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Abstract
The time-resolved sum frequency generation signal of an optical and X-ray pulse is calculated for a one-dimensional molecular chain. We
show how the valence exciton motion induced by the first optical light pulse can be probed with atomic scale precision by tuning the X-ray
frequency across a core excitation of a particular atom. This technique provides a novel real-time, real-space probe for dynamics of valence
excitation in a single molecule.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Recent rapid progress in the development of coherent ultrafast X-ray pulses have opened up a new era in X-ray spectroscopy [1,2]. As pulse intensities and coherence properties
are improved, ultrafast resonant spectroscopy with X-ray
pulses has become feasible. Combination of femtosecond
optical light pulse and attosecond X-ray pulse makes it possible to investigate electron motions in atoms, molecules,
and solid state materials in real space and real time. The
high temporal (attosecond) and spatial (sub-nanometer)
resolution of these techniques offers a new window into
molecular structure and dynamical processes. Structural
changes induced by optical excitation have been investigated by time-resolved X-ray diffraction and time-resolved
X-ray absorption spectroscopies [3–6].
We propose and simulate new non-linear X-ray spectroscopy whereby ultrafast electronic relaxation process
induced by optical excitation can be investigated using real-time snapshots with atomic scale precision by
time-resolved sum frequency generation (SFG), which combines optical and X-ray pulses. We demonstrate its utility as

a novel probe for electronic motions in a one-dimensional
molecular chain model.
In the proposed technique, the second-order non-linear
polarization induced by two radiation fields, an optical light
pulse with a wave vector k1 and a X-ray pulse with a wave
vector k2 , is detected with variable time delay between these
pulses (Fig. 1). By tuning the X-ray frequency to the core
excitation of a particular atom, a valence exciton wave packet
motion can be launched and probed at the targeted atomic
site.

2. Expressions of SFG signal
Expression for the SFG signal is derived from the general
formulation of a non-linear X-ray spectroscopy in terms of
the non-linear response functions [7]. We consider heterodyne detection where the resulting non-linear polarization is
mixed with a local oscillator in order to gain sensitivity [8].
The incoming electric field is
E(r, t) = E1 (t + τ) exp[i(k1 · r − ω1 t)]
+ E2 (t) exp[i(k2 · r − ω2 t)] + ELO (t − τ  )
× exp[i(kLO · r − ωLO t)] + c.c.,
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(1)

where k and ω denote the wave vector and central frequency
of the incoming fields.
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where g, g and e denote the ground, optically-excited, and
core excited states, respectively. Here, Dg g (ω1 ) is the doorway function representing the exciton wave packet created
by the first pulse
 ∞
 ∞
i  ∗

J
Dg g (ω1 ) ≡
dt
dt1
 (k 1 − k 2 ) ×
h̄ e=e ,e ge;eg
−∞
0
a

b

× exp[i(ω2 − ω1 )t  + iω1 t1 ]
× E2∗ (t  ) E1 (t  − t1 ) Ig g (−t  ) Ieg (t1 ),

(6)

whereas Weg (ω1 , ω2 ) is the window function representing
the generation of the signal
 ∞
 ∞
i 
Jge;eg (k1 − k2 ) ×
dt
dt3
Weg (ω1 , ω2 ) ≡
h̄ e=e ,e
−∞
0
a

b

× exp[−i(ω2 − ω1 )t + i(ω3 − ω2 + ω1 )t3 ]
∗
× ELO
(t + t3 ) E3 (t) Ieg (t3 ) Ig g (t).

Fig. 1. Process scheme of sum frequency generation spectroscopy with
a combination of optical pulse k1 and X-ray pulse k2 . The signal is
measured by heterodyne detection in the direction of ks = k1 +k2 . Optical
light and X-ray pulses are resonant with valence exciton and core exciton
states, respectively.

The heterodyne SFG signal is given by
 ∞
∗
SSFG (ks , τ) = −2ωs Im
dt ELO
(t)P (2) (ks , t)
−∞

× exp[i(ωLO − ωs )t],

(2)

where ks = k1 + k2 and ωs = ω1 + ω2 . The second-order
polarization P (2) (ks , t) in Eq. (2) is expressed in terms of the
non-linear response functions given in Appendix A in [7].
The second-order non-linear polarization is generated as
a sum of the fields of a optical laser pulse which comes
first and a subsequent X-ray pulse. The SFG signal intensity
Eq. (2) under rotating wave approximation (RWA) can be
expressed as
 ∞  ∞
1
2
SSFG (ks ; τ) = 2
Re
dt
dt2
h̄ ω2 ω1 ωs
−∞
0
 ∞
×
dt1 Q(−ks ; k2 , k1 , t2 , t1 )
0

∗
× exp[i(ω2 + ω1 )t2 + iω1 t1 ] ELO
(t − τ  )

× E2 (t − t2 ) E1 (t − t2 − t1 + τ),

(3)

where the non-linear response function is
Q(−ks ; k2 , k1 , t2 , t1 ) = ĵ(r, t2 + t1 ) ĵ(r2 , t1 ) ĵ(r1 , 0) .
(4)
Assuming that the two pulses are temporally well separated,
the SFG signal intensity is given by doorway–window representation [8] as
−2 
SSFG (ks ; τ) =
Weg (ω1 , ω2 )
Re
h̄

g

× exp[iω1 τ] Ig g (τ) Dg g (ω1 ),

(5)

(7)

In Eqs. (6) and (7), Iab (t) is an auxiliary function representing the time evolution of the density matrix
Iab (t) ≡ θ(t) exp[−iωab t − Γab t],

(8)

with the transition frequency h̄ωab = a − b and dephasing
rate for the ab transition Γab = (1/2)(γa + γb ) + Γ̂ab are
introduced. γa and γb are the inverse lifetimes of the a and
b states, and Γ̂ab is the pure dephasing matrix. Jab;cd (k) is
a tetradic current density matrix defined by [9]

∗
Jab;cd (k) ≡ dr jab (r) jcd
(r) exp(−ik · r),
(9)
with jab (r) ≡ a|ĵ|b is a current density operator matrix.

3. The model
We have simulated the time-resolved SFG signal in a
one-dimensional molecular chain with N atoms, each having a core orbital, an occupied valence orbital, and an unoccupied conduction orbital, as shown in Fig. 2. In the Hamiltonian we include the transfer of the conduction electron
(tc ) and valence hole (tv ), but neglect core hole transfer. The
on-site attractive Coulomb interactions between a core hole
and a conduction electron (core exciton effect) (Uca ), between the valence hole and a conduction electron (valence
exciton effect) (Ucv ). By eliminating the indices for spin degeneracy which only cause additional multiplicity, the total
Hamiltonian reads
Ĥm = −

N

l=1

+tv

N

l,m=1,l=m

−

N

l=1

N

N



†
†
†
a,l al al +
v,l vl vl −
c,l cl cl
l=1

†
vl vm + t c

l=1

N

l,m=1,l=m
N

†
c l cm


†
†
†
†
Uca cl cl (1 − al al ) −
Ucv cl cl (1 − vl vl ).
l=1

(10)
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Fig. 2. Level structure of a one dimensional molecular chain model system
(a). Optical pulse comes first to induce a valence exciton excitation and
the motion is detected at a particular atomic site by resonant X-ray pulse.
The Frenkel exciton states lie lower in energy than scattering states (b).
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As a model system, we consider a molecular chain with
N = 30 and the following parameters: tc = −2.0, tv = 1.5,
Uca = 3.0, and Ucv = 7.0 (in eV). These values yield the
Frenkel exciton states below the scattering states shown in
Fig. 2(b).
One of the keys to manufacturing molecular electronic
devices is how to design the molecular electronic structure to effectively transfer an absorbed energy from light
within a molecule [10,11]. In energy-funnel molecules, as
dendrimeric nanostars [12,13], the highly effective energy
transfer from the peripheral end to a reaction center is realized through the gradual change of Frenkel exciton site
energy. In order to mimic such an Frenkel exciton energy
landscape in a molecule, we assume that the site energies for
the conduction (c,l ) and valence (v,l ) levels increase and
decrease linearly with the atomic position, respectively, resulting in the red shifted Frenkel exciton site energies from
left to right as shown in Fig. 2(b).
The eigenstates of Ĥm were computed by direct diagonalization using the basis set for the single core excited states
and the valence exciton states introduced in [9]. To allow
spectral selectivity, we assumed that the core excited state
energies of site M (M = −100 eV), which is a middle of
the molecule, and site N (N = −150 eV), which is the right
end of the molecule, are well separated (Fig. 2(a)). The SFG
signal was calculated by Eq. (5) using the sum-over-state
expression.
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Fig. 3. The calculated optical absorption spectrum (a), and X-ray absorption spectra (b). The overall profile of the optical absorption spectrum
is shown in the inset in (a). The arrows A and B indicate the central
frequencies of optical light pulses.

4. Numerical results
The calculated low energy range of optical absorption is
shown in Fig. 3(a), and the overall absorption spectrum is
shown in the inset. The absorption spectrum shows Frenkel
exciton states below 8.5 eV and scattering states at higher
energies.
In Fig. 3(b), we show the calculated X-ray absorption
for the core excitations at sites M and N. Since the core
levels are energetically well separated from each other, we
can selectively excite the molecule at each atomic site by
tuning the X-ray frequencies across the core frequencies.
The intense lowest energy peaks for both X-ray absorption
spectra correspond to the transition to the strongly localized
core exciton states.
In order to illustrate the time evolution of the valence exciton motion induced by optical light pulse, we have further
calculated the time evolution of the reduced density matrix
†
ρnl (τ) = Tr[cn vl ρ̂(ω1 ; τ)],

(11)
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Fig. 4. Time evolution of |ρnl (τ)| for ω1 = 5.12 eV with varying τ from 0 to 40 fs, from left top to right bottom. Time step is 3.3 fs. Plane axes stand
for the site numbers of valence hole and conduction electron.

where ρI (ω1 ; τ) is the exciton density operator defined by

ρ̂(ω1 ; τ) = exp[iω1 τ]
Ig g (τ)Dg g (ω1 )|g >< g|. (12)
g

The diagonal matrix elements represent the net charge and
the off-diagonal elements represent the bond-order induced
by the optical transition [14].
In Fig. 4, we show the time evolution of |ρnl (τ)| for ω1 =
5.12 eV marked with the arrow A in Fig. 3(a). The envelope function for the optical pulse, E1 (t), is assumed to be
rectangular with 5 fs duration. The axes in the plane denote
the site numbers for a valence hole and conduction electron.
Time proceeds from left to right and from top to bottom
with a 3.3 fs time step.
Since the valence exciton wave packet is initially created
by tuning ω1 to the middle of the Frenkel exciton band, the
valence exciton propagates through Frenkel exciton bands,

as is clearly shown in the figure: diagonal matrix elements
dominate the off-diagonal matrix elements in Fig. 4. The
valence exciton wave packet is created around the center of
the molecule by the optical light pulse, and it moves towards
site N, and back to the original position. Since there is no
dissipation in the model, the coherent wave packet motion
persists with about 20 fs period of time.
The time-resolved SFG signal clearly reflects this coherent valence exciton motion. The calculated SFG for ω1 =
5.12 eV is shown in Fig. 5 where central frequencies of
X-ray pulse ω2 are tuned such that the signal frequency ωs =
ω1 + ω2 is tuned with the core exciton peak at site M (solid
line) and site N (dotted line), i.e. ω2 = 97.4 eV (site M, solid
line) and ω2 = 146.6 eV (site N, dotted line). The X-ray
and optical pulse envelopes were assumed to be the same.
We clearly see that at τ = 0 the amplitude of the solid
line is larger than the dotted line. This is consistent with
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Fig. 5. Time-resolved SFG signal for ω1 = 5.12 eV. Solid and dotted
lines are obtained when X-ray pulse frequencies are resonant with core
excitation frequencies of site M and N, respectively.
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Fig. 7. Time-resolved SFG signal for ω1 = 8.02 eV. Solid and dotted
lines are obtained when X-ray pulse frequencies are resonant with core
excitation frequencies of site M and N, respectively.

Fig. 6. Time evolution of |ρnl (τ)| for ω1 =8.02 eV with varying τ from 0 to 40 fs, from left top to right bottom. Time step is 3.3 fs. Plane axes stand
for the site numbers of valence hole and conduction electron.
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the feature of the left top panel of Fig. 4: the wave packet
amplitude is large at the site M and small at site N. At longer
delay times, the SFG signal probed at site M decreases while
at site N it increases, corresponding to the wave packet
transports from the center to the right end as shown in Fig. 4.
The amplitude at site M recovers again, while that at site N
is reduced. These temporal changes repeat with 20 fs period.
SFG thus probes the valence exciton motion after optical
excitation with atomic scale precision.
In Fig. 6, we show the time evolution of |ρnl (τ)| when
ω1 = 8.02 eV. Since ω1 is tuned with the higher energy of
the Frenkel exciton state, the amplitude concentrates at the
left end site at τ  0. As time evolves the center of the
wave packet shifts to the right, but the main part of the wave
packet returns back before it reaches to the right end (site
N). Since ω1 is tuned to the border between Frenkel exciton states and scattering states, the value of off-diagonal
elements of ρ(τ) are also visible. The SFG calculated for
this ω1 shown in Fig. 7 is consistent with this wave packet
motion: the SFG signal probed at site M (solid line) oscillates with large amplitude, while the intensity probed at site
N (dotted line) is very weak. The clear difference between
Figs. 5 and 7 illustrates that this technique directly probes the
dependence of the valence exciton motion on the excitation
energy.

5. Summary
In the present work we have presented a novel technique
for probing a valence exciton motion in one-dimensional
molecular chain induced by optical pulse excitation with
atomic scale precision; the second-order non-linear polarization is measured by a frequency sum of optical and X-ray
pulses. By tuning the X-ray frequency across a core excitation energy of a particular atom, we can detect the valence
exciton wave packet at that targeted atomic site as a function of the delay time of X-ray pulse with regards to the
pump-optical pulse.
It should be noted that this is a purely coherent spectroscopy which probes a coherent valence exciton motion in
a molecule. This coherent valence exciton motion may be
damped by the coupling to thermal bath mode. The dephasing time has been probed by many ultrafast optical techniques and was found to be about several picoseconds in
many mesoscopic systems [15]. The SFG signal computed
here assumed this dephasing time. This is made possible
with use of femtosecond optical and X-ray pulses, as shown
in Figs. 5 and 7.

It will be very interesting to investigate the two types
of the transport mechanism in a molecule: incoherent hopping and coherent transport [16–18]. Ultrafast optical spectroscopy, such as time-resolved fluorescence, is indeed a
useful probe to distinguish between these two mechanisms
[16], but it cannot directly probe the spatial coherence between different atomic sites within a molecule because of
the long wavelength limit. The present technique may reveal
temporal and spatial coherence of the optically excited state
in a molecule, and provides us with most valuable information on molecular charge transport.
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