systggm T
fifth-order Raman response and compared with other aPs the time ordering operator in Liouville space which ar-

proximate methods. In Sec. Il we present the superoperator I
formalism. In Sec. Il we describe how third- and fifth-order ranges all superoperators so that their time arguments  de-

. . crease from left to right°
Raman response can be obtained from the general first- and . .
We shall represenitl in terms a few primary(collec-

sfecond_-or_der_responsg functions. We discuss the Conneﬁ\'/e) coordinatesQ; (Refs. 41, 62, and 63escribed by the
tions, similarities and differences of the present formmatlonHamiltonian

with other approaches. Conclusions are given in Sec. IV.
Hyn= E

5 ot
+
i

2M, 2

+V(Q), ()

II. LIOUVILLE SPACE FORMULATION OF RESPONSE

FUNCTIONS whereP;(Q;) is the momentunicoordinatg¢ operator of the

jth primary mode(}; andM are its frequency and reduced
The present approach is based on superoperafors ( Mass, respectively. The anharmonic poterifais

andA ) corresponding to an ordinary Hilbert space operator =
i i i i — N
g,ggeflned by their action on some Hilbert space operator V(Q)—NE:3 mvl(r)“JNQil”'QiN' (8)

1 We assume that the dipole operajoronly depends on the
ALQ=3(AQTOA), primary coordinates and expand it as

()
A_Q=A0-QA. 1
p= 2 rm QpQ (C)
Using this notation, a compact expression for the =1 NEPIrdnsln in
n-dimensional D) quantum mechanical response functions

. ) ; The primary modes further interact with a large number
can be written in terms of the dipole superoperatars @nd

of low-frequency harmoni¢bath coordinates which induce

)20 relaxation and dephasing. These bath degrees of freedom
P\n and their linear coupling to the primary modes are described
R(nD):(g) (o (oD () (1)) (2 by the HamiltoniarHg,
p2. m,w’ C; 2
The superscript oR(™® indicates that it depends on time Hg=>, [ le 19 J“(qja— L Qj) } (10)
time intervals between successive timgs:- 7,1 and thus o [2Mj, 2 Mo @i

constitutes ann-dimensional te_chnique. The avera(_;@)_ and p;,(q;,) are momentunicoordinat operators of bath
=Tr[Apeg] denotes the trace with respect to the equilibriumescillators.c;,, are the coupling constants between the pri-

density matrix of the systemgg. . ~mary and bath coordinates. The total harmonic Hamiltonian
The Hamiltonian will be partitioned into a Harmonic, js given by?°

quadratic, partkly) and an anharmonic\) part

Ho=Hn(Q)+Hg(Q,0). (11)
H=HotV, @ Applying the algebraic rules for superoperators given in
and the response function of a weakly anharmonic systerppendix A%, the Taylor expansions gf . (7), u—(7), and
will be expanded perturbatively i, V_(7) can be expressed in terms of the elementary superop-
. eratorsQ;, andQ;_ . Using these expansions, we can con-
R(TD) 2 i\m*n 1 el ther vert the time-ordered product of superoperators into a time
= (=1 f_x dTl"'f_x drp, ordered product of primary superoperators. This transforms
the computation of response functidi&y. (4)] to the evalu-
X{Th (Thr )T (1) T (T1) ation of products of the form
XV_(71)V_(7]))o. (4) W mPm Tt =(Qj 4, (71)"*Qjuy (Tn))os (12
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wherev, . vy==*, andj,, runs over the collective coordi- Time-ordered correlation functions of superoperators
nates. Note that the numbé& of operators in the product may be obtained from the generating functional by func-
needed to computB("®) is generally greater than,N=n. tional derivative®’
The reasons ar@) u, may be nonlinear in the elementary
operators(ii) The expansion in/_ adds more operators to

the product. Generally some of thgin Eq. (12) will be the W{j m¥mTmt = J S{I(M)}Hy=0-

same sinc&k(" only depends om+m+ 1 times, which is Ny (T1) 3 (Tn)

smaller than or equal tbl. (22
We next introduce the superoperator generating

functionaf® In order to compute the response functigvhich gives

the response to very short pulsde a given order in the
> ) (13) field, the generating functional can be simplified since only a
0 limited number of times will contribute, and the primary op-

erators connected with the last time will have to-bepera-

Since the HamiltoniarH, is quadratic, the generating ; . 60

functional may be computed exactly using the second-ordeP's SiNc&(A_(71)B,(,)) vanishes forr, = 7,.” The gen-
: L erating functional for two time quantitie®A ,(71)B, (7))

cumulant expansion. This gives v v

thus reads
S({J(t)})zexp{ > f_wdef_TidTl

X[ =13} (1) (171G} (T20)

S<{J<t>}>E<Texr{§ f J(7)Q;(1)d7T

SRENEGDE EXP[ % —i:13}+(72) (1) Gj~ (721)

. +374 (1) I (1) G (720)
+ 354 (72) I+ ()G (20 ] ¢ - (14) Ly
T35+ (12) I+ (12) G (0)
We have introduced the notation;=r7;—; and the two
basic Liouville space Green functions, +3j4 (1) 3 (1) G 7 (0) . (23
i . .
G| (m)= g(TQL(Tz)QL(Tmo- (15)

Here we assumed Gaussian statisticQgfo that the exact
iy _ i i generating functional is given by the second-order cumulant
Gij  (m2)=(TQu(72) Q4 (71))o. (16 expansion. The generating functional provides a compact
Using Eq.(1), Egs.(15) and(16) can be recast as combina- form for Wick’s theorem. Generating functionals for multi-
tions of ordinary(Hilbert spacg correlation functions time quantities may be written in a similar way.
) Using the general expression for th&éh-order response
_ | . . . . i H H H I,R{nD) to an
G* -9 - [ j /0 i , function given in Appendix A, we can expa y
i (720 = 0(721) h (Q(72)Q(m))o=(QU(1)Q'(72))o) desired order in the primary operators. Since ilsealways
come in pairs in the generating functional, the derivatives
17 in pairs in th ing functional, the derivati
. . . . will vanish for all terms with an odd number of elementary
Gij "(720= 2((Q'(72)Q(11))o+(Q(7)Q'(72))o). (18 operators, once th&=0 limit is taken.

G** andG*~ may also be expressed in terms of the spec-  Note the delicate interplay of the factors in Eq.(A6).

tral densitiesC;; (), Keeping# alive even in the classical limit, is what allows us
q to avoid the computation of stability matrices.retains in-
- N * do ; formation about quantum fluctuations which are differences
Gy (n)=26(r) J_w27-r Cij(0)sin(w), (19 between “left” and “right” trajectories!®?13°The stability

matrices are the corresponding derivative& &snds to zero.
In the classical evaluation of EGA6) we keep terms in the
generating function to orde:{"*™). # then cancels out by
) ] o ] the prefactor in Eq(4) and the result is independentff as
Equation(19) is the definition of the spectral density, where it should be®® Higher order terms in: provide quantum
6(7) is the Heaviside step functidequal to zero for<Oand  ¢4rections to the response. We further note that the response
equal to one forr=0). In the classical, h'9+h_ temperzj'iure, function, which is a particular combination of correlation
limit coth(hw/2kgT)~2kgT/hw, and bothG™ ™ and G functions, has a well-defined classical limit. Individual cor-
become independent &i In that case the two are related by r|ation functions in Hilbert space generally do not have an
the classical fluctuation—dissipation relation obvious physical meaning and consequently their0 limit

d is ill defined.# therefore cancels only once these combina-

Gjj (7)== =0 T)d—Gier+(T)- (21)  tions are evaluated to yield an observable.
B T . .
As an example, the one-dimensioi@D) response func-

Semiclassical approximations to the response may be deveion expanded to fourth order in the elementary operators is
oped by expanding* * in powers off. given by

o0

it w hw
G;; (T)Zﬁf —Cij(w)COS(wT)COt’{m)- (20)

0 27T
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Each matrix element is given by the derivative of a phase

— 1 1 - i . .
R(lD)_iEj i )'U‘J( )Gier (720) space coordinate, at time 7; with respect to a phase space
coordinatex; at another timez,,
+ 2 PG () Gji (720 M (7. =] 2247 o5
1 jk\72571 é’XJ(Tz) .
+> u® MG (1,1)G T (0). (24)  Schemes for obtaining the stability matrix using the Hessian
i TR e matrix have been described in the literatt{é%2325:64-66

b i i1 &9,20,22-25,
These two lowest-orders in the expansion are independent of EqU|I|br|um.s'|muIat|(.)n9§’ are based on propagat-
the anharmonicity, and the 1D response can be expected {39 the full stability matrix? in order to evaluate the Poisson
be dominated by the harmonic part of the potential. Closedpracket arising in the time correlation function expression for
expressions for the two-dimensiondlD) and three- the fifth-order response. The major bottleneck in the equilib-
dimensional3D) response functions expanded to sixth orderUM method is the propagation of thBxN stability

in the primary coordinates are given in Appendix B. matrix. 6ér;schontrast, in the noneqwhbnur_‘n_, finite flel_d,
approactt®2”54 propagation of the full stability matrix is

avoided and only a few vectors of dimensiNdncorrespond-
ing to the response function are propagated. In this approach
the evaluation of the first-order derivatives of the polarizabil-
ity, needed in order to calculate the forces exerted by the
In off-resonant Raman spectroscopy, the field-matter inelectric fields, is the most time consuming part of the
teraction comes through the dipole moment induced by asimulation?’
electric field instead of the permanent dipole moment. The Instantaneous normal modesor a collection of oscilla-
Raman response can therefore be obtained by simply substPrs with frequenciess; we have
tuting the dipole operators in the expressions in @24) and
Appendix B with the operator for the induced dipole, which GJ‘(T)z o(7)
in turn is given by the product of the polarizability and the
inducing field. u is therefore simply replaced hy- E. This 1 b o
substitution leads to a higher-order dependence on the elec- Gﬁ*(r)=ﬁmcos{wir)cotr< ﬁ) dij -
tric field: ThenD response isith order in the field for dipole it b
(e.g., infrarediresponse but (2+ 1)th order for Raman. The INM simulations combine these expressions with MD simu-
Raman response that is third order in the electric fields idations of real liquids. The system is assumed to evolve in-
therefore described by the 1D response function. The fifthdependently in the different normal modes giving rise to the
order Raman response is given by the 2D response functidfronecker deltas in Eq(26). INM simulations have most
and so forth. often been applied in the classical, high temperature limit,
The various approaches used for the simulation of fifth-where only the first term in the expansion of coth is retained
order Raman signals differ not only by the simulation tech-{ coth(x)~1/x]. Equations(B1)—(B6) reduce to the INM ex-
nique, but also by the model used, which complicates theipressions if the INM coordinates are used as the primary
direct comparison. The expressions derived in this paper abperators and the anharmonicities are neglected. In this paper
low a critical comparison of the various simulations. Thiswe use a different bookkeeping: terms have been kept to a
will be done next. certain order in the primary operators, whereas the INM ex-
Classical MD simulations in real spac@&he real-space pressions traditionally have been truncated by neglecting
simulations by Saitoet al,>* Ma et al,?>?®> and Jansen terms containing third- and higher-order nonlinearities of the
et al?®?” use the nuclear coordinates as basis and the rgolarizabilty?>?22¢3"retaining only Eqs(B2) and(B3). Our
sponse is calculated without invoking Wick’s theorem. Theformulation suggests that terms which include second-order
calculated classical response functions therefore formally inelerivatives should be considered on an equal footing with all
clude all orders anharmonicities of the expansion deriveather terms including a total of six derivatives, since they
here. The price is the need to compute stability matrices. Thdepend on the same number of fundamental quantum Green
nuclear coordinates might not be the best choice of basis fdunctionsG** andG™ ™.
the expansion derived in the preceding section and analyzing In a recent INM simulation of Ma and Stréttthe
the response in this basis might be inconvenient. The realowest-order anharmonic contribution corresponding to Eq.
space simulations give the full response including all anhar¢B6) was found to give a significant contribution to the total
monicities and nonlinearities of the polarizability. Analyzing response of liquid xenon. The fifth-order Raman response
the response calculated with these methods is a dauntirgmputed with this model did, however, still deviate signifi-
task, since all terms which depend on different modes andantly from that -calculated using time correlation
nonlinearities are added. This makes it difficult to establisffunctions®3*
the connection between the spectral features and the under- Both the diagonalization of the Hessian needed to obtain
lying dynamics. the normal modes and the evaluation of the derivatives of the
The stability matrix M(7,7)) is a NXN matrix, polarizability are time consuming processes. Which of these
whereN is the number of phase space coordinateé8:>>%* s the slowest depend on the model used to describe the

IIl. COMPARISON OF SIMULATION STRATEGIES FOR
2D FIFTH-ORDER RAMAN RESPONSE

1
Miwi Sln(wir)éij )

(26)
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polarizability. For the first-order dipole induced dipole model lation should provide a localized response since all six di-
the derivatives can be evaluated very effectively analyticallypoles contributing tdR(*® should act within a small region
This simple model is, however, known to fail for systems[of order of the first solvation shell in (GH in order to
with large polarizabilit§” and in atomic liquids it gives an generate the local response. Of course, the signal should
isotropic polarizability that is coordinate independent. eventually be calculated ik space. This can be done purely
In liquids, the basic assumption in the INM theory that macroscopically by solving Maxwell's equations within the
motion can be described in static normal modes is not gerlocal field approximation as described in Chap. 16 of Ref.
erally justified. In a liquid the molecules rotate and diffuse39. The only microscopic information that enters the signal is
around changing the normal modes on the time scale that ithe effective local response, which can be obtained from
studied in femtosecond and picosecond experiments. Insteaimulations performed on the entire liquid.
of using a static set of coordinates one can use a dynamic Mode coupling in real space; Langevin equatioblsing
basis set. Ma and Stratt used a basis of normal modes thdte Hamiltoniar Egs.(7)—(10)] the Brownian oscillator mo-
was allowed to change with tim#. They obtained the tion is described by the following generalized Langevin
Green’s function describing the time evolution in one modeequation?°
by applying WKB theory**% In our notation, this result

reads Mij(t)+MijQj(t)+MjZ
sin(fgi(7')d7')
MiVo(r)wi(0)
The time evolution depends on the time dependent frequency 29
wi(7) or each normal mode. In this picture not only the
frequencies are time dependent, but the polarizability derivay;; (2j;) is the imaginary(rea) parts of a self-energy opera-
tives and anharmonicities also change as the basis stir representing relaxatiofievel shify. f; is a Gaussian sto-
changes. Computationally it is expensive to repeatedly diagshastic random force representing the bath degrees of free-
onalize the Hessian at short intervals to obtain the dynamidom on the coordinatg andF; is an external driving force,
normal mode basis set and the method was not yet tested. o _—

Mode coupling ink space Reichman®~>*and Cad>°® Yij(@)= = > = [ S0~ wa) + o+ wy)], (30)

2
adopted mode-coupling theory of nonlinear hydrodynamics i @ 2m,w;

in k space. Translational invariance then greatly simplifiess s related toy by the Kramers—Kronig relation,
the final expressions and the time dependence is accounted
for through the dynamical structure facte(k,t). They em-
ployed the atomic first-order dipole induced dipole model for
the polarizability. The resulting classical expressio'73

G (n)=0(7) 27)

t .
X f_de[’y“(t_T)+|EJ|(t_T)]Q,(T):fj(t)‘f'FJ(t)

o -’

1 e
Eij(a)):_;Re"lwdw (31)

In Appendix C the matrix of spectral densities is derived by

V(k)\® 1 dF(k,73) solving Eq.(29),5062
R(ZD)(TBZ’TZDZE ( ” 2) k_ g Eq.(29

£ \S(k)°) kT dr7sp 1

{ 1 dF(k,T32+721)F(k ) Ce) =Ml G a2 o3 (o) T T Tay(@)), . 2
% ek r
kpT d7py ? M, Q, andl are all diagonal matrices with matrix elements
1 dF(k,’TZ]_) are given a.? fOllOWSMij:5iij, QIJ:5IJQ]! .and IIJ .
T TF(k,T31) . (28 =5;j . C"(w) is the odd part of the spectral density, which is
b 21

related to the even pa@’(w) by the fluctuation—dissipation
This expression does not contain the leadifaurth-ordey  theorent® The matrix of spectral densities is given by
term[Eqg. (B2)] and only retains one of the sixth-order terms C(w)=[1+ coth(8hw/2)]C"(w), where

[Eqg. (B3)]. The time derivative of the dynamical structure

factor is proportional to the Fourier transform®f ~, while C'(w)= — 71‘” — p—
the dynamical structure factor itself is proportional to the Y Q-0 T+20)y (D - 0l+Xo)+yw
Fourier transform ofG**. The V(k)/S(k)? factors corre- X yM L, (33)

spond to polarizability derivatives ik space’?>3

The quantum mechanical response function contains in- Ordinary Langevin equations are obtained by first ne-
formation about the local response assuming that the relevagtecting the frequency dependence gf, setting y;;(w)
coherence size is much smaller than the wavelength of the ¥ij and %;;(w)=0. We then take the overdamped limit
light. This is obviously the case for the response of manyYij>{i; of Eq. (32) where the matrix of spectral densities
polyatomic molecules and aggregates. However, it usuallgSsumes the for?h
holds for molecular liquids as well, where the coherence size
underlying the response is small due to local disorder. It fails C"(w
near critical points where the coherence lengths become very
large®%9-"! Since the response is local, this expansionwith the NXN matricesA and Q are A=y 102 and A
should be made in real space and nokispace. The simu- =M 1(Q1)?4%62N being the number of Brownian oscil-

w
U (39
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lator modes. The nonlinear response of systems described by 75 5
Langevin equations can be obtained by using(B4) for the I an( TzDZGXI{ - f i€a(T)dT GX{J i€p(7)dT)|.
matrix of spectral densities. Upon the substitution of &4) " & (40)
in Eq. (19) we get for the superoperator Greens functions in ) o
matrix notation €,(7) and e,(7) are the eigenvalues of the Hamiltonian at
time 7. wap(7) are the transition dipoles in the adiabatic ba-
G" (1)=26(1)exp(—AT)AN\, (35) sis. P(a) is the equilibrium population of stae When the
energies change rapidly, the adiabatic approximation breaks
G (r)=% exp(—A7)AN coth( BHA) down and nonadiabatic transitions need to be taken into ac-
count.
LA > exp(— vn7) An (36) In order to simulate the time evolution of the system one
Bich  vi—A? ' would have to diagonalize the vibrational Hamiltonian at

short intervals. Such a treatment is therefore only feasible
wherev,=27n/#% 3 are the Matsubara frequencigsn the ~ when the number of states is sufficiently small to allow re-
high temperature g2 A <1) limit the second sum in Eq. peated diagonalizations. This may be the case if a subset of
(36) decays rapidly and may be neglected and the @ithj  vibrational coordinates are of interest and the rest are treated
factor can be approximated by@HA in the first term, yield- as bath coordinates. It should be noted that treating the vi-
ing brational states of the system explicitly only makes sense for
high frequency modes, where the excited vibrational states
G* " (r)=B texp—AT)ANAT (37 have a low thermal population and only few states need to be
considered.
For all methods based on an expansion of the response
function in the coordinates, evaluating the contributing terms
ets increasingly more expensive with the order of the ex-
rgansion. While the first and the second-order derivatives of
the polarizability needed to evaluate the lowest order terms

. o o !
tlci]nal to Gh ]E.T32)G r@(f,ﬂ) [th((;siacond _term Iln qu’z_)l_]r’] can be handled rather easily, higher order derivatives get
whereas the first ter (732 (731) is neglected. The increasingly more difficult to evaluate. Unless the coordi-

;ystemati_c mode—coupling factorization of the Presem PaP&hates can be chosen such that the expansion may be trun-
is unambiguous and require no further assumptions about tI~l?‘:alted at some low order, it will be harder to simulate the

behi\gprboft.the' co:rei'latloln func;tlons. ith | | . classical response functions using the expansion, compared
iabatic simulationsIn systems with large scale varia- \ivith real-space simulation methods.

tion of structure such as proteins and liquids it can be usefu
to employ a dynamic basis set instead of a static one. The

natural starting point for such a description is to employ the V- CONCLUSIONS
adiabatic basié*~">A quantum description is obtained when  We have developed a systematic perturbative approach
one uses the eigenstates of the vibrational Hamiltonian as f@r computing response functions using an expansion in the
dynamic basis. Using this basis we can derive an adiabatigonlinearities, the effective dipoles, and the anharmonicities.

theory for the response functions. When this basis changeslosed form expressions for the lower order terms have been
slowly, the adiabatic approximation can be employed, conderived for the first-, second-, and third-order response func-
siderably simplifying the calculation of the time evolution, tions, and applications were made to the 1D and 2D response
since the system remains in the same adiabatic state at @brresponding to third- and fifth-order Raman techniques,

In the generalized Langevin equation approach of Kim
and Keye¥' the response function is factorized using the
scheme suggested by van Zon and Schoflewhich as-
sumes fast decay of the fluctuating forces. This factorizatio
results in the first-order term for the 2D response propor

times. respectively.
There are two independent Liouville space pathways  The mode-coupling factorizations presented in this paper
contributing to the 2D responég, provide a unified framework for deriving all the approximate

(2D) methods used so far in the simulations of the fifth-order Ra-
R¥™(732, 720 =Ru(732, 720 + Ro( 732, 720 +C.C. . (38)  man. Our expressions reduce to the instantaneous normal
mode as well as the mode-coupling expressions by making

In the adiabatic approximation these are given by additional approximations. This description allows a direct

i\2 comparison of the various methods and can be used to de-
Ri( 732,720 = g) > meal m3)l eal T32) ten( T2) velop semiclassical expansions. All existing simulations
abe were compared and connected to the mode-coupling factor-
X1pa( T20) wpal T1)P(8), ization presented in Sec. II. _
(39) . .Tr_le presen.t Green funct|0|j .f_ormallsm _aIIows .the ex-
i\2 plicit incorporation of anhamonicities and gives a rigorous
Ro(732,701) = g) 2 Men( T3) pe( T32) peal 72) algorithm for truncating the expansion of the response func-
abe tions, depending on the number of derivatives involved. At
X I pa( T21) pal 71) P(a), the same time, quantum corrections to the response functions
may be computed as well. Mode-coupling theorieskin
where spacé®~>6 utilize a nonlocal polarizability in order to de-
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scribe response functions that are local in nature. This leads (QiQi)_z(QLQi_+Qi_QiJr), (A2)

to the neglect of the leading order term in both the third- and

fifth-order Raman response functions; contributions of all  (QkQIQ"), =%(4QX Q. Q. +QX Q' Q" +Q* Q! Q"

terms involving the first-order derivative of the polarizability o

are missed. +Q“QLQY), (A3)
Collective coordinates are likely to have Gaussian statis- o o o o

tics. Identifying a set of collective coordinates that should  (Q“QIQ)_=(Q¥ Q. Q. +Q%Q QL +QX Q. Q\

allow a relatively simple interpretation of the response is the 1K A A

key open challenge in the simulation of nonlinear response in +2Q-Q1Q0), (A4)

the condensed phase. and so forth. Using these rules we can express the superop-

erator corresponding to an arbitrary product of ordinary op-
erators as a product of superoperators,
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No. RO1 GM59230-01A2 and the National Science Founda- (@@ = 3§ Qin..qh
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APPENDIX A: SUPEROPERATOR ALGEBRA
where the coefficientt* andf~ are determined by applica-
tion of the ruleg Egs.(A1)—(A3)] and thev's denote either
+ or —.

For a given set of expansion -coefficients the
o o n-dimensional response can be expressed in terms of deriva-
(QIQH,=(Q. Q. +3:Q".Q"), (A1) tives of the generating function,

The following relations for the superoperata@s and
Q. that follow directly from the definitions of the superop-
erators[Eq. (1)] can be used in expand the nonlinear re-
sponse in terms of these superoperators,

1+ 8o

| m+n Th+1 thet
(nD) Lo = - _qym '
Ry y(Tneds 5 T10 Ty 200 71) (m+2)!n1!---nn+1!(fi) (=) jl,,,jngkl,,.km f_m dy f_w d7m

(n1) (Mn+1) my
X 1 "'M-n+1,,,-n+lvk1‘..kl "'Vkka"‘
I Jni 1 ]”n+1 1 m m

X z fi 1fn
Vl,,,Vn 14 14 14

v
1 ng, 1 n,

d 14
a‘]j2+(7'n) anﬂn+(7’n+1)

y Jd Jd d Jd
9dj1,1(71) &‘]j]n'lvﬁl(Tl) adjnyn(7n) 3Jjgnugn(7n)

> ’ ’ - :
éten | a(m) e g (r)] | gep(m) - 03y en (7m)

Xff_i"'flnh'“ff_T“'fmmS{J(t)}h:O' (AB)

APPENDIX B: 2D AND 3D RESPONSE TO SIXTH . o N N
ORDER IN THE PRIMARY COORDINATES R(zn):% wP PG (732 (G (T3 +Gji  (720)).

The 2D and 3D response functions are derived in the (B2)
same way as the 1D response function that was given In IT:(Jl'he remaining contributions are sixth order in the coordi-
(24). The 2D response function expanded to sixth order N ates
the primary coordinates is given by

(2),(2)

(2D) _ )+ - +- o
R(2D):R(221'f)+ R(2%2)+ R(322[1))+R512£)+ R(32:1D21+---, (B1) R%22 —”%n Mij M HmnGik (Tsz)(Gjn (730G (720)

where the first term is fourth order in the coordinates +Giy (120G (730), (B3)
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1 B B B N 1
RED=5 20 MRmIT G T (0)(Grn (720 B (762)+ Gk (720G (7o) + 5 20wl g G *(0)

X(Gin (761G (730 + G (760G (730)+ 2 i (Gl (730G (799G (722

G (730G (7a)Gih (7o) + 20 wiRAIRAE(GI (730G (720G (72)

+Gii (120G (13)Gjpy (720)), (B4)
1 _ _ _ _
RIED=3 2 Mliann ui Gy " (0)(Gi (759G (739 + Gy (720 G (752). (B5)
73 _ _ _
REDI= = 2wl i Vig, f 470G (731)Gjy (1111)Gy (772). (86)
|
The two lowest-order terms contain numerous contributions. dHg CiaCia
As noted earlirall terms in the 2D response contain non- fj:d_Q-: -> (Cjaqa)+iz 2 om w2 (C2
linearities either in form of anharmonicities or higher-order ) “ " ae
derivatives of the dipole operator. where the second term is independent of the bath coordi-
The 3D response function expanded to sixth order in thenates.
coordinates is Comparing Egs(29) and (C1) allows us to identifyy
andX, as the real and imaginary part of the correlations func-
RED= ui(jz)ﬂ(k%)ﬂfnl)ﬂﬁl)[Gin(7'43)(Gj+m7(7'42) tion of the fluctuating forces;(t),
ijkimn
L L L L S (1 ):(5fj(t—a-)5fi(0)) ©3
X Gy (730 + Gy (740G (732)+Gik (722) A [ VI S
X G (149G (120 + Gy (132G, (720) Averaging over the bath coordinates and taking the Fou-
rier transform of the generalized Langevin equatidty.
XGuy (ra)]+ Xl uluf) (CDI gives
ijklmn

~Mj(Qj(w)) 0+ M;QXQj(w))

_ _ _ iV~ IR AN

X Gy (149G} (749G (7a0). (B7)

Numerous eighth-order terms exist including an anharmonic ~ +M; >, (—i%;i(@)+i%i(0)o(Qi(w))=F;(w).
term. They can be readily obtained using the rules outlined !

earlier and will not be given here. (C9

In matrix form this gives

2 2 H o _Tr
APPENDIX C: THE MATRIX OF SPECTRAL M(Q° - 0l1+Xo-iye)(Q(w))=F(). (CH
DENSITIES The matriceaM, ), andl are all diagonal with matrix ele-
The matrix of spectral densities for a system described"€NtSMij= ;jM;, ij=0;€;, andl;;=4;; . Q andF are

by the Hamiltonian defined in Eq&7), (10), and(11) can be vectors.

determined by solving the generalized Langevin equatiorar. _':']hefocrigzrjge in the coordinates induced by an external
(29).394083The generalized Langevin equation can also be "9 IS

written in the form (Q(w))=a(w)F(w)
M;Q;(t) +M;Q7Q;(t) 1 o) 6
= - w),
S ft . (8F;(t—7)5%,(0)) . M(Q°—w?l+30—iyw)
i kgT i(7) which define the susceptibility(w).
The odd part of the spectral density matrix is the imagi-

=fi(O+F;), (C1) nary part of the susceptibility,
with the external driving forcé;(t) and the rapidly fluctu- 1
ating force of the bath on the primary coordingte (t). C"(w)=1Im > ——— , (C7)
This force is determined from the system-bath Hamiltonian M0+ w2 (w) o™ +ioy(w)
[Eq. (10)], where the imaginary part of a matrix is Wv=(A—A'")/2i.
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The even part of the spectral density is related to the od@'T. I. C. Jansen, J. G. Snijders, and K. Duppen, J. Chem. Riys10910

part by the fluctuation—dissipation theoresnand, are de-

termined by the correlation function of the fluctuating forces.,,

(2002).
287, |, C. Jansen, Ph.D. thesis, Rijksuniversiteit Groningen, 2002.
T. I. C. Jansen, K. Duppen, and J. G. Snijders, Phys. Re&77,B.34206

The fluctuating force was determined by the derivative of the (503

Hamiltonian,

<6f;<t>5fi<0>>=a2 CiaCip(Ua(1)G4(0)). (C8)

30T, |. C. Jansen, J. G. Snijders, and K. Duppen, Bull. Korean Chem. Soc.
(in press.

3IR. M. Stratt, Acc. Chem. Re®8, 201(1995.

32R. L. Murry, J. T. Fourkas, and T. Keyes, J. Chem. Ph@9 2814
(1998.
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ordinates.
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v is determined by the real part of the time correlation®¢T. Keyes and J. T. Fourkas, J. Chem. PHy&2, 287 (2000.

function of the bath coordinates

Cia jB

%i(1=2 g1 T REA(1T5(0)) (C9)
s "85 C10
aﬂ 2M m Bcoiwat)i ( )

7ij(w) is the Fourier transform of;; (t) and is given in Eq.
(30).
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