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Abstract — Closed expressions are derived for the femtosecond four-wave mixing of excitons which
include slow Gaussian diagonal fluctuations (spectral diffusion) through the cumulant expansion
and incoherent exciton transport induced by fast Markovian fluctuations. The interplay of both
processes in the two-dimensional photon echo is demonstrated using model calculations for a

dimer.

Copyright € ERLA, 2007

Introduction. — Two-dimensional (2D) spectroscopy
is a newly developed coherent technique that projects
the third-order femtosecond four-wave mixing signals onto
frequency-frequency correlation plots that carry structural
and dynamical information of molecules [1-3]. Recent
experimental advances in heterodyne detected 2D spec-
troscopy in the infrared and the visible as well as theoreti-
cal progress have made it possible to study exciton dynam-
ics and relaxation in molecules and their complexes [4-7],
protein structure fluctuations and folding [8-12], and
hydrogen bonding correlations [13,14].

Third-order impulsive spectroscopy is described by the
response function, S®)(ts, t,, t1), which relates the incom-
ing optical electric fields to the induced polarization [15]:
11, to and t3 are the delays between chronologically ordered
pulses shown in fig. 1. The time-domain signal with the
wave vector ks =—Kki +ky+ks, where k; is the wave
vector of pulse j, is known as the photon echo since it
involves the rephasing of the system’s density matrix at
t3 =t; [16]. The 2D photon echo (2D PE) signal is given
by double Fourier transform (t; - Q; and t3 - Qz, at
constant t,) of the response function, S®(Qz, t2, Q1) [2].

2D PE spectra contain many types of dynamical infor-
mation. Diagonal peak lineshapes along Q3 = —Q; reveal
the environment fluctuations: elliptical peak patterns
reflect the interplay of homogeneous and inhomoge-
neous broadenings. The cross (o [=diagonal) peaks probe

coherences, couplings, correlations and exciton transfer
dynamics. Correlated exciton dynamics and population
relaxation were observed in recent experiments [5,6,9].
Bath correlations show up as elongated peaks indicating
that the absorption frequency is correlated with the
emission frequency. The decay of these correlations can
be observed through the variation of the elliptical peaks
during t, [9]. Coherent quantum dynamics is observed as
oscillations of peak amplitudes [7].

The extraction of system parameters from the 2D data
requires extensive computational elant. Two dilerkent
approaches are used. The direct simulation of quantum
dynamics by solving the Liouville equation (non-
perturbative treatment) is the most flexible approach,
however, it is numerically expensive [17] and is not consid-
ered in this letter. Some statistical properties of fluctua-
tions can be incorporated analytically using perturbative
approach at varous levels [15]. Diagonal Gaussian fluctua-
tions with arbitrary time scale and degree of correlations
can be rigorously treated via the second-order cumulant
expansion [18]. Exciton population relaxation (transport)
is then accounted for by invoking a Markovian approxima-
tion (bath correlation time t. - 0) leading to the Redfield
equations [4]. The combined eledt of finite bath corre-
lation time and transport can be described by including
collective bath corrdinates through the stochastic Liouville
equations [19-21]. However, this is practical only when
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Fig. 1: (Color online) a) The 2D photon echo experiment. Three
laser pulses interact with the system to generate the signal
with the wave vector ks = —ki + k2 + k3. t1 and t2 are positive
delay times between pulses; t3 is the delay between the third
pulse and the detected signal. b) The energy level scheme of an
excitonic system; arrows indicate resonant optical transitions.
¢) Feynman diagrams for the photon echo in the coherent limit.
d) Population transfer diagram representing ki —kz +ks; red
dots represent interactions with ki and k2 and open circles
indicate technique-dependent interactions for k3 and the signal.
For photon echo the signal is then generated on the right side
of the diagram: k3 interacts on the right for ESA and on the
left for SE.

the number of relevant coordinates is not too large. The
doorway-window representation has been used to develop
approximate expressions that combine the cumulant
expansion and transport in the Markovian regime (A [CK:1
A~ is the bath correlation timescale and K is the exciton
transport rate) [4]. Extensive statistical Monte Carlo
sampling (diagonal and o[=diagonal disorder) is added
to account for inhomogeneous broadening due to static
fluctuations with long bath correlation timescales [22,23].
In this letter we generalize the doorway-window picture
and develop expressions that can describe both slow
bath fluctuations and transport. Two levels of theory
are considered: the first includes arbitrary degree of
correlation of frequency fluctuations but neglects the
Stokes shift during transport, and the second is limited
to correlated fluctuations but includes the Stokes shift.

Response function of excitons with diagonal

fluctuations. — We consider a multilevel system
described by the Hamiltonian
H=Hw—P-E, 1)
where the system+bath Hamiltonian is
- L 1 -
Hm = 8V|V|:|]Z||+ QVVEIIVD]ZH‘-'_HB' (2)
V) V=

The three terms represent, respectively, the system, the
system-bath interaction and the bath. g, is the energy of
the eigenstate v, Q,, cis a collective harmonic bath coordi-
nate linearly coupled to the system Hamiltonian element
|v O [24] and Hg is the harmonic bath Hamiltonian.

The eigenstates of molecular aggregates typically form
well-separated manifolds (see fig. 1b): v =g with ;=0 is
the ground state, v [Ce]lare singly excited, while states in
f, v [T] are doubly excited. The bath induces small fluc-
tuations to the diagonal and o [=diagonal matrix elements
of the system Hamiltonian. The interaction between the
system and classical optical field is represented by the
polarization operator

=) Hyy v 0Ef

vvH

©)

with the transition dipole moment p,yo
The response function S® is given by the four-point
correlation function of the polarization operator [15]:
SO(ts, to,t1) = i*F (t1, t1 + o, ty + t, +13,0)
+i3F(0, t, +10, t +t, + 13, t]_)
+iBF(0,ty,t1 + 1t + 3, 1y + 1)
+BF(ty +t+ 13,1y + 1o, 15, 0) +cc., (4)

where

F (T4, T3, T2, 1) = B ()P (13)P ()P ()T (5)

and |5(T) =exp(iI:|MT)§ exp(—iI:|MT). The correlation
function can be calculated exactly when o [=diagonal bath
fluctuations Quyoi(v EvY are neglected [18]. F can then
be expanded in the system eigenstates

F(Tff T?f Tﬁ, Ty) =
©)
HQC Heb p—bauag Fcba (T41 13, T2, Tl)u
cha

6

where using Tj; = T; —Tj we get:

c .
Fc(ba) (T4, 13, T2, T1) = eXp[—i(€cT43 + EpTa2 + E4T21)

C
+FO (1,15, T2, 10)),

Q)

and?!

fél?a) (T4, T3, T2, T1) = —0cc(T43) — Obb(T32)

—0aa(T21) = Jeb (T42) + Jeb (T43) + Jeb(T32)
—0ca(Ta1) + Jea(Ta2) + Jea(T31) — Jea(Ts2)
—0ba(T31) + Oba(T32) + Opa(T21)- 8

The superscript “C” denotes the coherent (no transport)
limit. The lineshape function is

o R

Ouv ':(t) = d-[2 dTl va ‘:(TZ - Tl)a (9)
0

1Previous expressions in ref. [11] used a semiclassical approxima-
tion and the lineshape functions were therefore symmetrized with
respect to v and v Here we do not invoke the semiclassical approxi-
mation.
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where Cyy{T2 —T1) = [Qyy (T2 — T1)Qum{0) s the bath

correlation function.

Response functions with exciton transport. —
To include exciton population relaxation we recast the
response function in the doorway-window picture [4]:

SO (ts, tr, 1) = —i* MW (t3)6(t2)D(L) 1T (10)
where D(t)=PG(t)Ppo is
by the first two pulses, G(¢) is its propagation
and W(t)= P|G(t)P is the window for the signal;

[P A] is the Liouville space polarization super-
operator (A is an arbitrary operator) and G(t)A—
B(t) exp(—lHMt)Aexp(lHMt) is the Liouville space
Green’s function. 6(t) is the Heavyside step-function.
Equation (10) is a di[erent representation for eq. (4).

Invoking the rotating wave approximation (RWA) and
expanding eq. (10) in the system eigenstates we can draw
the Feynman diagrams shown in fig. 1c,d which repre-
sent the 2D PE signal with the initial density matrix
p(—o0) =|gf]. Equation (6) is represented by diagrams
of fig. 1c which correspond to Ge,es,e0e, (f2) [Be)e,0cse, -
The diagram in fig. 1d represents additional terms with
e4s =e3 and e, =e; while e4 B e, corresponding to popu-
lation relaxation. The response function is then

the doorway prepared

S® = g(ESA) 4 g(SE) 4 g(GSB)

11)
where ESA, SE and GSB represent the excited state
absorption (the third interaction corresponds to the
absorption from the excited state e), stimulated emission
(the third interaction corresponds to the induced emission
from the excited state e) and ground-state bleaching
(the third interaction corresponds to the ground-state
absorption):

S(ESA) = feg (t3)Geses 0000 (tZ)DEI;;«‘l ()L (12)
fegsezeze;
S(SE) — W ()G t,)D (t 13
e4g( 3) eses, eze1( 2) gel( 1)L’__| ( )
eqezeze;
and
S©CSB = Wl (3)Ggg g (t2)DIF, (1) (14)

€ez€eq

The superscripts of the doorway and the window functions
indicate interactions either on the left (ket) or on the
right (bra) side of double-sided Feynman diagram. The
subscripts indicate the density matrix elements and
the angular brackets denote statistical averaging over
bath fluctuations.

The Markovian approximation can be applied for fast
bath modes, Q7). During t; and t3, Q) is responsible for
homogeneous line broadening (diagonal fast fluctuations),
while during t, it induces population relaxation and
dephasing (o [=diagonal fast fluctuations) described by a

rate equation. In the secular approximation the Green’s
function is

Ge463,6261 (t2) — e_(Ve4 +Ve3)t2

6646268361

+8e,0500,6; Gee, (2),

where G\NE(T) is the probability of the bath-assisted
transition from state v'{to state v during T and &g is
the Kronecker function. G satisfies the equation [19]
d ~ 1.
EGVVE(T) = vamﬁ;v‘I@E(T)-

vy

(15)

(16)

where Kyyois the population transport rate matrix with
the initial condition G, (0) = 0,y

Slow bath modes, Q®), are responsible for spectral
di[mdion during t; and t3. The diagonal parts of Q)
induce shifts of system eigen energies, while the o Cdiag-
onal parts can be eliminated by diagonalizing the system
Hamiltonian together with Q) explicitely included. This
is justified as long as the fluctuation amplitude is smaller
than the energy gaps within one-exciton band and the
timescale of Q) is longer than dephasing times y~1.
We therefore apply the adiabatic approximation with
respect to Q) and only retain diagonal slow fluctua-
tions. Within this model eq. (16) still holds during t,, but
the rate matrix K is modulated by Q). In the case of
smooth bath spectral density this modulation is of the
order of Q®)/kg T, where Q) is the modulation ampli-
tude. When Q®)/kgT [T, the modulation of transport
rates can be neglected and KLQ(S)) can be replaced by
its mean K = [K(Q®))[Jand G then does not depend on
Q®). The Green’s function G(t) can then be factorized
out in egs. (12) and (13). We retain the dependence of
interband coherences on Q) in t; and ts intervals in the
doorway and window functions.

We shall calculate the transport contribution to the
response function when populations change during ty, by
the cumulant expansion of eq. (11) with respect to the
slow bath coordinate. New pathways not included in the
coherent limit are presented by the diagram of fig. 1d.
This diagram represents all contributions that depend on
transport and will be used to describe SE and ESA of the
photon echo by inverting wave vector directions.

The density matrix evolution in fig. 1d is described as
follows. The first interaction occurs at time 0 on the left.
During t; the system evolves in the electronic coherence
Peg- The second interaction (on the right) creates the
population of the state e. During t, the population relaxes
from pee t0 perem During tz the system is again in an
electronic coherence ppc, Where now b and c¢ can be an
arbitrary electronic states including the ground, e and f
manifolds. The contribution of this diagram to the
response function is

T (t31 L2, tl) = _i3 'JCbuve'-MegGeLé(tZ)Fcbe%(t& T, tl)
velé
17
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where v =b when the signal is generated on the left side
of the diagram and v = ¢ when it is generated on the right
(here we used Hap = Hpa). The dynamics of F() comes
solely from doorway and window funtions and invoking the
Markovian approximation for Q(F) (superscript | denotes
incoherent transport) we get:

Fc(tigre(tsy tp, ty) = e!Wen taigeti=(Ye+Vb)ta—yels

x @'iﬁct?,e—iﬁbtge—iﬁgtge—iﬁetl o (18)
where wa, = €5 — €p, Yy is the dephasing induced by Q)
which is a sum of finite lifetime and pure dephasing:
Yv = |Kw |72 +Yy. Hy, =(5\(,§,) + |:|I(35) is the Hamiltonian
of the excited state v. We note that since fluctuations are
defined with respect to the ground state, Qgq =0. The
ordering of the evolution operators for this pathway is
defined using fig. 1d. Starting from the bottom-right we
move anti-clockwise to c, then to b, and e.

We next expand all propagators with respect to Q)
using state g as a reference and perform the cumulant
expansion for F(). We finally get

FSng(ts, t2, t1) = expliweyts —igets

— (Ve +Yo)ts — Vets + F(ts, t2,11)],  (19)

where

02 (t, t2, 1) = —Gee(ts) — oo (ts) — 9tts)
—Ope(t1 + to + t3) + gpe(t1 + t2) + Gpe(tz2 + t3)
+gce(t1 +0+ t3) - gce(tl + t2) - gce(tz + t3)

+gop(t3) + Ggolta) + Goe (t2) — Gbe(t2). (20)
This expression contains lineshape functions coming from
correlations during the time intervals t; and ts.

The response function. — The complete response
function for the photon echo consists of coherent (fig. 1c)
and population transfer contributions (fig. 1d). The former
are obtained by making the RWA to eq. (4). The latter are
described by eq. (17). The response function depends on
three ingredients F(©), F( and G. The coherent part of
populations must be multiplied by the probability of eF=e
during ty, which is Gge(t2). Since coherences, py,owith
(v 8vY, during t, do not mix with other density matrix
elements we calculate their contributions using F ().

We shall partition the response function as

s® = S|(33) + S((:S), (21)

where Sé,s) combines the terms with populations and

S((f) with density matrix coherences during t,. We then
partition

SP =5 +5EH 45 1=p c, (22

where
ESA -
S|(a (ts, ta, t1) =i

eel f
x [5eeEF§$g "ty +to, ty + o+ 13,0)

+ Zee‘j’:]s:g?@%'(t& t21 tl)]7

MferptZeGere(t2)

(23)

|:2|2 -
ng ng£e@(tz)

ee

X[0eeF G2 (0, 11 + 2, ty + 12 + 13, 1)

+Zee'_Félge%l(t3y t21 tl)]a

SEP (ts, tp, ty) = —i

(24)

GSB -
Sl(D )(t3, b, t1) =-l ugzgeEuSe

ee

XF(C)dO,tl.tl +1p + 13,1 + 1),

ege

(25)

and
LTI 1T 1

ESA -
Sé; )(t3y t,t1) =i HfetifeHgerlige
eEel f

<F&Nh t + o, ty + 1t + 13, 0), (26)

SE -
S((: )(t3,t2,t1) =-l ”Se”éem

egel

<FO0,t+to, ty + 1o +t3, 1),

ege

(27)

with SC5®) =0, Here oy =1—03a. At t,=0 exciton
transfer has not occured yet, and fluctuations contribute
only through dephasing. At long t, only populations
during t, survive, then the response is given by Sp.

Fluctuation model with Stokes shift. — In this
section we use a more restricted model for fluctuations by
assuming a single collective coordinate Q) coupled to all
exciton states during t,. We thus neglect slow intraband
energy fluctuations. In this case all one-exciton states are
correlated and bath evolution does not depend explicitely
on the state index. For this model we can include excited
state evolution with Q®) during t, and hence the
bath reorganization (dynamic Stokes shift). We will thus
assume that the bath in the excited state during t, evolves
in state e” By making the Markovian approximation with
respect to the Q) in eq. (17) we obtain

Fétl)gLé(tSa th,t]) = giWebtz—igeti —(Yo+Yb)ta—Yets
x @'i-iﬁel_ﬁze+iﬁct3e—i|:|bt3 e—iﬁe\jze—iﬁetl 1 (28)
Due to transport eMvaries during t,, however Q) remains
the same (since evolution during t, on the right side of
diagram is in the excited state, we need to include it

explicitely, which we skipped in eq. (18)). The cumulant
expansion for F() then gives

1 . .
Fc(be)%(ts, to, t1) = explinets —igety

~(Ve + Yb)ts = Yets + T8 oy (ta, t2, 1)), (29)
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Fig. 2: (Color online) 2D PE signal (ImS®(Qs,t2, Q1)) of a
dimer at different t2 delays; the model parameters are given in
fig. 3. Equations (22)—(27) using eq. (8) and eq. (30) were used
to calculate the signals. Contributions from ESA, SE and GSB
are clearly marked on the 2D plot.

where

£0)e(ta to 1) = £ (1, 1o, 1)
+2i Im[gcer(tZ + tS) - gcer(tZ) - gcer('[g)

+ Oper(t2) — Oper(ta + t3) + Qe (ta)], (30)

where Im denotes the imaginary part. The expression
now has the same limit for t, — oo as in ref. [4] when
bath correlations completely decay.

Application to a model dimer. — We demonstrate
our results for a model system of two coupled two-level
molecules. We assume that the two transitions are well
separated and do not spectrally overlap. The transition
energy of each chromophore j =1,2 is Ej =g = A, where
A is the detuning parameter. The coupling between
chromophores is J. The eigenenergies of the system we
denote g (lower energy), ey (higher-energy singly excited
state) and 2gq (doubly excited state).

The bath is represented by two overdamped Brownian
oscillator coordinates inducing site energy fluctuations
E;j(t) with correlation decay rates A (fast) and A
(slow). A®) induces uncorrelated fluctuations while A
creates fully correlated fluctuations. The correlation func-
tion of site energy fluctuations Cj;c(t) = [H; (Y)E;«(0) =
3j; CE () +CO(t), where CO(t) (I=S,F) is the site
energy correlation function.

We model the spectral density of local chromophore
energy fluctuations as C (M (w) = 20/ (w? + A?) ™1 giving
the e [edtive lineshape function

g0 (1) = AOAD22Kks T —iAD) (e AVt + AW —1),
(31)
where T is the temperature and kg is the Boltzmann
constant.

Parameters

E,=¢,—A kyT=A/10
E,=¢,+A | AT'=A/5
J=A A'¥=A/1000
u;=(1,0,0) AF=A/25
u,=(0,1,0)] A¥=4/2.5
Site representation  Eigenstates Absorption
A" 2e,
AN
..... -t
-
.................. -0
2 2
(w—ey)lA

Fig. 3: Scheme, parameters and absorption of the model

dimer. Relations between parameters are kgT LA
AP2/ANEkgT) LI (fast  limit), AS?HYASkeT) 11
(slow limit), inhomogeneous linewidth yi= A®kgT <A,

homogeneous linewidth yn = AP ke T/AP) < yi and A® <K
(population transport rate from higher-energy single-exciton
state to the lower-energy state —rate in the opposite direction
is not included). A® induces uncorrelated fluctuations of
site transition energies, while slow fluctuations are completely
correlated.

The transformation of this model to the eigenbasis is
given in [4]. Population transport rates were calculated
using equation (C3) of [25].

The 2D PE for various delay times t, calculated using
egs. (22)—(27) using eq. (8) and eq. (30) are shown in
fig. 2 (the model parameters are given in fig. 3). The
signal at t, = 0 consists of four regions: two diagonal peaks
(L, lower energy and H, higher energy; the diagonal is
shown by a dashed line) and two crosspeak regions LH
and HL. The diagonal peaks are elongated diagonally due
to A®®): the widths across and along the diagonal represent
homogeneous and inhomogeneous linewidths, respectively.
These peaks consist of GSB (with e =e"in fig. 1c) and
SE (e =l contributions; both are negative (blue online).
The crosspeaks are also elongated in the same direction
due to positive correlations. GSB (e 8 eJ —negative, SE
(e B eY —negative and ESA —positive contribute in this
region.

At t, = Kl_zl, population partially transfers to the L
state and the SE contribution of the L peak increases
at the same time increasing the ESA contribution in
the LH region (yellow online) while the ESA in the HL
region originating from the H state decays (blue online
—GSB survives). All peaks become broader in the anti-
diagonal direction due to the loss of correlations of the
slow coordinate.

Additional contributions of SE and ESA appear along
Q1 = —¢& due to exciton transfer from H to L. They are
induced by the diagram of fig. 1d and become well resolved
at toA®) =1 where all e & e“contributions disappear since
AG) K5} and Stokes shift become visible as correlations

17005-p5
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decay. The ESA contribution from exciton transfer is
marked as Tesa (positive) and SE contribution is marked
Tse (negative). They separate from H and HL compared
to t, =0 due to Stokes shift formation.

At long t, the bath correlations of A®) disappear
and thus all peaks become broad anti-diagonal and the
Stokes shift of diagonal and o[=diagonal peaks become
intense.

Discussion. — We have calculated the 2D PE signal
by incorporating statistical properties of fluctuating bath
coordinates and population relaxation. Our expressions
rely on the separation of bath timescales —approximation
that is commonly used by describing optical properties.
In absorption spectra the fast bath modes are responsi-
ble for homogeneous linewidth, while slow modes lead to
inhomogeneous linewidth (static limit). The photon echo
techniques can estimate homogeneous linewidth and popu-
lation relaxation and additionally probe the decay of
fluctuation correlations. The static limit then does not
apply and extension to the finite regime is provided by
our theory. Most of the present simulations assume fast
bath modes and simulate static disorder numerically. We
extended the expressions to the regime of fast and slow
timescales which show up as dynamics of peak lineshapes
in 2D PE spectra. Therefore we can describe population
relaxation and decay of correlations at early t, times.
When the fluctuation and population relaxation timescales
are comparable the signal can be calculated by numerical
simulation of the quantum dynamics [17].

Equations (20) and (30) represent two levels of theory:
eg. (20) holds for arbitrary bath fluctuations when the
inhomogeneous linewidth <kgT, while eq. (30) describes
arbitary inhomogeneous linewidth but for correlated
slow energy fluctuations. In the former case the Stokes
shift is small, while in the latter the shift is properly
incorporated. The Stokes shift should be relevant to
photosynthetic systems where large-scale protein motions
induce correlated fluctuations. In vibrational spectroscopy
the linewidth is usually smaller than kg T and the Stokes
shifts are negligible. In both cases bath correlations
are preserved for toA®) <1. The interplay of transport
dynamics and correlation decays will be visible when A(S)
is comparable to K. In 2D PE, finite bath timescales
are responsible for time evolving lineshapes as bath
correlations decay with t,. Exciton transport and bath
correlations on this timescale are observed in photosyn-
thetic systems [6] and vibrations of peptides [9]. We have
assumed overdamped bath model. Correlated fluctuation
dynamics due to underdamped bath modes has been
recently observed [7].

The present application was made to a model dimer
system, which is the simplest excitonic aggregate.
However, our obtained expressions are not limited to
dimeric systems and can describe correlated dynamics in
arbitrary multilevel excitonic systems.
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