THE JOURNAL OF CHEMICAL PHYSICS 128, 184307 共2008兲

Probing interactions between core-electron transitions
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Two-dimensional x-ray correlation spectra 共2DXCS兲 obtained by varying two delay periods in a
time-resolved coherent all-x-ray four-wave-mixing measurement are simulated for the N 1s and
O 1s transitions of aminophenol. The necessary valence and core-excited states are calculated using
singly and doubly substituted Kohn–Sham determinants within the equivalent-core approximation.
Sum-over-states calculations of the 2DXCS signals of aminophenol isomers illustrate how novel
information about electronic states can be extracted from the 2D spectra. Specific signatures of
valence and core-excited states are identified in the diagonal and off-diagonal peaks arising from
core transitions of the same and different types, respectively. © 2008 American Institute of Physics.
关DOI: 10.1063/1.2839859兴
I. INTRODUCTION

Near-edge x-ray absorption spectroscopy 共XANES兲 is a
powerful frequency-domain tool for studying the electronic
structure of molecules.1 The fine structure of the absorption
spectrum reflects the electronic states in the vicinity of the
absorbing atom and thus provides a probe for the molecular
electronic environment with an atomic-scale resolution.
X-ray pulses from high-harmonic generation 共HHG兲 have
made it possible to record changes in the XANES signal on
an attosecond 共as兲 scale, providing time-resolved information
about the variations in the atomic positions or charge distribution triggered by an optical or ultraviolet pulse.2–9 Much
brighter femtosecond x-ray pulses will soon become available from the x-ray free electron lasers 共XFEL兲. Further improvements of the HHG brilliance9 as well as XFEL pulse
quality and duration10 should ultimately make it possible to
perform time-domain coherent nonlinear experiments with
multiple x-ray pulses. Current and proposed applications of
the HHG and XFEL such as optical pump/x-ray probe or
time-resolved absorption make use of the ultrafast nature of
the pulses but do not exploit their coherent properties. Coherent all-x-ray techniques can probe multiple types of core
transitions within the same experiment, improving the resolution and enhancing desired features via the use of elaborate
pulse sequences, as is commonly done in nuclear-magnetic
resonance.11 They should provide more detailed information
on the electronic structure and dynamics than available from
XANES or its time-resolved variations.
We have recently formulated the principles of twodimensional x-ray correlation spectroscopy12 共2DXCS兲, an
all-x-ray technique based on a coherent resonant four-wavemixing measurement.13,14 Two-dimensional correlation techniques originally introduced in nuclear-magnetic resonance15
are now widely used in the infrared and visible regimes.16 In
general, the correlation spectrum is obtained by subjecting
a兲
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the system to a sequence of pulses and recording the coherent nonlinear response as a function of the various delay
periods between consecutive pulses. The Fourier transform
of the signal with respect to two such delays can be displayed as a 2D frequency correlation plot. By spreading the
signal over multiple frequency axes, the weak signatures of
interactions between different transitions can be separated
from strong same-transition signals.17 Transitions of the
same type contribute to the diagonal part of the correlation
spectrum, while features arising from interactions among
spectrally-separated transitions appear in the off-diagonal
“cross peaks.” In addition, certain types of static inhomogeneous broadening can be eliminated by specific pulse sequences 共e.g., the photon echo technique兲.
In this paper, the diagonal and off-diagonal components
of the N 1s and O 1s 2DXCS signals of the three isomers of
aminophenol are simulated and analyzed using the response
function formalism18 and the sum-over-states approach. The
diagonal 2DXCS signal arising due to transitions from a
single core shell consists of two Raman-type contributions
that involve multiple valence and core excited states spanned
by the pulse finite bandwidths. Transitions from valenceexcited to core-excited states contribute to the negativefrequency part of the diagonal spectrum and can be clearly
distinguished from the ground to core-excited transitions already visible in XANES. The 2DXCS cross peaks arising
from the transitions involving two different core shells consist of two contributions, one involving transitions to singly
core excited states and the other involving also transitions to
states with two core electrons excited. The two contributions
have opposite signs and cancel exactly if two core transitions
are decoupled. Unlike XANES, which probes each core shell
independently, the 2DXCS cross peaks probe the interactions
between the transitions and thus are highly sensitive to the
electronic environment in the vicinity of the two core shells.
Closed-form expressions for the 2DXCS signals in terms
of the molecular eigenstates are derived in Sec. II. The dependence of the 2DXCS signals on three different 共no core
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FIG. 1. 共a兲 Pulse sequence in a four-wave mixing experiment. Three pulses k1, k2, and k3 induce a polarization in the molecule, which is probed by the
heterodyne field k4. t3 , t2 , t1 denote time intervals between consecutive pulses. 共b兲 Double-sided Feynman diagrams representing the stimulated emission,
ground-state bleaching, and excited-state absorption contributions to the polarization in the kI = −k1 + k2 + k3 direction 关Eq. 共8兲兴.

hole, one core hole, and two core holes兲 excited-state manifolds makes it particularly challenging for a first-principles
simulation. We use the equivalent-core approximation19,20
共ECA兲, whereby the core transitions are described by the
valence transitions of the equivalent-core molecule, which
has modified nuclear configuration and an additional electron. Slater determinants made of occupied and unoccupied
Kohn–Sham 共KS兲 orbitals within the ECA are used to represent the valence and the core excited states as described in
Sec. III. Doubly substituted determinants necessary to describe doubly core excited states are included. All three
excited-state manifolds 共valence, singly, and doubly core excited states兲 can thus be calculated with standard quantum
chemistry codes.
The simulations are presented in Sec. IV. We show that
while most peaks in the diagonal N/N signal arise from the
same transitions that contribute to XANES, additional peaks
appear below the lowest absorption transition. These are attributed to core transitions from valence excited states. We
next analyze the simulated O/N 2DXCS cross peaks of the
three isomers of aminophenol. We show that the cross peaks
carry information about the spatial localization of the corresponding valence states due to interference between the
ground-state bleaching and excited-state absorption components of the signal. The cross peaks are sensitive to the relative position of the O and N atoms, in contrast to the N 1s
XANES and diagonal N/N 2DXCS spectra of para- and

FIG. 2. 共a兲 Para, meta, and ortho isomers of aminophenol. 共b兲 Valence and
core-excited states of aminophenol. g denotes states with no core electron
excited 共including the ground state g0兲, e j denotes states with one coreelectron of type j excited, and f denotes states with two core-electrons
excited.

ortho-aminophenol, which are quite similar to aniline, in accordance with the building-block principle.1 Our results are
finally summarized in Sec. V.

II. SUM-OVER-STATES EXPRESSIONS
FOR THE 2DXCS SIGNALS

We consider a four-wave-mixing experiment carried out
using a sequence of four x-ray pulses 共Fig. 1兲

FIG. 3. Feynman diagrams representing 共a兲 the SE and GSB contributions to
the diagonal 2DXCS signal when only one core shell is in resonance 关Eq.
共10兲兴, 共b兲 the GSB and ESA contributions to the off-diagonal 2DXCS signal
for the sequential two-color pulse configuration 关Eq. 共11兲兴, and 共c兲 the SE
and ESA contributions to the off-diagonal 2DXCS signal for the nonsequential two-color pulse configuration.
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Two-dimensional x-ray correlation

⫾
i−⌫
V̂⫾
V具兩⌿兩典具兩⌿兩典. 共7兲
j 共兲 = 兺 E j 共 ⫿  j兲e

4

E共r,t兲 = 兺 关E+j 共t −  j兲eik jr−i j共t− j兲+E−j 共t −  j兲e−ik jr+i共t− j兲兴. 共1兲

,

j=1

The dephasing time 1 / ⌫ given by the core-hole lifetime
共⬃10 fs for K-edge transitions兲 is much longer than the
pulse durations 共⬍1 fs兲, thus the contribution of ⌫ to E共兲
can be neglected. Since the duration of the x-ray pulse
共⬃100 as兲 is much longer than its optical period 共⬃4 as兲,
E j共 +  j兲 vanishes for positive . In particular, V̂−j 兩⌿g.s.典 is
zero. Only three terms then contribute to the commutator of
Eq. 共4兲,

Here E+j 共t兲 is the complex temporal envelope k j is the wave
vector, and  j is the carrier frequency of the jth pulse. We
consider ideal experiments with optically-thin samples and
neglect the local field and the propagation effects. The interaction of the molecule with the first three pulses creates a
polarization, which is heterodyne detected by overlapping
the signal with the fourth pulse.
Assuming the dipole matter-field interaction Ĥint
= −V̂E共r , t兲, the order-by-order contributions to the induced
polarization are calculated by a time-dependent perturbative
expansion in the field. In the phase-matching direction defined by kI ⬅ −k1 + k2 + k3, the dominant contributions to the
induced polarization come from specific third-order interactions with of the fields.18 The signal is recorded as a function
of the three delays t1 , t2 , t3 between consecutive pulses
共Fig. 1兲

冕 冕

SI共3兲共t3,t2,t1兲 = Im

⬁

RI共3兲共t3 + t2 + t1,t2 + t1,t1,0兲
= i3关具V̂−1 共0兲V̂+3 共t2 + t1兲V̂−4 共t3 + t2 + t1兲V̂+2 共t1兲典
+ 具V̂−1 共0兲V̂+2 共t1兲V̂−4 共t3 + t2 + t1兲V̂+3 共t2 + t1兲典
− 具V̂−1 共0兲V̂−4 共t3 + t2 + t1兲V̂+3 共t2 + t1兲V̂+2 共t1兲典兴.

The first two terms in Eq. 共8兲 involve states with either none
or only one core-electron excited and are denoted as the
stimulated emission 共SE兲 and ground-state bleaching 共GSB兲
contributions, respectively. The third term involves states
with two core-electrons excited and is referred to as the
excited-states absorption 共ESA兲 contribution. The corresponding double-sided Feynman diagrams are shown on Fig.
1.
We shall focus on the N and O K-edge 2DXCS signals
of aminophenol 共Fig. 2兲. The 2DXCS spectrum will be displayed as the Fourier transform of SI共3兲 with respect to t1 and
t3, holding t2 fixed

d¯4 P共3兲共r,¯4兲Eⴱ4共¯4兲eik4r−i4¯4 .

dr

−⬁

共2兲
We consider delays 共1 − 10 fs兲 longer than the pulse durations 共⬍1 fs兲, so that the system interacts with each pulse
sequentially. We can thus use the result of Ref. 21 for a
general sequential wave mixing and obtain 共see also
Appendix D兲
SI共t3,t2,t1兲 = Im RI共3兲共t3 + t2 + t1,t2 + t1,t1兲,

共8兲

共3兲

SI共3兲共⍀3,t2,⍀1兲 =

where

冕冕

⬁

dt1dt3SI共3兲共t3,t2,t1兲ei⍀3t3+i⍀1t1 . 共9兲

0

RI共3兲共t3 + t2 + t1,t2 + t1,t1兲

Since the pulse bandwidths 共⬃10 eV for a 125 as pulse兲 are
much smaller than the N and O K edges 共⬃400 and
⬃535 eV, respectively兲 splitting, all three terms in Eq. 共8兲
vanish unless either all carrier frequencies are tuned to the
same type of core transitions 共one-color兲 or two frequencies
are tuned to one and the other two frequencies to the other
type of core transition 共two-color兲.
In a one-color experiment, all four pulse frequencies are
tuned to either N or O core shell. We assume that after the
first core electron is excited to a valence level, the relaxation
energy of the remaining core electron is larger than the pulse
bandwidth and the core transitions from a core-excited atom
are off-resonant. Since, aminophenol has only one atom of
each type, only the SE and GSB terms of Eq. 共8兲 共Fig. 3兲
contribute to the response function 关Eq. 共A1兲兴 and the signal
is given by

= i3具关关关V̂−4 共t3 + t2 + t1兲,V̂+3 共t2 + t1兲兴,V̂+2 共t1兲兴V̂−1 共0兲兴典 共4兲
is the third-order molecular response function and
V̂⫾
j 共兲 =

冕

d¯E⫾
兲V̂共¯ + 兲e⫿i j¯ .
j 共¯

共5兲

To calculate the response function 关Eq. 共4兲兴, we expand
V̂共兲 in the molecular eigenstates ⌿ and eigenvalues E,
V̂共兲 = 兺 ei共−i⌫兲V具兩⌿兩典具兩⌿兩典,

共6兲

,

where  ⬅ E − E is the frequency and ⌫ is the dephasing
rate of the transition between states  and . Using Eq. 共6兲,
we recast Eq. 共5兲 as

共3兲
SI,A
共⍀3,t2,⍀1兲

= Re

兺

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−1 共ge⬘ + 1兲E+1 共e⬘g0 − 1兲Vg0e1Ve1gVge⬘Ve⬘g0e−ie1⬘e1t2−⌫e1⬘e1t2
1

g,e1,e1⬘

+ Re

兺

g,e1,e1⬘

1

1

1

共⍀1 + e1g0 + i⌫e1g0兲共⍀3 − e⬘g + i⌫e⬘g兲
1

E−1 共g0e1

+

1兲E+1 共e1g

−

1兲E−1 共ge⬘
1

+

1兲E+1 共e⬘g0
1

1

− 1兲Vg0e1Ve1gVge⬘Ve⬘g0e−igg0t2−⌫gg0t2
1

共⍀1 + e1g + i⌫e1g兲共⍀3 − e⬘g + i⌫e⬘g兲
1

1

.

共10兲

1
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There are two possible two-color techniques. In the sequential configuration, the first two pulses are tuned to the same core
transition and the other two are resonant with a different type 共i.e., 1 = 2 ⫽ 3 = 4兲. Only the GSB and ESA terms 共Fig. 3兲
then contribute in this case to the response function 关Eq. 共A2兲兴 and the signal is given by
共3兲
SI,B
共⍀3,t2,⍀1兲

= Re

兺

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−3 共ge3 + 3兲E+3 共e3g0 − 3兲Vg0e1Ve1gVge3Ve3g0e−igg0t2−⌫gg0t2
共⍀1 + e1g0 + i⌫e1g0兲共⍀3 − e3g + i⌫e3g兲

g,e1,e3

− Re

E−1 共g0e1 + 1兲E−3 共e1 f + 3兲E+1 共 fe⬘ − 13兲E+1 共e⬘g0 − 1兲Vg0e1Ve1 f V fe⬘Ve⬘g0eie1e1⬘t2−⌫e1e1⬘t2

兺

1

1

1

1

共⍀1 + e1g0 + i⌫e1g0兲共⍀3 −  fe1 + i⌫ fe1兲

e1,e1⬘,f

.

共11兲

In the staggered configuration, the first and third pulses are tuned to one and the second and fourth to a different core
transition 共i.e., 1 = 3 ⫽ 2 = 4兲. Only the SE and ESA terms 共Fig. 3兲 then contribute to the response function 关Eq. 共A3兲兴, and
the signal is given by
共3兲
SI,C
共⍀3,t2,⍀1兲

= Re

兺

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−2 共ge2 + 2兲E+2 共e2g0 − 2兲Vg0e1Ve1gVge2Ve2g0e−ie2e1t2−⌫e2e1t2
共⍀1 + e1g0 + i⌫e1g0兲共⍀3 − e2g + i⌫e2g兲

g,e1,e2

− Re

兺

E−1 共g0e1

+

1兲E−2 共e1 f

e1,e1⬘,f

+ 2兲E+1 共 fe2 − 1兲E+2 共e2g0 − 2兲Vg0e1Ve1 f V fe⬘Ve⬘g0eie1e2t2−⌫e1e2t2
1

Equations 共10兲–共12兲 reveal the dependence of 2DXCS
on the pulse carrier frequencies  j; the t1 and t3 delays
共through their Fourier conjugates ⍀1, ⍀3兲, and the second
delay period t2.
III. COMPUTATIONAL PROTOCOL

The dependence of the 2DXCS signal 关Eqs. 共10兲–共12兲兴
on the three excited-state manifolds 共valence, singly core excited, and doubly core excited兲 makes its first-principles
simulations particularly challenging. We use a simple approach originated in the early work of Nozieres and De
Dominicus19 and Mahan,22 whereby the many-body interaction between the valence and core electrons is approximated
by the classical Coulomb interaction. The wave functions
describing states with no core hole 共including the ground
state兲 are factorized into the valence and core parts
⌿g共r1, . . . ,rN兲 ⬇ c共r1兲⌽g共r2, . . . ,rN兲,

共13兲

where we assume one core electron. Core-excited states ⌿e
are given by the eigenstates of a Hamiltonian describing N
+ 1 valence electrons fully relaxed in the presence of the
core-hole potential
⌿e共r1, . . . ,rN兲 ⬇ ⌽̃e共r1, . . . ,rN兲.

共14兲

The core transition frequencies are given by eg0 ⬇ Ẽe
− Eg and the dipole moment is calculated by neglecting the
overlap between c and ⌽̃e,
具⌿e兩V̂兩⌿g0典 ⬇

冕

drdr1 . . . drN⌽̃e*共r,r1, . . . ,rN兲

⫻V̂共r兲c共r兲⌽g共r1, . . . ,rN兲.

1

共⍀1 + e1g0 + i⌫e1g0兲共⍀3 −  fe1 + i⌫ fe1兲

.

共12兲

nuclei. The effect of this potential is equivalent to increasing
the nuclear charge by one.20,23 Thus, calculating singly core
excited states within the ECA amounts to incrementing the
charge of the corresponding nucleus by one, adding a valence electron, and performing ab initio calculations of the
ground and valence excited states of the equivalent-core 共or
N + 1 , Z j + 1兲 molecule. Similarly, the states with two core
electrons excited are given by the valence states of a second
equivalent-core 共or N + 2 , Z j + 1 , Z j⬘ + 1兲 molecule obtained by
incrementing the charge of two nuclei by one and adding two
valence electrons. Thus, within the ECA, all three excitedstate manifolds can be calculated using the same ab initio
approach. All necessary calculations can be performed with
standard electronic-structure codes, where the nuclear
charges and the number of electrons are parts of the input.
We next need to choose a level of theory to describe the
valence excitations of the original and equivalent-core systems. In a previous simulation12 we have used a simple approximation, whereby the transition frequencies are given by
the difference in the KS orbital energies, and transition dipole moments are calculated using KS orbitals describing the
promoted core electron. This model can be straightforwardly
extended to include the effects of the valence electron relaxation by using Slater determinants made of KS orbitals. This
model 共referred to as DFT/ECA兲, previously used to simulate
the x-ray Raman signal,24 is extended here to include the
doubly substituted determinants necessary to describe state
with two core electrons excited. Within this model, eigenstates of the g manifold 共states with no core electron excited兲
are given by

共15兲

In the ECA, the core-hole potential is described by the
Coulomb potential of a positive point charge located at the

⌽g = ÂN1共r1兲 ¯  p共rq兲 ¯ r共rs兲 ¯ N共rN兲,

共16兲
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N

N+1

Eg = 兺 ⑀t + ⑀ p + ⑀r − ⑀q − ⑀s ,

共17兲

t=1

where
ÂN =

1

冑N! 兺n

N!

共− 1兲n P̂n

冉

1, . . . ,N
n1, . . . ,nN

冊

is the antisymmetric sum over N! permutations among N
electron indices, ⑀ p and  p共r兲 are the eigenvalues and eigenfunction of the KS Hamiltonian of the original molecule
1
hs = − ⵜ2 + vH + vxc +
2

Nnuc

Z

兺␣ 兩r − ␣R␣兩 .

共18兲

˜ 1共r1兲 ¯ 
˜ p共rq兲 ¯ 
˜ r共rs兲 ¯ 
˜ N+1共rN+1兲,
⌽e j = ÂN+1
共19兲
N+1

˜r − 
˜ q,
˜⑀t + ˜⑀ p − ˜⑀q + 
兺
t=1

共20兲

˜ p共r兲 are the eigenvalues and eigenfunction of
where ˜⑀ p and 
the KS Hamiltonian of equivalent-core molecule
1
Zj + 1
+
h̃s = ⑀ j − ⵜ2 + vH + vxc +
2
兩r − Rn兩

nuclei

兺
␣⫽j

Z␣
.
兩r − R␣兩

共21兲

The lowest core-state is given by the ground-state determinant 共p = q ; r = s兲, while the valence excited states are represented by the singly substituted 共r = s ; p ⬎ Nq ⱕ N兲 and doubly substituted 共p , r ⬎ N + 1 ; q , s ⱕ N + 1兲 determinants. The  j
parameter is chosen so that the difference between the
ground-state energies of the original and equivalent-core
molecules matches the frequency of the lowest core transition. The eigenstates of the f manifold 共states with two core
electrons excited兲 are similarly given by the ground and singly substituted determinants made up of the KS orbitals for
the N + 2 , Z j + 1 , Z j + 1 system.
⬘
Upon substituting the single-determinant wave functions
into Eq. 共15兲 we obtain
具⌽e j兩V̂兩⌽g典 =

1

冑N ! 共N + 1兲!

共N+1兲!

兺n

共− 1兲n P̂n

冉

1, . . . ,N + 1
n1, . . . ,nN+1

˜ n 兩  1典 ¯ 具 
˜ n 兩N典具
˜ n 兩
ˆ 兩n典,
⫻具
1
N
N+1
the transition frequencies are

兺
i=1

冊

共22兲

共23兲

i=1

Similar expressions are used to calculate e j − f transition frequencies and matrix elements.
Adopting the same atomic basis set  for all equivalentcore molecules, these matrix elements can be easily calculated using the orbital coefficients C p and matrix elements
of the dipole operator, which are provided by the electronic
structure code
˜ p 兩 p典 = 兺 C̃* C p
具
p 
1
,

The ground-state wave function ⌽g0 is given by the determinant with p = q , r = s, while valence excited states ⌽g⫽g0
are expressed by the singly substituted determinants 共p
⬎ N , q ⱕ N , r = s兲 and doubly substituted determinants 共p , r
⬎ N ; q , s ⱕ N兲.
The e j manifold eigenstates 共states with jth core electron
excited兲 are similarly given by

Ee j = ⑀ j +

e jg = ⑀ j +

N

⑀˜i + ⑀˜p − ⑀˜q − 兺 ⑀i − ⑀ p + ⑀q .

1

冕

dr共r兲共r兲,

˜ pN+1兩
ˆ 兩n典 = 兺 C̃*p Cn
具
,

1

冕

ˆ 共r兲.
dr共r兲

共24兲

共25兲

In summary, simulation of 2DXCS signals involves
ground-state density functional theory calculations of the
original and equivalent-core molecules. Given the molecular
orbital coefficients and the dipole matrix elements provided
by the electronic structure code, the four sets of the transition
frequencies and matrix elements are calculated according to
Eqs. 共22兲–共25兲. The 2DXCS signal is finally obtained using
Eqs. 共10兲–共12兲.
Equation 共22兲 can be easily generalized to include excited states represented by a linear combination of the determinants rather than one determinant. In particular, timedependent density functional theory 共TDDFT兲 provides
excellent accuracy for valence transitions at a moderate computational cost. TDDFT within the ECA has already been
applied to calculate shake-up25 and XANES spectra.26,27 We
have recently extended the ECA/TDDFT approximation to
describe valence to core transitions in simulations of the
x-ray Raman signals.28 However, unlike XANES or Raman
techniques, 2DXCS involves transitions to doubly core excited states. With the ECA, such states correspond to valence
excited transitions that involve two electrons. For example,
the second term in Eq. 共11兲 involves transitions from a singly
core excited state to a doubly core excited state. Within the
ECA, the latter correspond to a valence state with two electrons excited. Such states are not included in TDDFT with
existing, frequency-independent adiabatic approximations
for the exchange-correlation kernel.29 However, the simpler
determinant-based model adapted here allows us to describe
such states approximately using the doubly substituted determinants.
IV. NUMERICAL SIMULATIONS

In all calculations presented below, we used the KS orbitals obtained with Becke’s three-parameter exchangecorrelation functional30 and the 6–311G** 共Ref. 31兲 set of
Gaussian-type atomic orbitals. The orbitals and orbital energies were obtained with the GAUSSIAN 03 program.32 N and
O were chosen so that the lowest N 1s and O 1s transition
frequencies match the experimental values of 400.7 共Ref. 33兲
and 534.9 eV,34 respectively. We assumed rectangular pulse
envelopes E j共兲 of 10 eV width around the carrier frequen-
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FIG. 5. 共Color兲 The four regions of the simulated 2DXCS signal 关Eqs. 共10兲
and 共11兲兴 of para-aminophenol. t2 = 0. Values of ⍀1 and ⍀3 are given relatively to the corresponding absorption edge 共400.7 eV for N 1s and 534.9 eV
for O 1s transitions.

FIG. 4. 共Color online兲 Comparison between the experimental and simulated
N 1s 共upper panel兲 and O 1s 共lower panel兲 XANES of aniline, phenol, and
the isomers of aminophenol. Experimental spectra are taken from Refs. 34
共aniline兲 and 33 共phenol兲.

cies 关i.e., E j共兲 = 1 for 兩 −  j兩 ⱕ 5 eV and zero otherwise兴.
This implies truncating the sums at the equivalent-core states
whose energies are higher than 5 eV above the ground state.
The same dephasing rate ⌫ = 0.3 eV was assumed for all
transitions below the ionization edge. Note that with the chosen bandwidth, only states below the ionization edge contribute to the 2DXCS signal; transitions to continuum were neglected.
The calculated core-transition accuracy depends on how
well the equivalent-core approximation describes the core
potential as well as on the level of quantum chemistry employed to describe the electronic states of the equivalent-core
molecules. The effect of these approximations on both the
transition energies 共peak positions兲 and matrix elements
共peak intensities兲 can be evaluated by comparison with experiment. Figure 4 compares the calculated and experimental
XANES for aniline, phenol, and the three isomers of aminophenol. The experimental N 1s XANES of anline34 features three pre-edge peaks at 400.7 共weak兲, 402.2 共strong兲,
and 404.0 共strong兲. The simulation reproduces the splittings
between the peaks, however, underestimates the intensity of
the second peak. The experimental O 1s XANES of phenol33

features three pre-edge peaks of increasing intensity at 534.9,
537.2, and 539.4 eV. The simulated O 1s XANES consists of
four peaks at 534.9, 537.0, 538.1, and 539.2 eV, reproducing
the positions and intensities of the first and third experimental peaks, but underestimating the intensity of the second
peak.
Figure 5 shows the 2DXCS spectrum of paraaminophenol in the N/N and O/O diagonal regime and N/O
and O/N cross-peak regime. At t2 = 0, the GSB and SE terms
contributing to the diagonal N/N and O/O 2DXCS signals
关Eq. 共10兲兴 are equal and result in a strong positive signal with
weak negative tails. The N/O and O/N cross peaks are much
weaker as a result of the interference between the GSB and
ESA terms 关Eq. 共11兲兴. Only the 2DXCS obtained in the sequential two-color configuration is shown, since the nonsequential configuration 关Eq. 共12兲兴 yields the essentially identical signal at t2 = 0.
The N/N signal of Fig. 5 is repeated in Fig. 6, where we
also show the XANES spectra to help assign the peaks. As

FIG. 6. 共Color兲 Simulated diagonal N/N 2DXCS signal of paraaminophenol. t2 = 0. Insets show simulated N 1s XANES from the ground
and valence excited states contributing to the N/N 2DXCS spectrum. Values
of ⍀1 and ⍀3 are given relatively to the N 1s absorption edge 共400.7 eV兲.
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phases of the incoming pulse. The real, imaginary, and absolute value N/O signals are shown in the supplementary
material.35
Figure 8 shows the simulated N 1s XANES, N/N
2DXCS, and N/O 2DXCS spectra of aniline, para-, and
ortho-aminophenol. The corresponding calculated N 1s
XANES signals of aniline, para-, and ortho-aminophenol are
remarkably similar. This is in accordance with buildingblock principle of XANES spectroscopy, which states that
the contributions of multiple core shells are additive.1 Indeed, the XANES spectra of the amine N weakly depend on
whether the hydroxyl group is in the para or ortho position,
or is not present at all. The N/N 2DXCS signal is similarly
insensitive to whether the hydroxyl group is in the para or
the ortho position or is not present at all. As discussed earlier,
the major features above the lowest absorption transition
arise form the same transitions that contribute to XANES.
The similarity of the N/N 2DXCS signal below the lowest
absorption transition shows that the transitions from valence
excited states are as well insensitive to the position of the
hydroxyl group. The situation is markedly different for the
N/O 2DXCS cross peak as the effect of the N 1s transitions
on the O 1s absorption strongly depends on the relative position of two atoms. For example, the contribution of the
lowest O 1s excited state is much stronger in the ortho isomer leading to a strong 2DXCS cross peak at ⍀3 = 0. In contrast, the 2DXCS cross peak of para-aminophenol lacks
strong features at near the O 1s absorption edge, but has two
distinctive peaks at ⍀3 ⬃ 3 and 5 eV.
FIG. 7. 共Color兲 共a兲 Simulated N 1s XANES, the GSB and ESA components,
and the total N/O 2DXCS cross peak and 共b兲 stimulated O 1s XANES, the
GSB and ESA components, and total O/N cross peak of para-aminophenol.
t2 = 0. Values of ⍀1 and ⍀3 are given relatively to the corresponding absorption edge 共400.7 eV for N 1s and 534.9 eV for O 1s transitions.兲

shown in Appendix B, there are two types of contributions to
the diagonal signal. The first arising from transitions between
the ground state and core-excited states can be factorized
into the product of the linear absorption spectra. The corresponding peaks located in the ⍀3 ⱖ 0 half of the correlation
spectrum can be identified by comparing with the linear absorption spectra. The other contribution arises from transitions between the valence-excited and core-excited states.
The corresponding peaks can be identified by their position
in the ⍀3 ⬍ 0 half of the spectrum. The strong feature at
⍀3 ⬇ −4 eV appears due to the N 1s absorption from valence
state.
Figure 7 shows the GSB and ESA components and the
total N/O and O/N 2DXCS cross peaks of para-aminophenol.
As shown in Appendix C, if the two types of core transition
are independent, we expect both terms to be approximately
equal to the product of the linear absorption of each type.
Both N/O and O/N pulse configurations yield strong individual GSB and ESA contributions, however, the total cross
peak is much weaker due to interference. In a heterodyne
measurement, such as 2DXCS it is possible to observe the
real part of the response function by varying the relative

V. CONCLUSIONS

We have simulated two-dimensional x-ray correlation
spectra obtained from the kI = −k1 + k2 + k3 phase-matching
component of the sequential coherent all-x-ray four-wavemixing signal. The diagonal part of the 2DXCS spectrum is
obtained with a one-color pulse configuration when all carrier frequencies are resonant with a given type of core transitions. Off-diagonal cross peaks are obtained with a twocolor 共either sequential or nonsequential兲 configuration
where two pulses are tuned to one and the other two pulses
are tuned to another type of core transition. Various regions
of the 2DXCS spectrum probe different types of interactions
between transitions and provide complimentary information
about the electronic states of the molecule.
Closed-form expressions for the 2DXCS signals obtained in three possible pulse configurations were derived
using an expansion over molecular eigenstates. We have
implemented a simple scheme for calculating these states
whereby the valence and core-excited states are represented
by the ground state, singly and doubly substituted Kohn–
Sham determinants of the original and equivalent-core molecules. Comparison of the calculated XANES spectra of
aniline and phenol with experiment showed that our computational algorithm reproduces the positions of core transitions
with significant intensities, but underestimates the intensities
of some peaks.
The simulated diagonal N/N 2DXCS spectrum of paraaminophenol contains contributions of transitions from
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FIG. 8. 共Color兲 Simulated N 1s XANES 共upper panel兲, diagonal N/N 2DXCS signal 共center panel兲, and N/O 2DXCS cross peaks 共lower panel兲 of 共a兲 aniline,
共b兲 para-, 共c兲 meta-, and 共d兲 ortho-aminophenol. Values of ⍀1 and ⍀3 are given relatively to the corresponding absorption edge 共400.7 eV for N 1s and 534.9
eV for O 1s transitions.兲

valence-excited to core-excited states, in addition to the transitions from ground to core-excited states already visible in
XANES. The corresponding peaks can be identified by their
positions below the lowest ground-state XANES along the
⍀3 axis. The diagonal 2DXCS signal thus provides information similar to the one obtained in the resonant x-ray emission spectroscopy, however, transitions from multiple coreexcited states included in the bandwidth are observed
simultaneously.
The N/O and O/N 2DXCS cross peaks of paraaminophenol consist of two strong contributions, whose interference results in a much weaker total signal. Previously,
we had demonstrated that the cross peaks provide information about the core excited-state wave functions beyond the
dipole coupling available in XANES.12 In particular, we
showed that a strong contribution to XANES but weak
2DXCS cross peak indicates localization of the promoted
core electron to the atom in resonance. Alternatively, a weak
XANES contribution accompanied with a strong 2DXCS
cross peak indicated the delocalization of the promoted core
electron over the two atoms whose core shells are in resonance. The simulations of the cross peaks in the three isomers of aminophenol presented here showed that they are
also sensitive to the relative position of the amine and hydroxyl groups, even if XANES or diagonal 2DXCS are not.
The 2DXCS cross peaks thus provide further insights into
the molecular and electronic structure than available in
XANES or resonant XES.
The proposed 2DXCS measurements are beyond the capabilities of existing x-ray sources. While the HHG is capable of producing spatially coherent attosecond pulses, its
brilliance is insufficient to detect the four-wave mixing sig-

nal. We estimated that there is only one generated photon per
1015 incoming photons in the fully resonant four-wave mixing measurement.12 Even with the XFEL capability of generating 1013 photons per pulse, high repetition rates and long
acquisition times will be necessary to make the experiment
feasible. Other experimental challenges include reducing the
duration of the XFEL pulse and generating multiple pulses
with controlled timing and phase.
Predicting and interpreting the 2DXCS spectra will provide a critical test for electron structure calculations and
should stimulate the development of highly accurate methods
for core transitions. The singly and doubly substituted Kohn–
Sham determinants employed in this work are sufficient for
the qualitative analysis of the 2DXCS spectra, but do not
capture the subtle details of many-electron interactions
which can be elucidated by 2DXCS spectroscopy. TDDFT,
for example, is capable of describing these interactions, yet
robust enough to allow treatment of relatively large molecules. However, current implementations of TDDFT use a
frequency-independent kernels and do not reproduce excited
states with two electron excited. These states give rise to the
ESA part of the 2DXCS cross peak above the lowest transitions and are necessary to reproduce the cross peak in this
region. Reproducing the experimental 2DXCS cross peaks
should provide a stringent test for frequency-dependent TDDFT or other methods for excited states of two-electron character.
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APPENDIX A: SUM-OVER-STATE EXPRESSIONS FOR R„3…
I

In a one-color pulse configuration, only the SE and GSB terms 关Fig. 3共a兲兴 contribute if only one atom of the given type
is present. The response function is given by
共3兲
RI,A
共t3,t2,t1兲 = i3

兺

g,e1,e1⬘

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−1 共ge⬘ + 1兲E+1 共e⬘g0 − 1兲Vg0e1Ve1gVge⬘Ve⬘g0
1

1

⫻ei共e1g0−i⌫e1g0兲t1+i共e1⬘e1−i⌫e1⬘e1兲t2−i共e1⬘g−i⌫e1⬘g兲t3 + i3

兺

g,e1,e1⬘

1

1

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−1 共ge⬘ − 1兲
1

⫻E+1 共e⬘g0 − 1兲Vg0e1Ve1gVge⬘Ve⬘g0ei共e1g0−i⌫e1g0兲t1+i共gg0−i⌫gg0兲t2−i共e1⬘g−i⌫e1⬘g兲t3 .
1

1

共A1兲

1

In a sequential two-color pulse configuration, only the GSB and ESA terms contribute 关Fig. 3共b兲兴 and the response
function is given by
共3兲
共t3,t2,t1兲 = i3
RI,B

兺

g,e1,e3

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−3 共ge3 + 3兲E+3 共e3g0 − 3兲Vg0e1Ve1gVge3Ve3g0

⫻ei共e1g0−i⌫e1g0兲t1+i共gg0−i⌫gg0兲t2−i共e3g−i⌫e3g兲t3 − i3

兺

e1,e1⬘,f

E−1 共g0e1 + 1兲E−3 共e1 f + 3兲E+3 共 fe⬘ − 3兲E+1 共e⬘g0
1

1

− 1兲Vg0e1Ve1 f V fe⬘Ve⬘g0ei共e1g0−i⌫e1g0兲t1+i共e1e1⬘−i⌫e1e1⬘兲t2−i共 fe1−i⌫ fe1兲t3 .
1

共A2兲

1

In a nonsequential two-color pulse configuration, only the SE and ESA terms contribute 关Fig. 3共c兲兴 and the response
function is given by
共3兲
共t3,t2,t1兲 = i3
RI,C

兺

g,e1,e2

E−1 共g0e1 + 1兲E+1 共e1g − 1兲E−2 共ge2 + 2兲E+2 共e2g0 − 2兲Vg0e1Ve1gVge2Ve2g0

⫻ei共e1g0−i⌫e1g0兲t1+i共e1e2−i⌫e1e2兲t2−i共e2g−i⌫e2g兲t3 − i3

E−1 共g e
兺
e ,e ,f

0 1

+ 1兲E−2 共e1 f + 2兲E+1 共 fe2 − 1兲

1 2

⫻E+2 共e2g0

− 2兲Vg0e1Ve1 f V fe2Ve2g0

ei共e1g0−i⌫e1g0兲t1+i共e1e2−i⌫e1e2兲t2−i共 fe1−i⌫ fe1兲t3 .

ground state 共g0兲 and terms include also the valence excited
states 共g ⫽ g0兲, and

APPENDIX B: ORIGIN OF THE DIAGONAL
2DXCS SIGNAL

At t2 = 0, the SE and GSB terms contributing to the di共3兲
agonal signal 关Eq. 共10兲兴 become equal and SI,A
can be recast
into
共3兲
共⍀3,0,⍀1兲
SI,A
共1兲
= 2S共1兲
1 共− ⍀1兲S1 共⍀3兲

+2

兺

E−1 共g0e1 + 1兲E+1 共e1g − 1兲Vg0e1Ve1g

e1⬘

S共1兲
j 共⍀兲 = 兺
ej

兩E2j 共e jg0 −  j兲Ve jg0兩2
⍀ − e jg0 + i⌫e jg0

.

共B2兲

Thus, we identify two types of contributions to the diagonal
2DXCS signal. The first arises from the same transitions that
contribute to the XANES and is given by the product of
XANES signals along the ⍀1 and ⍀3 axes. The other arises
from transitions form the valence to core excited states.

⍀1 + e1g0 + i⌫e1g0

g⫽g0,e1

⫻兺

共A3兲

E−1 共ge⬘ + 1兲E+1 共e⬘g0 − 1兲Vge⬘Ve⬘g0
1

1

1

⍀3 − e⬘g + i⌫e⬘g
1

1

, 共B1兲

1

where we have separated the summation over states with no
core electron excited 共g兲 into terms involving only the

APPENDIX C: ORIGIN OF THE OFF-DIAGONAL
2DXCS SIGNAL

The off-diagonal signal 关Eq. 共11兲兴 is given by the difference between the GSB and ESA terms
共3兲
GSB
ESA
共⍀3,t2,⍀1兲 = SI,B
共⍀3,t2,⍀1兲 − SI,B
共⍀3,t2,⍀1兲. 共C1兲
SI,B
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If there is no valence excited state with a significant
dipole coupling to both types of the core transitions, then
Ve1gVge3 ⬇ Ve1g0Vg0e3␦gg0

共C2兲

The 2DXCS signal is measured under the phase matching condition 共−k1 + k2 + k3 − k4 = 0兲. It thus depends solely on
the relative positions of the core shells with the given molecule

and we can recast the GSB term as

e−ik1r1+ik2r2+ik3r3−ik4r4 = e−ik1R1+ik2R2+ik3R3−ik4R4 ,

GSB
SI,B
共⍀3,t2,⍀1兲

=兺

E−1 共g0e1

+

1兲E+1 共e1g0

− 1兲Vg0e1Ve1g0

⍀1 + e1g0 + i⌫e1g0

e1

⫻兺

E−3 共g0e3 + 3兲E+3 共e3g0 − 3兲Vg0e3Ve3g0
⍀3 − e3g + i⌫e3g

e3

共1兲
= S共1兲
1 共− ⍀1兲S3 共⍀3兲.

共C3兲

If the core transitions of one type are not effected by the
presence of a core hole of a different type, then
Ve1 f V fe⬘ ⬇ Vg0e3Ve3g0␦e1e⬘ ,
1

1

 e1 f ⬇  g0e3

共C4兲

and we can recast the ESA term into 共for t2  1 / ⌫e1e1兲
ESA
共⍀3,t2,⍀1兲
SI,B

=兺

E−1 共g0e1 + 1兲E+1 共e1g − 1兲Vg0e1Ve1g0
⍀1 + e1g0 + i⌫e1g0

e1

⫻兺
e3

=

S共1兲
1 共−

E−3 共g0e3 + 3兲E+3 共e3g0 − 3兲Vg0e3Ve3g0
⍀3 − e3g + i⌫e3g
⍀1兲S共1兲
3 共⍀3兲.

ei共k2−k1兲共R1−R2兲 = ei2q共L/兲cos  ,

In the derivation of Eq. 共3兲, we have assumed the dipole
matter-field interaction. The quadrupole and higher-order
terms are small since the spatial extent of the N 1s core
orbital 共⬍0.3 A兲 is much smaller then the wavelength of the
x-ray pulse tuned to the N 1s transitions 共⬃30 A兲. However,
if multiple, spatially separated, core shells contribute to the
2DXCS signal, one must take into account the variation in
the field amplitude due to the difference in the positions of
the core shells.
Within the dipole approximation, the dependence of the
individual signal on positions of the core shells is given by
SI共t3,t2,t1兲 = Im RI共3兲共t3 + t2 + t1,t2 + t1,t1兲
共D1兲

where r j is the absolute position 共in the laboratory frame兲 of
the core shell interacting with pulse j.

共D3兲

where  is the angle between the vectors k2 − k1, R1 − R2, q
= 兩k2 − k1兩 / 兩k1兩, and L is the distance between the two core
shells contributing to the signal. Here  depends on the
orientation of the molecule in the laboratory frame and q
共0 ⱕ q ⱕ 2兲 depends on the pulse configuration.
In an oriented sample, this factor is identical for all molecules and the dependence of the total 2DXCS cross peaks
on the distance between the core shells is given by a constant
factor ei2q共L/兲cos . In an ensemble of randomly oriented
molecules, the total 2DXCS signal is obtained by averaging
over all possible molecular orientations and its dependence
on the distance between is the two core shells is given by
1
2

共C5兲

APPENDIX D: SPATIAL DEPENDENCE
OF 2DXCS SIGNALS

⫻e−ik1r1+ik2r2+ik3r3−ik4r4 ,

where R j is the positions of the core shells relative to the
molecular center of mass. Thus, if only one core shell contributes to the 2DXCS signal 共e.g., the diagonal 2DXCS signal of aminophenol兲, then total signal is independent of the
core shell position.
If two core shells contribute to the 2DXCS signal 共e.g.,
cross peaks兲, then the signal dependence on the positions of
the core shells is given by

e−⌫e1e1t2

Thus, if two types of core transitions are independent 关i.e.,
conditions 共C2兲 and 共C4兲 are satisfied兴 then both GSB and
ESA terms factorize into the product of the linear absorptions
of each type and the total off-diagonal signal given by their
difference vanishes.

共D2兲

冕



sin dei2共qL/兲cos  = sinc共2qL/兲.

共D4兲

0

The distance between the N and O atoms is 2.5 A in
para-aminophenol. Assuming the orthogonal pulse configuration 共q ⬇ 1.5兲, we obtain
具ei共k2−k1兲共R1−R2兲典 ⬇ sinc共/4兲 ⬇ 0.9.

共D5兲

The dependence of the total 2DXCS signal of aminophenol on the distance between the core shells can thus be neglected. It must, however, be taken into account in the
2DXCS cross peaks on the distance between the core shells
must, however, be taken into account in the simulations of
the 2DXCS spectra of large molecules, as cross peaks between well-separated core shells may vanish.
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