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A superoperator nonequlibrium Green’s function (SNGF) formalism is presented for comput-
ing nonlinear optical processes involving any combination of classical and quantum optical
modes. Closed correlation-function expressions based on superoperator time-ordering are de-
rived for the combined effects of causal response and non-causal spontaneous fluctuations.
Coherent three wave mixing (sum frequency generation (SFG) and parametric down con-
version (PDC)) involving one and two quantum optical modes respectively, are connected
to their incoherent counterparts: two-photon-induced fluorescence (TPIF) and two-photon-
emitted fluorescence (TPEF).
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Much effort in quantum optics has been primarily focused on the quantum prop-
erties of light [1–3]. When the optical fields are tuned off-resonance with respect to
the matter transitions, the matter serves as mediator of interactions between the
field modes. The optical processes may then be described by an effective Hamilto-
nian for the field [1, 2] and the matter enters only through some parameters such
as nth-order nonlinear susceptibilities χ(n). The parametric description quantum of
optics misses all resonant spectroscopic information.

Non-linear spectroscopy, on the other hand, is mainly concerned with intrinsic
properties of the material and uses classical light to interrogate them [4, 5]. The
semiclassical approach [2] which treats the material quantum mechanically and all
fields classically is broadly used in spectroscopic applications. When a quantum
system interacts with a classical field its properties may be described by a set of
causal response functions (CRF) which can be derived order by order in the cou-
pling. These CRF are given by specific combinations of dipole correlation functions
with various time orderings [4]. Causality which implies that all interactions oc-
cur prior to the observation time is guaranteed by their retarded nature. Strictly
speaking, for spontaneous processes where the signal field is initially in the vac-
uum state, that mode must be treated quantum mechanically. This is avoided in
the semiclassical approach to coherent nonlinear optics by computing the signal by
solving Maxwell’s equations; quantum fields are never introduced at this level of
theory.

Quantum spectroscopy brings both worlds together by treating the light and
matter as coupled quantum systems. When two quantum systems are placed in
contact, they interact thorough spontaneous, non-causal, fluctuations. It is not
possible to classify the dynamical events in terms of a cause and effect. Such systems
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can be described by combinations of correlation functions other than the CRF
known as multi-point Green’s functions[6, 7]. By working in Liouville space and
introducing superoperator notation it is possible to describe processes involving
any combination of classical and quantum optical modes in terms of a single set of
superoperator non-equilibrium Green’s functions (SNGF)[6, 8, 9].

In this paper we apply the SNGF formalism to establish the connections between
various types of experiments involving quantum modes of the radiation field. All
quantum modes considered here are initially in their vacuum states and are popu-
lated by spontaneous emission. Spectroscopy with other types of the non-classical
quantum fields including entangled photons will be reported elsewhere.

We first consider several coherent signals [8] which scale as N(N − 1), where N
is the number of optically active molecules. These include homodyne-detected sum
frequency generation (SFG)[10] and difference frequency generation (DFG)[4, 11]
which involve two classical and one quantum mode. We further calculate paramet-
ric down conversion (PDC)[12–15] which involves one classical and two quantum
modes. PDC is one of the primary sources of entangled photon pairs [1, 16, 17].

We next consider incoherent signals which scale as N . These comprise heterodyne
detected SFG and DFG, which involve three classical modes, and two types of two
photon fluorescence [18]: two photon induced fluorescence with one classical and
two quantum modes (TPIF)[19–21] and two photon emitted fluorescence with two
classical and one quantum make (TPEF).

The SNGF formalism is essential when some modes other than the signal mode
are quantum. Once the quantum nature of the optical field is taken into account,
the signals may not be represented solely by the CRF’s since non-causal correlated
spontaneous fluctuations of both matter of field must be taken into account. Optical
signals can then be described by superoperator non-equilibrium Green’s functions
(SNGF) which are given by other combinations of dipole correlation functions.

The semiclassical approach cannot describe the most general non-linear optical
processes which involve spontaneously generated photons. The SNGF language
of quantum spectroscopy can describe both quantum and classical optical fields.
Seemingly different processes can then be treated by a unified formalism.

The SNGF allow us to classify the various possible measurement systematically
and compare their information content. This formalism has been applied to describe
Van Der Waals forces in molecules[6], charge transfer in quantum junctions [7]
and inelastic resonances in STM currents [22]. A brief description of the SNGF is
presented in the following section.

1. Quantum description of multiple wave mixing.

We start with the quantized light-matter Hamiltonian

H(t) = H0 + Hint(t) (1)

Here H0 is the material Hamiltonian. The field-matter coupling in the interaction
picture with respect to the optical field is given by

Hint = −
∑
α

E′
α(t)V ′

α

The quantized electric field operator of mode α is given by:

E′
α(t) = Eα(t) + E†

α(t) (2)
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Here

Eα(t) = eα

√
2π~ωα

Ω
aα exp (ikαr− iωαt)

is the positive frequency part and eα, ωα,kα are the polarization, frequency and
wave vector of the given mode α; aα is the photon annihilation operator; Ω is the
quantization volume. The mode index spans a set α = {|n〉1, |n〉2 . . .}, where |n〉α
is an n photon state of in mode α. Similar to equation (2), the molecular transition
dipole moment operator will be partitioned into positive and negative frequency
components V ′

α = Vα +V †
α , where the subscript implies projection on the quantized

electric field direction of mode α.
We assume that the detector registers the number of photons per unit time in

mode α and the signal is given by the time averaged photon flux:

Sα = lim
T→∞

1
2T

T∫

−T

d

dt

〈
a†αaα

〉
dt (3)

Using the Heisenberg equation of motion for the photon number in mode α:

d

dt
a†αaα =

i

~

[
Hint, a

†
αaα

]
,

and the interaction Hamiltonian (1), the signal can be expressed as:

Sα =
1
π~
=

∞∫

−∞

〈
E′

α(t)V ′
α(t)

〉
dt (4)

where the explicit time dependence of the dipole operator is given in the interaction
picture with respect to the molecular part of the Hamiltonian H0 [8]. The expec-
tation value 〈. . .〉 is over the initial state of the entire system (matter + photons)
at t = −∞.

We next introduce the superoperator notation. With every ordinary operator A
we associate two superoperators defined by their action on an ordinary operator X
as AL = AX (left), AR = XA (right). We further define a different set of super-
operators by a unitary transformation: A− = 1√

2
(AL −AR), A+ = 1√

2
(AL + AR).

More details on the superoperator algebra in the L,R and the +,− representations
are given in Appendix A [22].

The SNGF of nth order are defined as traces of time ordered products of
such superoperators: 〈T A+(t) A+(tn) . . . A+(tn−m+1)︸ ︷︷ ︸

m

A−(tm−n) . . . A−(t1)︸ ︷︷ ︸
n−m

〉, where

m = 0, . . . , n. The time ordering superoperator a key bookkeeping device in this
formalism and is defined as:

T Aν1(t2)Bν2(t1) = θ(t2 − t1)Aν1(t2)Bν2(t1) +

+θ(t1 − t2)Bν2(t1)Aν1(t2)

The indices νj can be be either + or −; θ(t) is the Heaviside step function. The
SNGF’s may contain an arbitrary number of + and − superoperators. The chrono-
logically last superoperator must be a + one, otherwise the SNGF vanishes (See
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eq.(A3)).

The signal (4) can be expanded perturbatively Sα =
∞∑

m=1
S

(m)
α in the interaction

superoperator H int− (See Appendix A). The material SNGF’s are defined as:

V(m)
νm+1νm...ν1

(tm+1, tm, . . . , t1) = 〈T V ′
νm+1

(tm+1)V ′
νm

(tm) . . . V ′
ν1

(t1)〉 (5)

The causal response functions (CRF) are one type of SNGF and have the form
of 〈A+(t)A−(tn) . . . A−(t1)〉 (one + and several − superoperators). SNGF’s of the
form V(m)

+− . . .−︸ ︷︷ ︸
m

give causal ordinary molecular response function of mth order. The

material SNGF of the form V(m)

++ . . .+︸ ︷︷ ︸
m

represent the mth moment of the fluctuating

molecular superoperator. Material SNGF of the form V(m)

++ . . .+︸ ︷︷ ︸
n

− . . .−︸ ︷︷ ︸
m−n

indicates

changes in nth moment of molecular fluctuations induced by m − n light/matter
interactions[6].

The optical field SNGF’s are similarly defined:

E(m)
νm+1νm...ν1

(tm+1, tm, . . . , t1) = 〈T E′
νm+1

(tm+1)E′
ν̄m

(tm) . . . E′
ν̄1

(t1)〉 (6)

The m wave mixing signal is given by a sum of 2m terms, each factorized into a
product of mth order material and corresponding optical field SNGF’s:

S(m)
α = = im2(m+1)/2δm+1,α

πm!~m+1

∑
νm

. . .
∑
ν1

∞∫

−∞
dtm+1dtm . . . dt1 × (7)

Θ(tm+1)V(m)
νm+1νm...ν1

(tm+1, tm, . . . , t1)E(m)
νm+1ν̄m...ν̄1

(tm+1, tm, . . . , t1)

where tm+1, tm, . . . , t1 are the light/matter interaction times. The factor Θ(tm+1) =
m∏

i=1
θ(tm+1 − ti) guarantees that the tm+1 is the last light-matter interaction. The

indexes ν̄j are the conjugates to νj and are defined as follows: the conjugate of + is
− and vice versa. Equation (7) implies that each material excitation is caused by
fluctuations in the optical field and vice versa. The 2(m+1)/2 factor comes from the
relation (A1) between the commutator(anti-commutator) and the superoperators.

Equation (7) also holds in the L,R representation, where the conjugate of ”left”
is ”left” and the conjugate of ”right” is ”right”: L̄ = L, R̄ = R. In this repre-
sentation the coefficient 2(m+1)/2 must be replaced by unity. The material SNGF
V(m)

LL . . . L︸ ︷︷ ︸
n

R . . . R︸ ︷︷ ︸
m−n

represent a Liouville space pathway with n + 1 interactions from

the left (i.e. with the ket) and m−n interactions from the right (i.e. with the bra).
We next recast the material SNGF (5) in the frequency domain by performing a
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multiple Fourier transform:

χ(m)
νm+1νm...ν1

(−ωm+1; ωm, . . . , ω1) = (8)
∫ ∞

−∞
dtm+1 . . . dt1Θ(tm+1)ei(ωmtm+...+ω1t1)

δ(−ωm+1 + ωm + . . . + ω1)V(m)
νm+1νm...ν1

(tm+1, tm, . . . , t1)

The SNGF χ
(m)

+− . . .−︸ ︷︷ ︸
m

(−ωm+1; ωm, . . . , ω1) (with one + and the rest m − indices)

are the mth order nonlinear susceptibilities derived from CRF’s. Other SNGF’s
in the frequency domain with arbitrary combination of + and − indices can be
interpreted similarly to their time domain counterparts (5).

In the L,R representation, each material SNGF (8) represents a Liouville-space
pathways. For some techniques it is more convenient to use a mixed representa-
tion of SNGF where some superoperators are in the L,R and others in the +,−
representation.

In the coming sections the general formal expression for the signal (7) will be
applied to calculate specific non-linear techniques by a proper choice of initial
conditions for the optical field and the allowed material optical transitions.

2. Heterodyne-detected sum and difference frequency generation.

We first consider two second order signals S
(2)
3 involving three classical modes.

The third mode is singled out since it is heterodyne detected and its time-averaged
photon flux (number of photons per unit time) is measured.

The initial state of the field is given by a product of coherent states: |t = −∞〉 =
|β〉1|β〉2|β〉3, where |β〉α are eigenfunctions of the mode α annihilation operator:
aα|β〉α = βα|β〉α. Coherent states are the most classical quantum states of light
[3].

For coherent optical states, all field SNGF in the L,R representation (6) are
identical E′

L = E′
R(the superoperator index makes no difference since all operations

commute). In the +,− representation no ”minus” indices are allowed, since E′− = 0.
Only one type of optical SNGF then contribute to the classical signal:

E(2)
+++ (t3, t2, t1) = E ′(t3)E ′(t2)E ′(t1) (9)

where E ′ = 〈E′
L〉 = 〈E′

R〉 = βα

√
2π~ωα/Ω is the classical field amplitude.

The conjugate material SNGF’s (5) transformed into L,R representation contains
eight terms with only half of them being independent:

23/2V(2)
+−− (t3, t2, t1) = V(2)

LLL (t3, t2, t1)− V(2)
LRL (t3, t2, t1)− (10)

−V(2)
LLR (t3, t2, t1) + V(2)

LRR (t3, t2, t1)

where we have put the last interaction to the left branch.
To simplify eq. (10) further, we assume a three level material scheme as shown

in Fig.1(B) and Fig.2(B). All transitions between ground |g〉, intermediate |e〉 and
|f〉 state manifolds are allowed. The dipole moment creation operator projected on
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Figure 1. Heterodyne detected DFG: (A) phase matching condition k3 = k1 − k2; (B) molecular level
scheme; (C) CTPL diagrams.

mode α is given by:

V †
α = µα

ge|g〉〈e|+ µα
ef |e〉〈f |+ µα

gf |g〉〈f | (11)

with the corresponding optical transition dipole moments µα
eg = eα〈e|µ|g〉, µα

ef =
eα〈f |µ|e〉, µα

gf = eα〈f |µ|g〉. Initially the material system is in the ground state
|g〉. Once the molecular level scheme is specified we shall invoke the rotating-wave
approximation (RWA) for the interaction Hamiltonian:

Hint = −
∑
α

V †
αEα(t) + c.c. (12)

Without loosing generality we assume that the last interaction is emission, which
implies that V(2)

LRR (t3, t2, t1) ≡ 0 since one can not de-excite the ground state.
In RWA the material SNGF’s written in terms of L,R superoperators, can be

represented by close-time path loop (CTPL) diagrams introduced by Schwinger-
Keldysh many body theory [8, 9]. The rules for constructing these partially-time-
ordered diagrams are summarized in Appendix B. All CTPL diagrams correspond-
ing to material SNGF’s (10) are shown in Fig.1(C) and Fig.2(C) (possible permu-
tation of k2 and k1 is not shown but implied). The signals (7) are given by the
causal χ

(2)
+−−(−ω3,±ω2,±ω1) response functions. This result is well known and can

be obtained by using the standard semiclassical approach taking the optical fields
to be classical. This calculation illustrates how the SNGF formalism works.

To obtain non-linear signals (7), corresponding material SNGF (10) must be
calculated for each technique. To that end we must to specify the phase matching
conditions (frequencies and wave vectors of the optical modes). This will be done
below.

2.1. Difference frequency generation (DFG)

In DFG (Fig.1) the first mode k1 promotes the molecule from its ground state |g〉
into state |f〉. The second mode k2 induces stimulated emission from |f〉 to an
intermediate |e〉; and the third mode k3 stimulates the emission from |e〉 to |g〉.
All optical modes are linearly polarized in ex direction. The signal is measured in
the phase matching direction k3 = k1−k2. The CTPL diagrams corresponding to
this technique are shown in Fig.1(C).

The optical field SNGF in equation (9) is:

E(2)
+++ (t3, t2, t1) = E?

3 (t)E?
2 (t2)E1(t1) (13)
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The material SNGF’s in equation (10) become:

23/2V(2)
+−− (t3, t2, t1) = (14)

= 〈T V 3
L (t3)V

2,†
L (t2)V

1,†
L (t1)− 〈T V 3

L (t3)V
2,†
R (t2)V

1,†
L (t1)〉 =

= θ(t2 − t1)〈V 3(t3)V 2,†(t2)V 1,†(t1)− 〈V 1,†(t1)V 3
L (t3)V 2,†(t2)〉

Note that V(2)
LLR (t3, t2, t1) = 0 since the molecule can not be de-excited from its

ground state. The step function θ(t2 − t1) indicates that interactions within one
branch are time ordered.

Substituting (14), (13) into (7), the DFG signal can be written in the frequency
domain as:

SDFG(−ω3, ω2, ω1) =
23/2

π~
=E?

3E?
2E1χ

(2)
+−− (−ω3;−ω2, ω1) δ(ω1 − ω2 − ω3) (15)

where second order susceptibility is give by:

23/2χ
(2)
+−− (−(ω1 − ω2);−ω2, ω1) = (16)

1
2!~2

(〈g|V3G(ωg + ω1 − ω2)V2G(ωg + ω1)V
†
1 |g〉−

〈g|V2G
†(ωg + ω1 − ω2)V3G(ωg + ω1)V

†
1 |g〉)

Here G(ω) is the retarded Green’s function:

G(ω) =
~

~ω −Hmol + i~γ
(17)

Advanced Green’s function G†(ω) is its hermitian conjugate; ~γ is the dephasing
rate. Note that sinal (16) can be directly restored from the diagrams in Fig.1(C)
simply by applying the rules given in Appendix B.

Expanding (17) into molecular eigenstates and putting into (16) gives:

23/2χ
(2)
+−− (−(ω1 − ω2);−ω2, ω1) = (18)

1
2!~2

µx
gfµx

feµ
x
eg

(ω1 − ωgf + i~γgf )(ω1 − ω2 − ωeg + i~γeg)
−

1
2!~2

µx
gfµx

feµ
x
eg

(ω1 − ωgf + i~γgf )(ω2 − ωeg − i~γeg)

Equation (18) indicates that the signal induced by classical optical fields is given
by the second order CRF. This susceptibility tensor is used in the standard effective
interaction Hamiltonian of quantum optics (44).

2.2. Sum Frequency Generation SFG

In SFG (Fig.2 (A)) the first two modes promote the molecule from its ground
state |g〉 through intermediate state |e〉 into the state |f〉. The third mode induces
stimulated emission from |f〉 to the ground state |g〉. The signal is generated in the
phase matching direction k3 = k1 + k2.
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Figure 2. Heterodyne detected SFG: (A) phase matching condition k3 = k1 + k2; (B) level scheme; (C)
CTPL diagrams.

The heterodyne SFG signal can be obtained as we did for DFG, by utilizing the
diagrams shown in Fig.2(C):

SSFG(ω1, ω2) =
23/2

π~
=E?

3E2E1χ
(2)
+−− (−ω3;ω2, ω1) δ(ω1 + ω2 − ω3) (19)

The CRF is now given by:

23/2χ
(2)
+−− (−(ω1 + ω2);ω2, ω1) = (20)

1
2!~2

〈g|V3G(ωg + ω1 + ω2)V
†
2 G(ωg + ω1)V

†
1 |g〉 =

1
2!~2

µx
geµ

x
feµ

x
eg

(ω1 − ωeg + i~γeg)(ω1 + ω2 − ωgf + i~γgf )

SFG with three classical waves can be alternatively described in Hilbert space by
an effective interaction Hamiltonian (43) with the material parameter given by
equation (20).

The purpose of this section was to illustrate how the superoperator approach
works for well-known classical spectroscopic techniques. We started from the fact
that all the optical modes are classical (coherent states) and therefore the signal
is given by the CRF. In the SNGF’s language it can be translated into the second
order susceptibility χ

(2)
+−−. All moments of molecular fluctuations vanish identically

(χ(2)
++− = χ

(2)
+++ = 0). From the +,− representation we transformed the CRF to

L,R representation and implied CTPL diagrams technique to find relevant molec-
ular Liouville pathways and restore the signals.

In the coming sections equations (20) and (18) will be compared with other
techniques involving various combinations of quantum and classical optical fields.
We apply described above algorithm backwards. That is for each individual tech-
nique we establish non-vanishing Liouville pathways in the L,R representation and
transform the signal to +,− representation. That representation will tell us to what
degree the molecular fluctuations determine the signals.

3. Two-photon-induced fluorescence (TPIF) vs. homodyne SFG

We now turn to techniques involving two classical and one quantum mode where
the initial state of the optical field is: |t = −∞〉 = |β1〉1 |β2〉2 |0〉3. We again assume
the three level material system (Fig.3(B)). We assume that the ground state is a
manifold and ωeg 6= ωef . Latter allows us to focus on the resonant SNGF’s and
reduces the number of diagrams.
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Figure 3. Three wave process with two classical and one quantum mode.(A) phase-matching conditions:
for TPIF the spontaneous mode is not particularly directed, but for the homodyne-detected SFG the mode
is emitted into a cone determined by the reciprocal of the sample size.(B) molecular level scheme; (C1)
CTPL for the incoherent TPIF; (C2) is for the coherent homodyne-detected SFG. For the coherent signal
, optical field interactions with the molecule 1 of the pair occur from the left (L) , and the interactions
with the molecule 2 occur form the right (R).

The two classical modes k1, k2 promote the molecule from its ground state
|g〉 through the intermediate state |e〉 into the final state |f〉. The system then
spontaneously moves back into the ground state manifold |g′〉 by emitting a photon
into the third detected mode k3 which is initially in the vacuum state (See Fig.3
(B)).

The signal (photon flux in the k3 mode) involves three optical field modes and
six light/matter interactions. Therefore, equation (7) must by expanded to fifth
order in Hint.

The fifth order signal S
(5)
CCQ (CCQ implies two classical and one quantum mode)

may be written as sum of 25 terms each given by a product of molecule/field six
point SNGF’s. Only processes which satisfy the following conditions contribute to
the signal:

(1) Creation operator of the quantum mode a†3 must be accompanied by cor-
responding annihilation operator a3.
(2) The quantum mode can only de-excite the molecule (emission), which im-
plies that the annihilation operator must act on the bra and the creation op-
erator act on the ket.
(3) The coherent optical fields are tuned off resonance with respect to the ωfg′

transition. Hence, the signal is not masked by stimulated emission.

We assume a collection of N noninteracting molecules positioned at ri so that
V =

∑
i Viδ(r − ri). The relevant CTPL diagrams for processes involving three

optical modes and six light/matter interactions are presented in Fig.3(C). The field
modes can either interact with the same molecule (incoherent process, Fig.3(C1))
or two different molecules (coherent process, Fig.3(C2))[8].
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3.1. Two-photon-induced fluorescence (TPIF)

TPIF is an incoherent three wave process involving two classical and one quantum
mode. The phase-matching condition k1 − k1 + k2 − k2 + k3 − k3 = 0 is auto-
matically satisfied for any k3. The actual angular disposition of the spontaneously
emitted photons is determined by eq. (26) and electric field vectors of the input,
subject to rotational diffusion over the two-photon excited state lifetime. Using the

identity
N∑

i=1
exp i (k1 − k1 + k2 − k2 + k3 − k3) (r− ri) = N we obtain the optical

field SNGF (6):

E(5)
LR++++ (t6, t5, . . . , t1) = (21)

NE1(t1)E?
1 (t2)E2(t3)E?

2 (t4)
2π~ω3

Ω
exp (iω3(t6 − t5))

The relevant material SNGF (5) is:

V(5)
LR−−−− (t6, t5, . . . , t1) = (22)

〈T V 3
L (t6)V

3,†
R (t5)V 2

−(t4)V
2,†
− (t3)V 1

−(t2)V
1,†
− (t1)〉

Utilizing equations (21) and (22), the frequency domain signal can be written as:

STPIF (ω1, ω2) =
N

π~
∑

k3

|E1|2 |E2|2 8π~ω3

Ω
× (23)

=χ
(5)
LR−−−− (−ω3;ω3,−ω2, ω2,−ω1, ω1)

Note that the above expression is given in the mixed (L/R, +/−) representation.
It can be recast into the +,− representation using the following identity:

2χ
(5)
LR−−−− = χ

(5)
++−−−− − χ

(5)
+−−−−− (24)

Here the first term (two ”plus” four ”minus” indices) arises since one of the modes
is not classical. The second term is the ordinary CRF.

The material SNGF in the frequency domain (8) can be calculated by switching
to the L,R representation:

χ
(5)
LR−−−− (−ω3; ω3,−ω2, ω2,−ω1, ω1) =

1
4
χ

(5)
LRLRLR (−ω3;ω3,−ω2, ω2,−ω1, ω1)

and utilizing the the diagram (C1) of Fig.3:

χ
(5)
LRLRLR (−ω3;ω3,−ω2, ω2,−ω1, ω1) = (25)

1
5!~5

〈g|V1G
†(ωg + ω1)V2G

†(ωg + ω1 + ω2)×

×V †
3 G†(ωg + ω1 + ω2 − ω3)V3G(ωg + ω1 + ω2)V

†
2 G(ωg + ω1)V

†
1 |g〉
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Expanding equation (25) in molecular states gives:

4χ
(5)
LR−−−−(−(ω1 + ω2);ω2, ω1) =

∑

gg′

|µx
g′fµx

feµ
x
eg|2 (26)

× 1
5!~5

1
[(ω1 − ωeg)2 + γ2

eg][ω1 + ω2 − ωfg + iγfg]

× 1
[ω1 + ω2 − ωfg′ − iγfg′ ][ω1 + ω2 − ω3 − ωgg′ − iγgg′ ]

Provided the energy splitting within the ground state manifold ωgg′ is small com-
pared with the optical transitions the signal can be recast in the form:

STPIF (ω1, ω2) =
2Nω3

5!~5Ω
|E1|2 |E2|2 |Tg′g(ω1, ω2)|2 δ(ω1 + ω2 − ω3 − ωgg′) (27)

The transition amplitude is:

Tg′g(ω1, ω2) =
µg′fµfeµeg

(ω1 − ωeg + iγeg)(ω1 + ω2 − ωfg + iγfg)

is a direct generalization of the Kramers-Heisenberg form of ordinary (single-
photon) fluorescence [4, 8].

The SNGF in equation (25) has been referred to as the fluorescence quantum ef-
ficiency by Webb [19] or the two-photon tensor by Callis [20]. Our result is identical
to that of Callis.

When the two classical coherent modes are degenerate (ω1 = ω2) the sig-
nal in equation (27) describes non-resonant Hyper-Raman scattering (ωgg′ 6= 0)
also known as incoherent second harmonic inelastic scattering [20, 23, 24]. When
ω1 = ω2 and ωgg′ → 0 (but not equal to) equation (27) describes off-resonant
Hyper-Rayleigh scattering also known as incoherent second harmonic elastic scat-
tering. Off-resonant Hyper-scattering is a major complicating factor for TPIF mi-
croscopy [25]. The distinction between Hyper-Raman and TPIF processes is com-
plete analogy to their single photon counterparts (ordinary Raman and fluores-
cence). Latter has been discussed in details in Ref.[4]. The difference between this
process can be described by adding pure dephasing processes. The concept of pure
dephasing is beyond CTPL treatment.

3.2. Homodyne-detected sum frequency generation

The coherent part of the S
(5)
CCQ signal ((C2) in Fig.3) describes homodyne-detected

SFG. Photons in the k3 mode are spontaneously emitted into a cone [1] of solid
angle ∼ ∆k. Here the phase matching ∆k ≈ k1 + k2 − k3 reflects the uncertainty
in the phase given by the reciprocal of the sample characteristic size. For a large
sample one can assume ∆k ≈ 0 which effectively narrows the optical cone. The
optical field SNGF is given by equation (21), but instead of factor N it now contains
the factor:

N∑

i=1

N−1∑

j 6=i

ei∆k(r−ri)e−i∆k(r−rj) ≈ N(N − 1) (28)
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For large N the coherent part ∼ N(N − 1) dominates over the incoherent ∼ N
response. For a small sample size, exact calculation of the optical field part of the
SNGF is rather lengthy, but can be performed in the same fashion as done by Hong
and Mandel [13] for the probability of photon detection.

Next we turn to the material SNGF. For the coherent process we must work in
the joint space of two molecules |〉1,2 = |〉1|〉2 interacting with the same field mode.
Hence, the material SNGF of the joint system can be factorized into a product of
SNGF of molecule 1 and 2:

V(5)
LR−−−− (t6, t5, . . . , t1) = (29)

〈T V 3
+(t6)V

3,†
+ (t5)V 2

−(t4)V
2,†
− (t3)V 1

−(t2)V
1,†
− (t1)〉 =

〈T V 3
+(t6)V

2,†
− (t3)V

1,†
− (t1)〉1〈T V 3,†

+ (t5)V 2
−(t4)V 1

−(t2)〉2

where we have used the fact that the last interaction must be a ”plus” and the
field interactions with the two molecules are not time ordered.

Using equation (29) the coherent material SNGF in the frequency domain as-
sumes the form of square of a second order CRF:

26/2=χ
(5)
++−−−− (−ω3; ω3,−ω2, ω2,−ω1, ω1) =

∣∣∣23/2χ
(2)
+−− (−(ω1 + ω2);ω2, ω1)

∣∣∣
2

This factorization can be also obtained in the L,R representation using the di-
agram (C2) in Fig.3. The classical modes excite the molecules and the quan-
tum mode de-excites them. Hence, the interactions with the first molecule ket
(L) are accompanied by the conjugate interactions with the second molecule bra
(R). Transforming the first molecule diagram to the +,− representation we find
that first molecule contributes the causal response χ

(2)
LLL (−(ω1 + ω2);ω2, ω1) =

23/2χ
(2)
+−− (−(ω1 + ω2);ω2, ω1) given by equation (20). The second molecule pro-

vides the conjugate causal response.
The homodyne-detected SFG signal is finally given by:

SSFG = N(N − 1) |E1|2 |E2|2 2(ω1 + ω2)
Ω

∣∣∣23/2χ
(2)
+−− (−(ω1 + ω2);ω2, ω1)

∣∣∣
2

(30)

Equation (30) can be alternatively obtained from the effective interaction Hamil-
tonian of the form (43) where the material parameter given by the causal response
function χ

(2)
+−− (−(ω1 + ω2);ω2, ω1).

Both homodyne and heterodyne SFG are given by the same CRF χ
(2)
+−−. The

main difference is that the latter satisfies perfect phase matching condition, while
for the former this condition is only approximate and becomes exact for sufficiently
large samples.

To summarize this section we give the total signal for a three wave process
involving two classical and one quantum field (CCQ)) which includes both the
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Figure 4. Three wave process with two quantum and one classical modes. (A) phase-matching conditions:
for TPEF spontaneous modes are not directed, but for PDC the modes are emitted into two collinear
cones. (B) molecular level scheme. CTPL for the incoherent TPEF (C1) and coherent Type I PDC (C2).
In panel (C2) the two diagrams correspond to the conjugate pathways of the molecules in the pair.

incoherent and coherent components:

S
(5)
CCQ(ω2, ω1) = |E1|2 |E2|2 2ω3

Ω
(31)

[N26/2=χ
(5)
++−−−− (−ω3;ω3,−ω2, ω2,−ω1, ω1)−

−N26/2=χ
(5)
+−−−−− (−ω3; ω3,−ω2, ω2,−ω1, ω1)+

+N(N − 1)
∣∣∣23/2δ(ω3 − ω1 − ω2)χ

(2)
+−− (−ω3;ω2, ω1)

∣∣∣
2
]

4. Two-photon-emitted fluorescence (TPEF) and Type I parametric down
conversion (PDC).

We now turn to three wave processes involving one classical and two quantum
modes (Fig.4). We start with the incoherent response of N identical molecules
initially in their ground state and the initial state of the optical field is |t = −∞〉 =
|β1〉1 |0〉2 |0〉3. The classical field k1 pumps the molecule from its ground state
|g〉 into the excited state |f〉. The system then spontaneously emits two photons
into modes k2, k3 (See Fig.4 (B)) which are initially in the vacuum state. These
incoherent process which involves one classical and two quantum modes will be
denoted as two-photon-emitted fluorescence (TPEF).

This process is phase insensitive since the phase matching condition k1 − k1 +
k2 − k2 + k3 − k3 = 0 is automatically satisfied for any k3. Later we shall com-
pare it with Type I parametric down conversion (PDC). Therefore, we chose the
following beam polarization configuration as is usually done for PDC of this type:
the spontaneously generated photons are polarized along x axis, and the classical
mode polarized along y axis.

The TPEF signal is given by the time-averaged photon flux in the k3 mode. We
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again make use of the CTPL diagrams to find the relevant SNGF contributing to
the signal. Using the initial state of the field the diagrams must satisfy the following
conditions:

(1) Creation operators of the spontaneously generated modes a†3, a
†
2 acting on

the ket must be accompanied by corresponding annihilation operators a3, a2

acting on the bra.
(2) The first mode ω1(k1) is off-resonance with respect to both ωeg and ωfe

transitions. Stimulated emission can thus be neglected.
(3) The spontaneous modes have different frequencies. Modes k2 and k3 are
resonant with ωfe and ωeg respectively.

Diagram (C1) in Fig.4 satisfies the above conditions. The non-resonant diagrams
have been omitted. Using this diagram we obtain the optical field and material
SNGF’s:

E(5)
LLRR++ (t6, t5, . . . , t1) = (32)

NE1(t1)E?
1 (t2)

2π~ω3

Ω
2π~ω2

Ω
exp (iω3(t6 − t5)) exp (iω3(t4 − t3))

V(5)
LLRR−− (t6, t5, . . . , t1) = (33)

〈T V 3
L (t6)V

3,†
R (t5)V

2,†
R (t4)V 2

L (t3)V 1
−(t2)V

1,†
− (t1)〉

Using equations (32), (33) the incoherent part of the signal in the frequency domain
is given by:

STPEF (ω1) =
N

π~
|E1|2 2π~(ω2)

Ω
2π~ω3

Ω
=2χ

(5)
LRLR−− (−ω3;ω3,−ω2, ω2, ω1,−ω1)

The corresponding SNGF can be calculated using the diagram (C1) in Fig.4:

−2χ
(5)
LRLR−− (−ω3; ω3,−ω2, ω2, ω1,−ω1) =

= χ
(5)
LRLRLR (−ω3; ω3,−ω2, ω2, ω1,−ω1) =

1
5!~5

〈g|V †
1 G†(ωg + ω1)V

†
2 G†(ωg + ω1 − ω2)V3G

†(ωg + ω1 − ω2 − ω3)V3×

G(ωg + ω1 − ω2)V2G(ωg + ω1)V
†
1 |g〉

Expansion in the molecular eigenstates gives the frequency-domain response func-
tion in the Kramers-Heisenberg form:

−2χ
(5)
LRLR−− (−ω3; ω3,−ω2, ω2, ω1,−ω1) = (34)

1
5!~5

∑

gg′
|µx

g′eµ
x
efµy

fg|2
1

(ω1 − ωfg)2 + γ2
fg

| 1
ω1 − ω2 − ωeg + iγeg

|2δ(ω1 − ω2 − ω3)
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Equation (34) can be recast in the L,R and +,− representations:

χ
(5)
LRLR−− (−ω3; ω3,−ω2, ω2, ω1,−ω1) =

−1
4
χ

(5)
++−−−− (−ω3;ω3,−ω2, ω2, ω1,−ω1)−

−1
4
χ

(5)
+++−−− (−ω3;ω3,−ω2, ω2, ω1,−ω1) +

+
1
4
χ

(5)
++−+−− (−ω3;ω3,−ω2, ω2, ω1,−ω1) +

+
1
4
χ

(5)
++++−− (−ω3;ω3,−ω2, ω2, ω1,−ω1)

Unlike TPIF, TPEF signal does not depend on the CRF χ
(5)
+−−−−−. Only other

types of the response function contribute. The TPEF is solely determined by the
various moments of the molecular fluctuations.

4.1. Type I PDC

We now turn to the coherent response from a collection of identical molecules which
interact with one classical pumping mode to spontaneously generate two quantum
modes (See Fig.4 (A,B)) with the same polarization. This Type I parametric down
conversion (PDC) process is widely used for producing entangled photon pairs.
Spontaneously generated modes are emitted into two collinear cones as shown in
Fig.4(A). Hereafter we assume perfect phase matching ∆k = k1 − k2 − k3 which
is the case for a sufficiently large sample [1].

The initial conditions for PDC are the same as for TPEF and most PDC exper-
iments are well described by the CRF χ

(2)
+−−. Therefore one would expect a con-

nection between TPEF and PDC, similar to that of TPIF and homodyne-detected
SFG. However, as we are about to demonstrate, the causal second order response
function does not provide complete description of the PDC process.

To compute corrections to the second order CRF caused by the quantum origin
of the spontaneous modes. To do so we again resort to the CTPL diagrams (See
Fig.4 (C2)). For the coherent response form the molecular pairs, the optical field
SNGF is given by equation (32) with the factor N replaced by N(N − 1). The
material SNGF (33) can be factorized into the product of conjugate SNGF’s for
the first and second molecule of the pair as shown in Fig.4 (C2):

2V(5)
LLRR−− (t6, t5, . . . , t1) = (35)

〈T V 3
L (t6)V 2

L (t3)V
1,†
L (t1)〉1〈T V 3,†

R (t5)V
2,†
R (t4)V 1

R(t2)〉2

Note that this factorization is unique since 〈T V 3
L (t6)V

2,†
R (t4)V

1,†
L (t1)〉 = 0 when the

material is initially in its ground state. Using this factorization the coherent PDC
signal in the frequency domain can be written as:

SPDC(ω1, ω2) = (36)

N(N − 1)
4π~

|E1|2 2π~ω2

Ω
2π~(ω1 − ω2)

Ω
|21/2χ

(2)
LL− (−(ω1 − ω2);−ω2, ω1) |2
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Here the generalized response function expanded in the eigenstates has form:

21/2χ
(2)
LL− (−(ω1 − ω2);−ω2, ω1) = χ

(2)
LLL (−(ω1 − ω2);−ω2, ω1) =

1
2!~2

µy
gfµx

feµ
x
eg

(ω1 − ωgf + i~γgf )(ω1 − ω2 − ωeg + i~γeg)

This mixed representation can be recast in the +,− representation:

χ
(2)
LL− =

1
2
(χ(2)

+−− + χ
(2)
++−) (37)

Comparing the CRF for heterodyne detected DFG (18) and the SNGF’s for Type
I PDC (37) we see that the latter is described not only by CRF χ

(2)
+−− but also

by the second moment of material fluctuations χ
(2)
++−. In the L,R representation

it selects one Liouville pathway χ
(2)
LLL, while the classical optical fields drive the

material system along all possible pathways.
The SNGF formalism suggests that Type I PDC can be calculated by using

the effective interaction Hamiltonian (44) with the material parameter: χ(2) =
χ

(2)
LLL (−(ω1 − ω2);−ω2, ω1).
Concluding this section we give the signal for the three wave process involving

one classical and two quantum fields (CQQ) which contains both an incoherent
and a coherent component:

S
(5)
CQQ(ω2, ω1) =

1
π~

|E1|2 2π~ω2

Ω
2π~ω3

Ω
× (38)

N=2χ
(5)
LRLR−−(−ω3;ω3,−ω2, ω2, ω1,−ω1)+

+N(N − 1)|21/2δ(ω3 + ω2 − ω1)χ
(2)
LL−(−ω3;−ω2, ω1)|2

5. Type II PDC; polarization entanglement.

In Type II parametric down-conversion, the two spontaneously-generated photons
have orthogonal polarizations. Because of birefringence, the photons are emitted
along two non-collinear spatial cones known as ordinary and extraordinary beams
(See Fig.5 (A)). Polarization-entangled light [1, 26] is generated at the intersections
of the cones. An x polarization filter and a detector are placed at one of the cones
intersections. The detector cannot tell from which beam a photon originates. The
process involves five optical modes: one classical |1〉|y〉 and four quantum modes
{|2〉|x〉, |2〉|y〉, |3〉|x〉, |3〉|y〉}.

The polarization-entangled signal is described by CTPL diagrams shown in Fig.5
(C). The Type II PDC signal has two contributions S

(5)
PDCII = S

(5)
3x + S

(5)
2x . The

signal S
(5)
3x assumes the form of equation (36), with the material pathway depicted
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Figure 5. Type II PDC: (A) phase matching, (B) molecular level scheme; (C) CTPL diagrams for the
coherent signal from k3 (C1) and k2 (C2) modes polarized along x direction.

in Fig.5(C1):

χ
(2)
LL− (−(ω1 − ω2);−ω2, ω1) = (39)

=
1
2

[
χ

(2)
+−− (−(ω1 − ω2);−ω2, ω1) + χ

(2)
++− (−(ω1 − ω2);ω2,−ω1)

]
=

=
1

2!~2

C

(ω1 − ωgf + i~γgf )(ω1 − ω2 − ωeg + i~γeg)

where the coefficient C is given by:

C2 = |µy
gf |2(|µx

fe|2|µx
eg|2 + 2µx

feµ
x
egµ

y
feµ

y
eg+ (40)

µx
feµ

x
egµ

x
feµ

y
eg + µy

feµ
y
egµ

y
feµ

x
eg)

The signal S
(5)
3x is described by diagrams (C2) in Fig.5:

χ
(2)
LL− (−ω2;−(ω1 − ω2), ω1) = (41)

=
1
2
(χ(2)

+−− (−ω2;−(ω1 − ω2), ω1) + χ
(2)
++− (−ω2;−(ω1 − ω2), ω1)) =

=
1

2!~2

C

(ω1 − ωgf + i~γgf )(ω2 − ωeg + i~γeg)
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Figure 6. (A) The Type I PDC signal (36) is given by the SNGF (thick solid line) and by the standard
causal response function (thin solid curve). (B) Type II PDC signal (42) given by the SNGF’s (thick solid
line) is compared with the signal given by the causal response function (thin solid curve). The perfect
matching conditions are assumed and the classical beam frequency is set into resonance with ωgf (for
parameters see the text). The signal dependence on ω2 is presented.

The total Type II PDC signal is:

SPDCII(ω1) = (42)

N(N − 1)
4π~

|E1|2 2π~ω2

Ω
2π~(ω1 − ω2)

Ω
×

[
|21/2χ

(2)
LL− (−(ω1 − ω2);−ω2, ω1) |2 + |21/2χ

(2)
LL− (−ω2;−(ω1 − ω2), ω1) |2

]

We shall compare the generalized response given by the SNGF’s (χ(2)
+−− +

χ
(2)
++−)/2 in equation (41) with the CRF χ

(2)
+−− (see equation (18) commonly used

to describe both types of PDC. We assume a model material system with the fol-
lowing parameters. The transition dipole moments are µy

gf = µx
fe = µx

eg = 0.1 and
µy

eg = µy
fe = 0 (arbitrary units). For all transitions the dephasing rates are the

same ~γgf = ~γeg = 0.05ωgf . The classical mode k1 provides a common factor for
causal and generalized response function:

|µgf |2
ω1 − ωgf + i~γfg

Hence, without we can assume it to be in resonance with the ω1 ≈ ωgf transition.
In Type II PDC the SNGF’s approach and conventional CRF description give

quantitatively similar results as both resonances (ω2 ≈ ωeg and ω1 − ω2 ≈ ωeg)
participate (See Fig.6 (A)). On the other hand, Type I PDC has only one resonance
in the SNGF ω1−ω2 ≈ ωeg, and therefore it is qualitatively different from the CRF
near the resonance (See Fig.6(B)). The off-resonant regime is well described by the
CRF.

6. Conclusions

In quantum optics, a three wave mixing process is commonly described by an
effective interaction Hamiltonian for the radiation modes[12]. For SFG this reads:

Heff = −
∫

drχ(2)E†
3 (ω1 − ω2)E†

2 (ω2) E1 (ω1) (43)
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and for DFG and PDC:

Heff = −
∫

drχ(2)E†
3 (ω1 + ω2)E2 (ω2) E1 (ω1) (44)

The second order nonlinearity tensor χ(2) is responsible for the coupling between
the modes in both cases. Various techniques differ by the initial state of the fields.
The nonlinearity tensor contains various second order susceptibilities χ

(2)
+−−. Lat-

ter is based on assumption that the molecular response is classical. That is it is
described by causal response function (CRF) and optical fields are not affected
by material fluctuations. However, this assumption justified only when all optical
modes are in coherent classical states; adding (subtracting) a single photon to such
modes makes no noticeable effect.

Here we considered techniques which involve optical modes initially in the vac-
uum state. The changes in their state due to material fluctuations must be taken
into account. These processes can not be described by the conventional causal
response function. The parametric model (equations (43) and (44)) must be ad-
justed to incorporate non-causality by treating both light and matter quantum
mechanically.

A unified framework for calculating non-linear optical signals generated in a
material system by interactions with any combination of quantum and classical
radiation fields is provided by The SNGF formalism developed in this article. SNGF
formalism incorporates CRF and reduces to the latter in case when the coherent
optical fields as shown here for heterodyne-detected SFG and DFG techniques.
CRF contains all possible molecular Liouville pathways. In SNGF formalism this
statement is proved by switching from +,− to L,R representations of the SNGF’s.
When quantum optical fields are involved the number of available pathways may
be reduced. This, in turn, makes various moments of molecular fluctuations to play
essential role in the non-linear signal. Here we prove this statement by switching
from L,R to +,− representation. Various spectroscopic techniques which involve
both quantum and classical optical fields were considered.

We have examined the applicability of the conventional second order parametric
model for the description of the PDC and homodyne-detected SFG, since the pro-
cesses involve highly non-classical spontaneously generated modes. We compared
the incoherent TPEF and the coherent PDC signals. The incoherent TPIF was
compared with the coherent homodyne-detected SFG. The second order paramet-
ric model does not apply to a single molecule incoherent response and has to be
extended to the fifth order generalized response function description. Two photon
fluorescence with one quantum and two classical modes (TPIF) is described not
only by the causal response function χ

(5)
+−−−−− but also by the second moment of

molecular fluctuation χ
(5)
++−−−−. The two photon fluorescence signal with two quan-

tum and one classical modes (TPEF) does not contain the causal response function
but involves higher moments in material fluctuations χ

(5)
+++−−−, χ

(5)
++++−−.

For ensembles of identical molecules, such as crystals with no inversion symme-
try, the SNGF corresponding to TPIF can be reduced to the homodyne-detected
SFG given by ordinary second order response function χ

(2)
+−−. PDC is the coherent

analogue of TPEF. In addition to the CRF χ
(2)
+−−, PDC contains contributions

from the second moment of molecular fluctuations χ
(2)
++−.

Equations (31) and (38) represent closed compact expressions for both coherent
and incoherent signals with one and two quantum modes respectively. In the off-
resonant regime, both types of PDC are well described by conventional second
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order CRF. Quantum corrections quantitatively affect the Type II PDC but bring
qualitative changes into Type I PDC in the vicinity of molecular resonances.

In this paper we considered only one type of nonclassical optical fields - sponta-
neously emitted photons. Future applications to other types of non-classical fields
such as, for instance, entangled photons, are of great interest [29]. The SNGF for-
malism show that non-causal contributions to the non-linear signals are signatures
of various moments of molecular fluctuations. For clarity of the presentation

Finally we summarize the advantages of the SNGF’s formalism:

• Processes involving an arbitrary number of classical and quantum modes of
the radiation field may be treated within the same framework by simply varying
the number of + and − superoperators.
• Intuitive loop diagrams can be used to describe all processes in the L,R

representation.
• Incoherent and coherent (cooperative) signals may be derived from the same

expressions.
• A unified approach is provided for resonant and off-resonant measurements.

Only the latter may be described by an effective Hamiltonian for the field which
depends parametrically on the matter.
• Nonlinear spectroscopy conducted with resonant classical fields only accesses

the CRF. Quantum fields reveal the broader family of SNGF’s which carry ad-
ditional information about fluctuations as shown in Table C1.
• Spectroscopy with quantum entangled fields [27, 28] may be naturally de-

scribed by the SNGF formalism.
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Appendix A. Superoperator algebra

Below we briefly summarize superoperators and their algebraic properties [8].
The superoperators are defined by their action on an ordinary operator X:

A−X =
1√
2

[A,X] (A1)

A+X =
1√
2

(AX + XA) (A2)

The following properties can be verified directly from the definition:

〈AX〉 = 〈A+X〉 ; 〈A−X〉 = 0 (A3)

(AB)− = A−B+ + A+B−; (AB)+ = A+B+ + A−B− (A4)

The L(left),R(right) superoperators are given by their action in the Hilbert space:

ALX = AX ARX = XA

The L,R and +,− superoperators are related by the unitary transformation:

A− =
1√
2
(AL −AR) A+ =

1√
2

(AL + AR)

AL =
1√
2
(A+ −A−) AR =

1√
2

(A+ + A−)

Appendix B. Rules for the CTPL diagrams

The following rules are used to construct the loop diagrams [8]:
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(1) Time runs along the loop clockwise from bottom left to bottom right.
(2) The left branch of the loop represents the ket, the right represents the bra.
(3) Each interaction with a field mode is represented by a line acting on either
the right (R-operators) or the left (L-operators) branch.
(4) The field is marked by dressing the lines with arrows, where an arrow
pointing to the right (left) represents the field annihilation (creation) operator
Eα(t) (E†

α(t)).
(5) Within the RWA, each interaction which annihilates a photon Eα(t) is
accompanied by the operator V †

α , which leads to molecular excitation. Similarly
E†

α(t) de-excites the molecule by applying operator V .
(6) Arrows pointing ”inwards” (i.e. pointing to the right on the ket and to
the left on the bra) consequently cause absorption of a photon by exciting the
system, whereas arrows pointing ”outwards” (i.e. pointing to the left on the
bra and to the right on the ket) represent dexcitating the system by photon
emission.
(7) The observation time tm+1, is fixed and is always chronologically the last.
As a convention, it is chosen to occur from the left. This can always be achieved
by a reflection of all interactions through the center line between the ket and
the bra, which corresponds to taking the complex conjugate of the original
correlation function.
(8) The loop translates into an alternating product of interactions (arrows) and
free evolutions periods (vertical solid lines) along the loop.
(9) Since the loop time goes clockwise along the loop, periods of free evolution
on the left branch amount to propagating forward in real time with the prop-
agator give by the retarded Green’s function G. Evolution on the right branch
corresponds to backward propagation (advanced Green’s function G†).

(10) The frequency arguments of the various propagators are cumulative, i.e.
they are given by the sum of all ”earlier” interactions along the loop. Addition-
ally, the ground state frequency is added to all arguments of the propagators.

(11) The Fourier transform of the time-domain propagators adds an additional
factor of i(−i) for each retarded (advanced) propagator.

(12) The overall sign of the SNGF is given by (−1)NR , where NR is the number
of R superoperators.

Appendix C. Table I
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