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A superoperator non-equilibrium Green’s function formalism is presented for computing nonlinear optical
processes involving any combination of classical and quantum optical modes. Closed correlation-function
expressions based on superoperator time-ordering are derived for the combined effects of causal response and
non-causal spontaneous fluctuations. Coherent three wave mixing (sum frequency generation and parametric
down conversion) involving one and two quantum optical modes, respectively, are compared with their
incoherent counterparts: two-photon-induced fluorescence and two-photon-emitted fluorescence.
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1. Introduction
Quantum optics focuses primarily on the quantum
properties of light [1–3]. When the optical fields are
tuned off-resonance with respect to the matter transitions, the matter serves as mediator of interactions
between the field modes. The optical processes may
then be described by an effective Hamiltonian for the
field [1,2], and the matter only enters through some
parameters such as nth-order nonlinear susceptibilities
(n). The parametric description quantum of optics
misses all resonant spectroscopic information.
Nonlinear spectroscopy, on the other hand, is
mainly concerned with intrinsic properties of the
material and uses classical light to interrogate them
[4,5]. The semiclassical approach [2], which treats the
material quantum mechanically and all fields classically, is broadly used in spectroscopic applications.
When a quantum system interacts with a classical field
its properties may be described by a set of causal
response functions (CRF) which can be derived order
by order in the coupling. These CRF are given by
specific combinations of dipole correlation functions
with various time orderings [4]. Causality, which
implies that all interactions occur prior to the
observation time, is guaranteed by their retarded
nature. Strictly speaking, for spontaneous processes
where the signal field is initially in the vacuum state,
that mode must be treated quantum mechanically. This
is avoided in the semiclassical approach to coherent
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nonlinear optics by computing the signal by solving
Maxwell’s equations; quantum fields are never introduced at this level of theory.
Quantum spectroscopy brings both worlds together
by treating the light and matter as coupled quantum
systems. When two quantum systems are placed in
contact, they interact thorough spontaneous, noncausal, fluctuations. It is not possible to classify the
dynamical events in terms of a cause and an effect. By
working in Liouville space and introducing superoperator notation it is possible to describe processes
involving any combination of classical and quantum
optical modes in terms of a single set of superoperator
non-equilibrium Green’s functions (SNGF) [6–9].
The SNGF formalism is essential when some modes
other than the signal mode are quantum. Once the
quantum nature of the optical field is taken into
account, the signals may not be represented solely by
the CRFs since non-causal correlated spontaneous
fluctuations of both matter and field must be taken into
account. Optical signals can then be described by
superoperator non-equilibrium Green’s functions
(SNGF), which are given by other combinations of
dipole correlation functions.
In this paper we apply the SNGF formalism to
establish the connections between various types of
experiments involving quantum modes of the radiation
field. All quantum modes considered here are initially
in their vacuum states and are populated by
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spontaneous emission. Spectroscopy with other types
of non-classical quantum fields including entangled
photons will be reported elsewhere.
We first consider several coherent signals [8] which
scale as N(N  1), where N is the number of optically
active molecules. These include homodyne-detected
sum frequency generation (SFG) [10] and difference
frequency generation (DFG) [4,11], which involve two
classical and one quantum mode. We further
calculate parametric down conversion (PDC) [12–15],
which involves one classical and two quantum modes.
PDC is one of the primary sources of entangled photon
pairs [1,16,17].
We further consider incoherent signals which scale
as N. These comprise heterodyne-detected SFG and
DFG, which involve three classical modes, and two
types of two-photon fluorescence [18]: twophoton-induced fluorescence with one classical and
two quantum modes (TPIF) [19–21] and two-photonemitted fluorescence with two classical and one
quantum make (TPEF).
The semiclassical approach cannot describe the
most general nonlinear optical processes which involve
spontaneously generated photons. In contrast, the
SNGF language of quantum spectroscopy can describe
both quantum and classical optical fields. Seemingly
different processes can then be treated by a unified
formalism.
The SNGF allow us to classify the various
possible measurements systematically and compare
their information content. This formalism has been
applied to describe Van Der Waals forces in
molecules [6], charge transfer in quantum junctions
[7] and inelastic resonances in STM currents [22]. A
brief description of the SNGF is presented in the next
section.

2. Quantum description of multiple wave mixing
We start with the quantized light–matter Hamiltonian
HðtÞ ¼ H0 þ Hint ðtÞ:

ð1Þ

Here, H0 is the material Hamiltonian. The field–matter
coupling in the interaction picture with respect to the
optical field is given by
X
E0 ðtÞV0 :
Hint ¼ 


The quantized electric field operator of mode  is
E0 ðtÞ ¼ E ðtÞ þ Ey ðtÞ:

ð2Þ

Here,
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ph!
a exp ðik r  i! tÞ
E ðtÞ ¼ e

is the positive frequency part and e, ! and k are the
polarization, frequency and wave vector of the given
mode , a is the photon annihilation operator and 
is the quantization volume. The mode index spans a set
 ¼ {jni1, jni2, . . .}, where jni is an n photon state in
mode . Similar to Equation (2), the molecular
transition dipole moment operator will be partitioned
into positive and negative frequency components
V0 ¼ V þ Vy , where the subscript implies projection
on the quantized electric field direction of mode .
We assume that the detector registers the number
of photons per unit time in mode  and the signal is
given by the time-averaged photon flux:
1
T!1 2T

S ¼ lim

Z

T

d y
ha a idt:
dt
T

ð3Þ

Using the Heisenberg equation of motion for the
photon number in mode ,
d y
i
a a ¼ ½Hint , ay a ,
dt 
h
and the interaction Hamiltonian (1), the signal can be
expressed as
Z1
1
ð4Þ
S ¼ =
hE 0 ðtÞV0 ðtÞidt,
ph 1 
where the explicit time dependence of the dipole
operator is given in the interaction picture with respect
to the molecular part of the Hamiltonian H0 [8].
The expectation value h. . .i is over the initial state of
the entire matter/photon system at t ¼ 1.
We next introduce the superoperator notation.
With every ordinary operator A we associate two
superoperators defined by their action on an ordinary
operator X as AL ¼ AX (left), AR ¼ XA (right). We
further define a different set of superoperators by
a unitary transformation,
1
A ¼ pﬃﬃﬃ ðAL  AR Þ,
2

1
Aþ ¼ pﬃﬃﬃ ðAL þ AR Þ:
2

More details on the superoperator algebra in the L,R
and þ,  representations are given in Appendix A [22].
The SNGF of nth order are defined as traces of
time-ordered products of such superoperators:
hT Aþ ðtÞ Aþ ðtn Þ . . . Aþ ðtnmþ1 Þ A ðtmn Þ . . . A ðt1 Þi,
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
m

nm
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where m ¼ 0, . . . , n. The time-ordering superoperator is
a key bookkeeping device in this formalism and is
defined as
T A1 ðt2 ÞB2 ðt1 Þ ¼ ðt2  t1 ÞA1 ðt2 ÞB2 ðt1 Þ
þ ðt1  t2 ÞB2 ðt1 ÞA1 ðt2 Þ:
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The indices j can be either þ or , and (t) is the
Heaviside step function. The SNGFs may contain
an arbitrary number of þ and  superoperators. The
chronologically last superoperator must be a þ one,
otherwise the SNGF vanishes (see Equation (A3)).
The
(4) can be expanded perturbatively
P signal
ðmÞ
in the interaction superoperator Hint
S ¼ 1

m¼1 S
(see Appendix A).
The material SNGFs are defined as
VðmÞ
mþ1 m ...1 ðtmþ1 , tm , . . . , t1 Þ
D
E
¼ T V0mþ1 ðtmþ1 ÞV0m ðtm Þ . . . V01 ðt1 Þ :

where tmþ1, tm, . . . , t1 are theQlight/matter interaction
times. The factor ðtmþ1 Þ ¼ m
i¼1 ðtmþ1  ti Þ guarantees that the tmþ1 is the last light–matter interaction.
The indexes j are the conjugates to j and are defined
as follows: the conjugate of þ is  and vice versa.
Equation (7) implies that each material excitation is
caused by fluctuations in the optical field and vice
versa. The 2(mþ1)/2 factor comes from the relation (A1)
between the commutator (anti-commutator) and the
superoperators.
Equation (7) also holds in the L,R representation,
where the conjugate of ‘left’ is ‘left’ and the conjugate
of ‘right’ is ‘right’: L ¼ L, R ¼ R. In this representation
the coefficient 2(mþ1)/2 must be replaced by unity.
The material SNGFs,
VðmÞ
LL
..L
R . . . R,
|ﬄﬄﬄ.{zﬄﬄ
ﬄ} |ﬄﬄﬄ{zﬄﬄﬄ}
n

ð5Þ

The causal response functions (CRFs) are one type of
SNGF and have the form hAþ(t)A(tn) . . . A(t1)i (one
þ and several  superoperators). SNGFs of the form
VðmÞ
þ

|ﬄﬄﬄ{zﬄﬄﬄ}

mn

represent a Liouville space pathway with n þ 1 interactions from the left (i.e. with the ket) and m  n
interactions from the right (i.e. with the bra).
We next recast the material SNGF (5) in the
frequency domain by performing a multiple Fourier
transform:

m

give a causal ordinary molecular response function of
mth order. The material SNGFs of the form
VðmÞ
þþ    þ
|ﬄﬄﬄ{zﬄﬄﬄ}

1

 ð!mþ1 þ !m þ    þ !1 ÞVðmÞ
mþ1 m ...1

m

represent the mth moment of the fluctuating molecular
superoperator. Material SNGF of the form

mn

indicates changes in the nth moment of
molecular fluctuations induced by m  n light/matter
interactions [6].
The optical field SNGFs are defined similarly:
EðmÞ
mþ1 m ...1 ðtmþ1 , tm , . . . , t1 Þ
D
E
¼ T E0mþ1 ðtmþ1 ÞE0m ðtm Þ . . . E01 ðt1 Þ :

ð6Þ

The m wave mixing signal is given by a sum of 2m
terms, each factorized into a product of mth-order
material and corresponding optical field SNGFs:
Z
im 2ðmþ1Þ=2 mþ1, X X 1
ðmÞ
...
dtmþ1 dtm    dt1
S ¼ =
pm!
hmþ1
1
m
1
ðmÞ
 ðtmþ1 ÞVðmÞ
mþ1 m ...1 ðtmþ1 , tm , . . . , t1 ÞEmþ1 m ...1

 ðtmþ1 , tm , . . . , t1 Þ,

 ðtmþ1 , tm , . . . , t1 Þ:

ð8Þ

The SNGF

VðmÞ
þþ    þ

|ﬄﬄﬄ{zﬄﬄﬄ} |ﬄﬄﬄ{zﬄﬄﬄ}
n

ðmÞ
mþ1 m ...1 ð!mþ1 ; !m , . . . , !1 Þ
Z1
¼
dtmþ1 . . . dt1 ðtmþ1 Þeið!m tm þþ!1 t1 Þ

ð7Þ

ðmÞ
þ
    ð!mþ1 ; !m , . . . , !1 Þ
|ﬄﬄﬄ{zﬄﬄﬄ}
m

(with one þ and the rest m  indices) are the
mth-order nonlinear susceptibilities derived from
CRFs. Other SNGFs in the frequency domain with
arbitrary combinations of þ and  indices can be
interpreted similarly to their time domain counterparts (5).
In the L,R representation, each material SNGF (8)
represents a Liouville-space pathway. For some
techniques it is more convenient to use a mixed
representation of SNGF where some superoperators
are in the L,R and others in the þ,  representation.
In the following sections, the general formal
expression for the signal (7) will be applied to calculate
specific nonlinear techniques in a model molecular
system by a proper choice of initial conditions for the
optical field.

Downloaded By: [University of California Irvine] At: 03:15 27 December 2009

268

O. Roslyak and S. Mukamel

3. Heterodyne-detected sum and difference frequency
generation
We first consider two second-order signals Sð2Þ
3 involving three classical modes. The third mode is singled
out since it is heterodyne detected by measuring its
time-averaged photon flux (number of photons per
unit time).
The initial state of the field is given by a product of
coherent states: jt ¼ 1i ¼ ji1ji2ji3, where ji are
eigenfunctions of the mode  annihilation operator:
aji ¼ ji. Coherent states are the most classical
quantum states of light [3].
For coherent optical states, all field SNGF in the
L,R representation (6) are identical E 0 L ¼ E 0 R (the
superoperator index makes no difference since all
operations commute). In the þ,  representation, no
‘minus’ indices are allowed, since E 0  ¼ 0. Only one
type of optical SNGF then contributes to the classical
signal:
0
0
0
ð9Þ
Eð2Þ
þþþ ðt3 , t2 , t1 Þ ¼ E ðt3 ÞE ðt2 ÞE ðt1 Þ,
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where E 0 ¼ hEL0 i ¼ hER0 i ¼  2p
h! = is the classical field amplitude.
The conjugate material SNGFs (5) transformed
into L, R representation contains eight terms, but only
half of them are independent:
ð2Þ
ð2Þ
23=2 Vð2Þ
þ ðt3 , t2 , t1 Þ ¼ VLLL ðt3 , t2 , t1 Þ  VLRL ðt3 , t2 , t1 Þ
ð2Þ
 Vð2Þ
LLR ðt3 , t2 , t1 Þ þ VLRR ðt3 , t2 , t1 Þ,

ð10Þ
where we have set the last interaction at the left
branch.
To simplify Equation (10) further, we assume
a three-level material scheme as shown in
Figures 1(b) and 2(b). All transitions between the
ground jgi, intermediate jei and j f i state manifolds
are allowed. The dipole moment creation operator
projected on mode  is given by
Vy ¼ ge jgihej þ ef jeih f j þ gf jgih f j,

(a)

(b)

ð11Þ

(c)

Figure 1. Heterodyne-detected DFG. (a) Phase-matching
condition k3 ¼ k1  k2. (b) Molecular level scheme. (c) CTPL
diagrams.

with the corresponding optical transition dipole
moments eg ¼ e hejjgi, ef ¼ e h fjjei and gf ¼
e h f jjgi. Initially, the material system is in the ground
state jgi. We further invoke the rotating-wave approximation (RWA) for the interaction Hamiltonian:
X
Vy E ðtÞ þ c.c.
Hint ¼ 
ð12Þ


Without loss of generality we assume that the last
interaction
is
emission.
This
implies
that
Vð2Þ
ðt
,
t
,
t
Þ
¼
0
since
one
can
not
de-excite
the
3
2
1
LRR
ground state.
In the RWA, the material SNGFs written in terms
of L,R superoperators can be represented by the closetime path loop (CTPL) diagrams of the Schwinger–
Keldysh many-body theory [8,9]. The rules for
constructing these partially time-ordered diagrams
are summarized in Appendix B. The complete set of
CTPL diagrams corresponding to material SNGFs
(10) are shown in Figures 1(c) and 2(c) (possible
permutation of k2 and k1 is not shown). We shall show
that the signals (7) are now given by the causal
ð2Þ
þ ð!3 ,  !2 ,  !1 Þ response functions. This result
is well known and can be obtained by using the
standard semiclassical approach taking the optical
fields to be classical. This calculation is given in order
to illustrate how the SNGF formalism works.
To obtain nonlinear signals (7), the corresponding
material SNGF (10) must be calculated for each
technique by specifying the phase matching conditions
(frequencies and wave vectors of the optical modes).
This will be done below.

3.1. Difference frequency generation (DFG)
In DFG (Figure 1), the first mode k1 promotes the
molecule from its ground state jgi into state j f i, the
second mode k2 induces stimulated emission from j f i
to an intermediate jei and the third mode k3 stimulates
the emission from jei to jgi. All optical modes are
linearly polarized in the ex direction and the signal is
measured in the phase matching direction k3 ¼ k1  k2.

(a)

(b)

(c)

Figure 2. Heterodyne-detected SFG. (a) Phase-matching
condition k3 ¼ k1 þ k2. (b) Level scheme. (c) CTPL diagrams.
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The CTPL diagrams corresponding to this technique
are shown in Figure 1(c).
The optical field SNGF in Equation (9) is
?
?
Eð2Þ
þþþ ðt3 , t2 , t1 Þ ¼ E 3 ðtÞE 2 ðt2 ÞE 1 ðt1 Þ:

ð13Þ

The material SNGFs in Equation (10) become
2,y
1,y
3
23=2 Vð2Þ
þ ðt3 , t2 , t1 Þ ¼ hT VL ðt3 ÞVL ðt2 ÞVL ðt1 Þ
1,y
 hT V3L ðt3 ÞV2,y
R ðt2 ÞVL ðt1 Þi

¼ ðt2  t1 ÞhV3 ðt3 ÞV2,y ðt2 ÞV1,y ðt1 Þ
 hV1,y ðt1 ÞV3L ðt3 ÞV2,y ðt2 Þi:

ð14Þ
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Vð2Þ
LLR ðt3 , t2 , t1 Þ

¼ 0 since the molecule cannot
Note that
be de-excited from its ground state. The step function
(t2  t1) indicates that interactions within one branch
are time ordered.
Substituting (14) and (13) into (7), the DFG signal
can be written in the frequency domain as
23=2 ? ?
=E 3 E 2 E 1 ð2Þ
SDFG ð!3 , !2 , !1 Þ ¼
þ ð!3 ; !2 , !1 Þ
p
h
ð15Þ
 ð!1  !2  !3 Þ,
where second-order susceptibility is give by
23=2 ð2Þ
þ ðð!1  !2 Þ; !2 , !1 Þ
E
1 D
¼ 2 gjV3 Gð!g þ !1  !2 ÞV2 Gð!g þ !1 ÞVy1 jg
2!
Dh
E
 gjV2 Gy ð!g þ !1  !2 ÞV3 Gð!g þ !1 ÞVy1 jg :

ð16Þ

Here, G(!) is the retarded Green’s function,
Gð!Þ ¼

h

:
h!  Hmol þ i

h

ð17Þ

The advanced Green’s function Gy(!) is its Hermitian
conjugate and 
h is the dephasing rate. Note that the
signal (16) can be directly obtained from the diagrams
in Figure 1(c) simply by applying the rules given in
Appendix B.
Expanding (17) in molecular eigenstates and substituting it into (16) gives
23=2 ð2Þ
þ ðð!1  !2 Þ; !2 , !1 Þ
xgf xfe xeg
1
¼
2!
h2 ð!1  !gf þ i
h gf Þð!1  !2  !eg þ ih eg Þ
xgf xfe xeg
1
:
 2
2!
h ð!1  !gf þ i
h gf Þð!2  !eg  i
h eg Þ
ð18Þ
Equation (18) indicates that the signal induced by
classical optical fields is given by the second-order
CRF. This susceptibility tensor is used in the

standard effective interaction Hamiltonian of quantum
optics (44).

3.2. Sum frequency generation SFG
In SFG (Figure 2(a)) the first two modes promote the
molecule from its ground state jgi through the
intermediate state jei into the final state j f i.
The third mode induces stimulated emission from j f i
to the ground state jgi. The signal is generated in the
phase matching direction k3 ¼ k1 þ k2.
The heterodyne SFG signal can be obtained as we
did for DFG, by utilizing diagram (c) of Figure 2:
SSFG ð!1 , !2 Þ ¼

23=2 ?
=E 3 E 2 E 1 ð2Þ
þ ð!3 ; !2 , !1 Þ
ph
 ð!1 þ !2  !3 Þ:

ð19Þ

The CRF is now given by
23=2 ð2Þ
þ ðð!1 þ !2 Þ; !2 , !1 Þ
1
hgjV3 Gð!g þ !1 þ !2 ÞVy2 Gð!g þ !1 ÞVy1 jgi
2!h2
xge xfe xeg
1
:
¼
2!h2 ð!1  !eg þ ih eg Þð!1 þ !2  !gf þ i
h gf Þ
ð20Þ

¼

SFG with three classical waves can be alternatively
described in Hilbert space by an effective interaction
Hamiltonian (43) with the material parameter given by
Equation (20).
The purpose of this section was to illustrate how
the superoperator approach works for well-known
classical spectroscopic techniques. Since all the optical
modes are classical (coherent states), the signal is given
by the CRF. In the SNGFs language it can be
translated into the second-order susceptibility ð2Þ
þ .
All moments of molecular fluctuations vanish
ð2Þ
identically (ð2Þ
þþ ¼ þþþ ¼ 0). Starting from the
þ,  representation we transformed the CRF into the
L,R representation and employed the CTPL diagram
technique to find the relevant molecular Liouville
pathways and restore the signals.
In the following sections, Equations (20) and (18)
will be compared with other techniques involving
various combinations of quantum and classical
optical fields. We shall apply the above algorithm in
reverse order. That is, for each technique we identify
the non-vanishing Liouville pathways in the L, R
representation and then transform the signal into the
þ,  representation. That representation reveals the
role of the molecular fluctuations in the nonlinear
signals.
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4. Two-photon-induced fluorescence (TPIF) vs.
homodyne SFG
We now turn to techniques involving two classical and
one quantum mode where the initial state of the optical
field is jt ¼ 1i ¼ j1i1j2i2j0i3. We again assume the
three-level material system (Figure 3(b)). We assume
that the ground state is a manifold. By taking !eg 6¼ !ef
we focus on the resonant SNGFs and reduce the
number of diagrams.
The two classical modes k1 and k2 promote the
molecule from its ground state jgi through the
intermediate state jei into the final state j f i.
The system then spontaneously moves back into the
ground state manifold jg0 i by emitting a photon into
the third detected mode k3, which is initially in the
vacuum state (see Figure 3(b)).
The signal (photon flux in the k3 mode) involves
three optical field modes and six light/matter interactions. Therefore, Equation (7) must by expanded to
fifth order in Hint. The fifth-order signal Sð5Þ
CCQ (CCQ

(a)

denotes two classical and one quantum mode) may be
written as a sum of 25 terms, each given by a product of
molecule/field six-point SNGFs.
Only processes that satisfy the following conditions
contribute to the signal.
(1) The creation operator of the quantum mode ay3
must be accompanied by the corresponding
annihilation operator a3.
(2) The quantum mode can only de-excite the
molecule (emission), which implies that the
annihilation operator must act on the bra and
the creation operator act on the ket.
(3) The coherent optical fields are tuned offresonance with respect to the !fg0 transition.
Hence, the signal is not masked by stimulated
emission.
We assume a collection of N non-interacting
P
molecules positioned at ri so that V ¼ iVi(r  ri).
The relevant CTPL diagrams for processes involving

(b)

Figure 3. Three-wave process with two classical and one quantum mode (CCQ). (a) Phase-matching conditions: for TPIF the
spontaneous mode is not particularly directed, but for the homodyne-detected SFG the mode is emitted into a cone determined
by the reciprocal of the sample size. (b) Molecular level scheme. (C1) CTPL for the incoherent TPIF. (C2) Coherent homodynedetected SFG. For the coherent signal, optical field interactions with molecule 1 of the pair occur from the left (L), and the
interactions with molecule 2 occur form the right (R).
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three optical modes and six light/matter interactions
are presented in Figure 3(c). The field modes can either
interact with the same molecule (incoherent process,
Figure 3(C1)) or with two different molecules
(coherent process, Figure 3(C2)) [8].

and utilizing diagram (C1) of Figure 3:
ð5Þ
LRLRLR ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ
¼

1
hgjV1 Gy ð!g þ !1 ÞV2 Gy ð!g þ !1 þ !2 Þ
5!h5
 Vy3 Gy ð!g þ !1 þ !2  !3 Þ
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4.1. Two-photon-induced fluorescence (TPIF)
TPIF is an incoherent three-wave process involving
two classical and one quantum mode. The phasematching condition k1  k1 þ k2  k2 þ k3  k3 ¼ 0 is
automatically satisfied for any k3. The actual angular
distribution of the spontaneously emitted photons is
determined by Equation (26) and the electric field
vectors of the input, subject to rotational diffusion
over the two-photon
excited-state lifetime. Using the
PN
exp
iðk1  k1 þ k2  k2 þ k3  k3 Þ 
identity
i¼1
ðr  ri Þ ¼ N we obtain the optical field SNGF (6):

 V3 Gð!g þ !1 þ !2 ÞVy2 Gð!g þ !1 ÞVy1 jgi:

ð25Þ

Expanding Equation (25) in molecular states gives
4ð5Þ
LR ðð!1 þ !2 Þ; !2 , !1 Þ
X
jxg0 f xfe xeg j2
¼
gg0




1
5!h5 ½ð!1  !eg Þ2 þ
½!1 þ !2  !fg0  i

1
2
eg ½!1

fg0

þ !2  !fg þ i

fg 

1
½!1 þ !2  !3  !gg0  i

Eð5Þ
LRþþþþ ðt6 , t5 , . . . , t1 Þ
¼ NE 1 ðt1 ÞE ?1 ðt2 ÞE 2 ðt3 ÞE ?2 ðt4 Þ

:

ð26Þ
2p
h!3
exp ði!3 ðt6  t5 ÞÞ:

ð21Þ

Provided the energy splitting within the ground state
manifold !gg0 is small compared with the optical
transitions, the signal can be recast in the form

The relevant material SNGF (5) is
STPIF ð!1 , !2 Þ ¼
Vð5Þ
LR ðt6 , t5 , . . . , t1 Þ
2
2,y
1
1,y
¼ hT V3L ðt6 ÞV3,y
R ðt5 ÞV ðt4 ÞV ðt3 ÞV ðt2 ÞV ðt1 Þi:
ð22Þ
Utilizing Equations (21) and (22), the frequency
domain signal can be written as
STPIF ð!1 , !2 Þ ¼

gg0 

NX
8p
h!3 ð5Þ
=LR
jE 1 j2 jE 2 j2
p
h k

3

 ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ:

ð23Þ

Note that the above expression is given in the mixed
(L/R, þ/) representation. It can be transformed into
the þ,  representation using the identity
ð5Þ
ð5Þ
2ð5Þ
LR ¼ þþ  þ :

ð24Þ

Here, the first term (two ‘plus’ four ‘minus’ indices)
arises since one of the modes is not classical.
The second term is the ordinary CRF.
The material SNGF in the frequency domain (8)
can be calculated by switching to the L, R
representation:
ð5Þ
LR ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ
1
ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ,
¼ ð5Þ
4 LRLRLR

2N!3
jE 1 j2 jE 2 j2 jTg0 g ð!1 , !2 Þj2
5!h5 
 ð!1 þ !2  !3  !gg0 Þ,

ð27Þ

with the transition amplitude
Tg0 g ð!1 , !2 Þ ¼

g0 f fe eg
ð!1  !eg þ i eg Þð!1 þ !2  !fg þ i

fg Þ

:

This is a direct generalization of the Kramers–
Heisenberg form of ordinary (single-photon) fluorescence [4,8].
The SNGF in Equation (25) has been referred to as
the fluorescence quantum efficiency by Webb [19] or
the two-photon tensor by Callis [20]. Our result is
identical to that of Callis.
When the two classical coherent modes are
degenerate (!1 ¼ !2) the signal in Equation (27)
describes non-resonant hyper-Raman scattering
(!gg0 6¼ 0), also known as incoherent second harmonic
inelastic scattering [20,23,24]. When !1 ¼ !2 and
!gg0 ! 0 (but not equal to), Equation (27) describes
off-resonant hyper-Rayleigh scattering, also known as
incoherent second harmonic elastic scattering. Offresonant hyper-scattering is a major complicating
factor for TPIF microscopy [25]. The distinction
between hyper-Raman and TPIF processes is analogous to their single-photon counterparts (ordinary
Raman and fluorescence) as shown in Ref. [4].
The difference between the two can be clarified by
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adding pure dephasing processes. This goes beyond the
present CTPL treatment.

4.2. Homodyne-detected sum frequency generation
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The coherent part of the Sð5Þ
CCQ signal ((C2) in Figure 3)
describes homodyne-detected SFG. Photons in the k3
mode are spontaneously emitted into a cone [1] of solid
angle k. Here the phase matching k  k1 þ k2  k3
reflects the uncertainty in the phase given by the
reciprocal of the sample characteristic size. For a large
sample, one can assume k  0, which effectively
narrows the optical cone. The optical field SNGF is
given by Equation (21), but the factor N it now
replaced by
N N1
X
X

eikðrri Þ eikðrrj Þ  NðN  1Þ:

ð28Þ

i¼1 j6¼i

For large N the coherent part N(N  1) dominates
over the incoherent N response. For a small sample
size, exact calculation of the optical field part of the
SNGF is rather lengthy, but can be performed in
the same fashion as done by Hong and Mandel [13] for
the probability of photon detection.
We next turn to the material SNGF. For the
coherent process we must work in the joint space of
two molecules ji1,2 ¼ ji1ji2 interacting with the same
field mode. Hence, the material SNGF of the joint
system can be factorized into a product of SNGF of
molecule 1 and 2:
Vð5Þ
LR ðt6 , t5 , . . . , t1 Þ
D
E
2
2,y
1
1,y
¼ T V3þ ðt6 ÞV3,y
þ ðt5 ÞV ðt4 ÞV ðt3 ÞV ðt2 ÞV ðt1 Þ
D
E
3,y
1,y
2
1
¼ T V3þ ðt6 ÞV2,y
ðt
ÞV
ðt
Þi
hT
V
ðt
ÞV
ðt
ÞV
ðt
Þ
,
3
1
5
4
2
1
þ




2

ð29Þ
where we have used the fact that the last interaction
must be a ‘plus’ and the field interactions with the two
molecules are not time ordered.
Using Equation (29) the coherent material SNGF
in the frequency domain assumes the form of the
square of a second-order CRF:
26=2 =ð5Þ
þþ ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ
2
¼ j23=2 ð2Þ
þ ðð!1 þ !2 Þ; !2 , !1 Þk :

This result can also be obtained in the L, R
representation using diagram (C2) in Figure 3.
The classical modes excite the molecules and the
quantum mode de-excites them. Hence, the interactions with the first molecule ket (L) are accompanied

by the conjugate interactions with the second molecule
bra (R). Transforming the first molecule diagram into
the þ,  representation we find that the first molecule
contributes the causal response ð2Þ
LLL ðð!1 þ !2 Þ;
ðð!
þ
!
Þ;
!
,
!
Þ
given
by
!2 , !1 Þ ¼ 23=2 ð2Þ
1
2
2
1
þ
Equation (20). The second molecule provides the
conjugate causal response.
The homodyne-detected SFG signal is finally
given by
2ð!1 þ !2 Þ 3=2 ð2Þ
j2 þ

 ðð!1 þ !2 Þ; !2 , !1 Þj2 :

SSFG ¼ NðN  1ÞjE 1 j2 jE 2 j2

ð30Þ

Equation (30) can alternatively be obtained from the
effective interaction Hamiltonian of the form (43),
where the material parameter is given by the causal
response function ð2Þ
þ ðð!1 þ !2 Þ; !2 , !1 Þ.
Both homodyne and heterodyne SFG are given by
the same CRF ð2Þ
þ . The main difference is that the
latter process satisfies the perfect phase-matching
condition, while for the former this condition is only
approximate and becomes exact for sufficiently large
samples.
To summarize this section we give the total signal
for a three-wave process involving two classical and
one quantum field (CCQ) which includes both the
incoherent and coherent components:
h
2
2 2!3
N26=2 =ð5Þ
Sð5Þ
þþ
CCQ ð!2 , !1 Þ ¼ jE 1 j jE 2 j

 ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ
 N26=2 =ð5Þ
þ
 ð!3 ; !3 ,  !2 , !2 ,  !1 , !1 Þ
þ NðN  1Þj23=2 ð!3  !1  !2 Þ
i
2
 ð2Þ
þ ð!3 ; !2 , !1 Þj :

ð31Þ

5. Two-photon-emitted fluorescence (TPEF) vs.
Type I parametric down conversion (PDC)
We now turn to three-wave processes involving one
classical and two quantum modes (Figure 4). We start
with the incoherent response of N identical molecules
initially in their ground state and the initial state of the
optical field is jt ¼ 1i ¼ j1i1j0i2j0i3. The classical
field k1 pumps the molecule from its ground state jgi
into the excited state j f i. The system then spontaneously emits two photons into modes k2 and k3 (see
Figure 4(b)) which are initially in the vacuum state.
This incoherent process which involves one classical
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(a)

(b)

Figure 4. Three-wave process with two quantum and one classical modes (QQC). (a) Phase-matching conditions: for TPEF,
spontaneous modes are not directed, but for PDC the modes are emitted into two collinear cones. (b) Molecular level scheme.
CTPL for the incoherent TPEF (C1) and coherent Type I PDC (C2). In panel (C2), the two diagrams correspond to the
conjugate pathways of the molecules in the pair.

and two quantum modes will be denoted as
two-photon-emitted fluorescence (TPEF). It is phaseinsensitive since the phase-matching condition k1 
k1 þ k2  k2 þ k3  k3 ¼ 0 is automatically satisfied for
any k3. To facilitate the subsequent comparison with
Type I parametric down conversion (PDC), we
adopted the following beam polarization configuration
as is usually done for PDC of this type: the
spontaneously generated photons are polarized
along the x axis, and the classical mode polarized
along the y axis.
The TPEF signal is given by the time-averaged
photon flux in the k3 mode. We again make use of the
CTPL diagrams to find the relevant SNGF given the
initial state of the field; the diagrams must satisfy
the following conditions.
(1) Creation operators of the spontaneously
generated modes ay3 and ay2 acting on the
ket must be accompanied by corresponding
annihilation operators a3 and a2 acting on
the bra.
(2) The first mode !1(k1) is off-resonance with
respect to both !eg and !fe transitions.
Stimulated emission can thus be neglected.

(3) The spontaneous modes have different frequencies; modes k2 and k3 are resonant with !fe and
!eg, respectively.
These conditions are satisfied by diagram (C1) in
Figure 4. The non-resonant diagrams have been
omitted. Using this diagram we obtain the following
optical field and material SNGFs:
Eð5Þ
LLRRþþ tðt6 , t5 , . . . , t1 Þ
¼ NE 1 ðt1 ÞE ?1 ðt2 Þ

2ph!3 2ph!2
exp ði!3 ðt6  t5 ÞÞ



 exp ði!3 ðt4  t3 ÞÞ,

ð32Þ

Vð5Þ
LLRR ðt6 , t5 , . . . , t1 Þ
D
E
2,y
2
1
1,y
¼ T V3L ðt6 ÞV3,y
R ðt5 ÞVR ðt4 ÞVL ðt3 ÞV ðt2 ÞV ðt1 Þ : ð33Þ
Using Equations (32) and (33) the incoherent part of
the signal in the frequency domain is given by
STPEF ð!1 Þ ¼

N
2phð!2 Þ 2ph!3
jE 1 j2
=2ð5Þ
LRLR
ph


 ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ:
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The corresponding SNGF can be calculated using
diagram (C1) in Figure 4:
 2ð5Þ
LRLR ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
¼ ð5Þ
LRLRLR ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
1 D
¼
gjVy1 Gy ð!g þ !1 ÞVy2 Gy ð!g þ !1  !2 Þ
5!
h5
 V3 Gy ð!g þ !1  !2  !3 ÞV3 Gð!g þ !1  !2 Þ
E
 V2 Gð!g þ !1 ÞVy1 jg :
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Expansion in the molecular eigenstates gives the
frequency-domain response function in the Kramers–
Heisenberg form:
 2ð5Þ
LRLR ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
1 X x x y 2
1
¼
 0   
2
5!
h5 gg0 g e ef fg ð!1  !fg Þ2 þ fg
2



1
 ð!1  !2  !3 Þ:
 
!1  !2  !eg þ i eg 

ð34Þ

Equation (34) can be recast in the L,R and
þ,  representations:
ð5Þ
LRLR ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
1
ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
¼  ð5Þ
4 þþ
1
 ð5Þ
ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
4 þþþ
1
þ ð5Þ
ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
4 þþþ
1
þ ð5Þ
ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ:
4 þþþþ
Unlike TPIF, the TPEF signal does not depend on the
CRF ð5Þ
þ . The TPEF is solely determined by the
various moments of the molecular fluctuations which
are represented by other types of response function.

5.1. Type I PDC
We now turn to the coherent response from
a collection of identical molecules which interact with
one classical pumping mode to spontaneously generate
two quantum modes (see Figure 4(a) and (b)) with the
same polarization. This Type I parametric down
conversion (PDC) process is widely used for producing
entangled photon pairs. Spontaneously generated
modes are emitted into two collinear cones, as shown
in Figure 4(a). Hereafter, we assume perfect phase
matching k ¼ k1  k2  k3 which is the case for
sufficiently large samples [1].

The initial conditions for PDC are the same as for
TPEF and most PDC experiments are well described
by the CRF ð2Þ
þ . Therefore, one would expect
a connection between TPEF and PDC, similar to
that of TPIF and homodyne-detected SFG. However,
as we are about to demonstrate, the causal secondorder response function does not provide a complete
description of the PDC process.
To compute corrections to the second-order CRF
caused by the quantum origin of the spontaneous
modes we again resort to the CTPL diagrams (see
Figure 4(C2)). For the coherent response from the
molecular pairs, the optical field SNGF is given by
Equation (32) with the factor N replaced by N(N  1).
The material SNGF (33) can be factorized into the
product of conjugate SNGFs for the first and second
molecule of the pair, as shown in Figure 4(C2):
2Vð5Þ
LLRR ðt6 , t5 , . . . , t1 Þ
D
E D
E
3,y
2,y
1
ðt
Þ
T
V
ðt
ÞV
ðt
ÞV
ðt
Þ
:
¼ T V3L ðt6 ÞV2L ðt3 ÞV1,y
1
5
4
2
R
L
R
R
1

2

ð35Þ
Note that this factorization is unique since
1,y
hT V3L ðt6 ÞV2,y
R ðt4 ÞVL ðt1 Þi ¼ 0 when the material is
initially in its ground state. Using this factorization
the coherent PDC signal in the frequency domain can
be written as
NðN  1Þ
2ph!2 2phð!1  !2 Þ
jE 1 j2
4ph


2


 1=2 ð2Þ
 2 LL ðð!1  !2 Þ;!2 ,!1 Þ : ð36Þ

SPDC ð!1 ,!2 Þ ¼

Here, the generalized response function expanded in
the eigenstates assumes the form
21=2 ð2Þ
LL ðð!1  !2 Þ; !2 , !1 Þ
¼ ð2Þ
LLL ðð!1  !2 Þ; !2 , !1 Þ
¼

ygf xfe xeg
1
2!h2 ð!1  !gf þ ih gf Þð!1  !2  !eg þ i
h

eg Þ

:

This mixed representation can be transformed into the
þ,  representation
ð2Þ
ð2Þ
1
ð2Þ
LL ¼ 2 ðþ þ þþ Þ:

ð37Þ

Comparing the CRF for heterodyne-detected
DFG (18) and the SNGFs for Type I PDC (37) we
see that the latter is described not only by CRF ð2Þ
þ
but also by the second moment of material
fluctuations ð2Þ
þþ . In the L,R representation it selects
one Liouville pathway ð2Þ
LLL , while the classical optical
fields drive the material system along all possible
pathways.
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The SNGF formalism suggests that Type I PDC
can be calculated by using the effective interaction
Hamiltonian (44) with the material parameter
ð2Þ ¼ ð2Þ
LLL ðð!1  !2 Þ; !2 , !1 Þ.
In concluding this section we give the signal for the
three-wave process involving one classical and two
quantum fields (CQQ) which contains both an
incoherent and a coherent component:
Sð5Þ
CQQ ð!2 , !1 Þ ¼

1
2p
h!2 2p
h!3
jE 1 j2
N=2ð5Þ
LRLR
p
h


 ð!3 ; !3 ,  !2 , !2 , !1 ,  !1 Þ
þ NðN  1Þj21=2 ð!3 þ !2  !1 Þð2Þ
LL
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 ð!3 ; !2 , !1 Þj2 :

ð38Þ

6. Type II PDC; polarization entanglement
In Type II parametric down-conversion, the two
spontaneously generated photons have orthogonal
polarizations. Because of birefringence, the photons
are emitted along two non-collinear spatial cones
known as ordinary and extraordinary beams

(a)

(see Figure 5(a)). Polarization-entangled light [1,26] is
generated at the intersections of these cones. An x
polarization filter and a detector are placed at one of
the cone intersections. The detector cannot tell from
which beam a given photon originates. The process
involves five optical modes: one classical j1ijyi and
four quantum modes {j2ijxi, j2ijyi, j3ijxi, j3ijyi}.
The polarization-entangled signal is described by
the CTPL diagrams shown in Figure 5(c). The Type II
ð5Þ
ð5Þ
PDC signal has two contributions Sð5Þ
PDCII ¼ S3x þ S2x .
ð5Þ
The signal S3x assumes the form of Equation (36), with
the material pathway depicted in Figure 5(C1):
ð2Þ
LL ðð!1  !2 Þ; !2 , !1 Þ
1h
ðð!1  !2 Þ; !2 , !1 Þ þ ð2Þ
¼ ð2Þ
þþ
2 þ
i
 ðð!1  !2 Þ; !2 ,  !1 Þ

¼

1
2!h2 ð!1  !gf þ ih

C
gf Þð!1

 !2  !eg þ i
h

eg Þ

,

ð39Þ

(b)

Figure 5. Type II PDC. (a) Phase matching. (b) Molecular level scheme. (c) CTPL diagrams for the coherent signal from k3 (C1)
and k2 (C2) modes polarized along the x direction.
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where the coefficient C is given by

C2 ¼ jygf j2 jxfe j2 jxeg j2 þ 2xfe xeg yfe yeg þ xfe xeg xfe yeg

þ yfe yeg yfe xeg :
ð40Þ

(a)

The signal Sð5Þ
3x is described by diagrams (C2) in
Figure 5:
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ð2Þ
LL ð!2 ; ð!1  !2 Þ, !1 Þ

1
ð2Þ
¼ ð2Þ
þ ð!2 ; ð!1  !2 Þ, !1 þ þþ
2
 ð!2 ; ð!1  !2 Þ, !1 ÞÞ
1
C
:
¼
2
2!
h ð!1  !gf þ i
h gf Þð!2  !eg þ i
h eg Þ

ð41Þ

The total Type II PDC signal is
NðN  1Þ
2p
h!2 2p
hð!1  !2 Þ
jE 1 j2
4p
h


2
h

 1=2 ð2Þ
 2 LL ðð!1  !2 Þ; !2 ,!1 Þ
2 i



þ 21=2 ð2Þ
LL ð!2 ;ð!1  !2 Þ,!1 Þ :

SPDCII ð!1 Þ ¼

(b)

ð42Þ

In Figure 6, we compare the generalized response
ð2Þ
given by the SNGFs ðð2Þ
þ þ þþ Þ=2 in Equation (41)
ð2Þ
with the CRF þ (see Equation (18)) commonly
used to describe both types of PDC. We assume
a model material system with the following parameters.
The transition dipole moments are ygf ¼ xfe ¼
xeg ¼ 0:1 and yeg ¼ yfe ¼ 0 (arbitrary units). For all
transitions the dephasing rates are the same
h eg ¼ 0.05!gf. The classical mode k1 provides
h gf ¼ 

a common factor for the causal and generalized
response function:
jgf j2
!1  !gf þ i
h

:
fg

Hence, we can assume it to be in resonance with the
!1  !gf transition.
In Type II PDC the SNGF approach and
conventional CRF description give quantitatively
similar results as both resonances (!2  !eg and
!1  !2  !eg) participate (Figure 6(a)). On the other
hand, Type I PDC has only one resonance in the SNGF
!1  !2  !eg and, therefore, is qualitatively different
from the CRF near the resonance (Figure 6(b)).
The off-resonant regime is well described by the CRF.

7. Conclusions
In quantum optics, a three-wave mixing process is
commonly described by an effective interaction

Figure 6. (a) The Type I PDC signal (36) is given by the
SNGF (thick solid line) and by the standard causal response
function (thin solid curve). (b) Type II PDC signal (42) given
by the SNGFs (thick solid line) is compared with the signal
given by the causal response function (thin solid curve).
Perfect matching conditions are assumed and the classical
beam frequency is set in resonance with !gf (for parameters,
see text). The signal dependence on !2 is shown.

Hamiltonian for radiation modes [12]. For SFG this
reads
Z
ð43Þ
Heff ¼  dr ð2Þ Ey3 ð!1  !2 ÞEy2 ð!2 ÞE1 ð!1 Þ,
and for DFG and PDC
Z
Heff ¼  dr ð2Þ Ey3 ð!1 þ !2 ÞE2 ð!2 ÞE1 ð!1 Þ:

ð44Þ

In both cases, the second-order nonlinearity tensor (2)
is responsible for the coupling between the modes.
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The various techniques differ in the initial state of the
fields. The nonlinearity tensor is given by the secondorder susceptibility ð2Þ
þ . This is based on the
assumption that the molecular response is classical: it
is described by the causal response function (CRF) and
optical fields are not affected by material fluctuations.
This assumption is justified only when all optical
modes are in coherent classical states; adding (subtracting) a single photon to such modes has no
noticeable effect.
Here we consider techniques that also involve
optical modes initially in the vacuum state.
The changes in their state due to material fluctuations
must then be taken into account and these processes
may not be described by the conventional causal
response
function.
The
parametric
model
(Equations (43) and (44)) must be modified to
incorporate non-causality by treating both light and
matter quantum mechanically.
A unified framework for calculating nonlinear
optical signals generated in a material system by
interactions with any combination of quantum and
classical radiation fields is provided by the SNGF
formalism developed in this article. When the optical
fields are in coherent states the SNGFs reduce to the
CRF, as demonstrated here for heterodyne-detected
SFG and DFG techniques. The CRF contains all
possible molecular Liouville pathways. In the SNGF
formalism this is seen by switching from the þ,  to
the L,R representations of the SNGFs. When
quantum optical fields are involved, the number of
available pathways may be reduced. At the same time,
various moments of molecular fluctuations play
an essential role in the nonlinear signal. Here this is
shown by switching from the L,R to the þ, 
representation. Several spectroscopic techniques that
involve both quantum and classical optical fields were
considered.
We have examined the applicability of the conventional second-order parametric model for the description of the PDC and homodyne-detected SFG, since
the processes involve highly non-classical spontaneously generated modes. We compared the incoherent
TPEF and the coherent PDC signals. The incoherent
TPIF was compared with the coherent homodynedetected SFG. The second-order parametric model
does not apply to a single molecule incoherent response
and has to be extended to the fifth-order generalized
response function description. Two photon fluorescence with one quantum and two classical modes
(TPIF) is described not only by the causal response
function ð5Þ
þ but also by the second moment of
molecular fluctuation ð5Þ
þþ . The two photon
fluorescence signal with two quantum and one classical
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modes (TPEF) does not depend on the CRF but
involves higher moments in material fluctuations
ð5Þ
ð5Þ
þþþ and þþþþ .
For ensembles of identical molecules, such as
crystals with no inversion symmetry, the SNGF
corresponding to TPIF can be reduced to the homodyne-detected SFG given by the ordinary second-order
response function ð2Þ
þ . PDC is the coherent analogue
of TPEF. In addition to the CRF ð2Þ
þ , PDC contains
contributions from the second moment of molecular
fluctuations ð2Þ
þþ .
Equations (31) and (38) represent closed compact
expressions for both coherent and incoherent signals
involving one and two quantum modes, respectively.
In the off-resonant regime, both types of PDC are well
described by conventional second-order CRF.
Quantum corrections quantitatively affect the Type II
PDC but bring qualitative changes into Type I PDC
in the vicinity of molecular resonances.
In this paper we have considered only one type of
non-classical optical field—spontaneously emitted
photons. Future applications to other types of nonclassical fields such as, for instance, entangled photons,
are of great interest [27]. The SNGF formalism shows
that non-causal contributions to the nonlinear signals
are signatures of various moments of molecular
fluctuations.
Finally, we summarize the main advantages of the
SNGF formalism.
. Processes involving an arbitrary number of
classical and quantum modes of the radiation
field may be treated within the same framework by simply varying the number of þ
and  superoperators.
. Intuitive loop diagrams can be used to
describe all processes in the L, R
representation.
. Incoherent and coherent (cooperative) signals
may be derived from the same expressions.
. A unified approach is provided for resonant
and off-resonant measurements. Only the
latter may be described by an effective
Hamiltonian for the field which depends
parametrically on the matter.
. Nonlinear spectroscopy conducted with
resonant classical fields only accesses the
CRF. Quantum fields reveal the broader
family of SNGFs which carry additional
information about fluctuations, as shown in
Table 1.
. Spectroscopy with quantum entangled fields
[28,29] may be naturally described by the
SNGF formalism.

L,R
Expression
Equation (26)

ð2Þ
LRL
Equation (18)

Equation (20)

ð5Þ
LRLRLR

ð2Þ
LLL 

ð2Þ
LLL

Equation (34)

ð5Þ
LRLRLR

ð5Þ
LRLR

ð5Þ
LR

–

SNGFs
mixed
SNGFs

–

ð5Þ
þð5Þ
þþþ þ þþþþ

SNGFs
ð5Þ
þ

TPEF
c/q/q
–
(!3; !3, !2, !2, !1, !1)

þ, 

ð2Þ
þ

ð2Þ
þ

TPIF
c/c/q
–
(!3; !3, !2, !2, !1, !1)

ð5Þ
ð5Þ
þþ  þþþ þ

DFG
c/c/c
!1  !2
(!3; !2, !1)

SFG
c/c/c
!1 þ !2
(!3; !2, !1)

Incoherent

Homodyne

ð5Þ
þþ 

Technique:
Modes:
!3:
Argument:

Heterodyne

Three wave processes

Equation (20)

2
jð2Þ
LLL j

–

2
jð2Þ
þ j

SFG
c/c/q
 !1 þ !2
(!3; !2, !1)

Equation (36);
Equations (39) and (41)

2
jð2Þ
LLL j

–

ð2Þ
2
jð2Þ
þ þ þþ j

PDC
c/q/q
 !1  !2
(!3; !2, !1)

Coherent

Table 1. SNGFs for three-wave mixing techniques: heterodyne-detected SFG and DFG with all classical modes (c); incoherent TPIF with two classical and one quantum
(q) mode and corresponding coherent homodyne-detected SFG; incoherent TPEF with one classical and two quantum modes and Type I PDC; Type II PDC SNGF with
one classical and four quantum modes.
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Appendix A. Superoperator algebra
Below we briefly summarize superoperators and their
algebraic properties [8].
The superoperators are defined by their action on an
ordinary operator X:
1
A X ¼ pﬃﬃﬃ ½A, X,
2

ðA1Þ

1
Aþ X ¼ pﬃﬃﬃ ðAX þ XAÞ:
2

ðA2Þ

The following properties can be verified directly from the
definition:
hAXi ¼ hAþ Xi,
ðABÞ ¼ A Bþ þ Aþ B ,

hA Xi ¼ 0,

ðA3Þ

ðABÞþ ¼ Aþ Bþ þ A B : ðA4Þ

The L(left),R(right) superoperators are given by their action
in the Hilbert space:
AL X ¼ AX,

AR X ¼ XA:

The L,R and þ,  superoperators are related by the unitary
transformation
1
A ¼ pﬃﬃﬃ ðAL  AR Þ,
2
1
AL ¼ pﬃﬃﬃ ðAþ  A Þ,
2

1
Aþ ¼ pﬃﬃﬃ ðAL þ AR Þ,
2
1
AR ¼ pﬃﬃﬃ ðAþ þ A Þ:
2

Appendix B. Rules for the CTPL diagrams
The following rules are used to construct the loop
diagrams [8].
(1) Time runs along the loop clockwise from bottom left
to bottom right.
(2) The left branch of the loop represents the ket, the
right represents the bra.
(3) Each interaction with a field mode is represented by
a line acting on either the right (R operators) or the
left (L operators) branch.
(4) The field is marked by dressing the lines with arrows,
where an arrow pointing to the right (left) represents
the field annihilation (creation) operator E(t)
(Ey ðtÞ).
(5) Within the RWA, each interaction that
annihilates a photon E(t) is accompanied by the
operator Vy , which leads to molecular excitation.
Similarly, Ey ðtÞ de-excites the molecule by applying
operator V.
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(6) Arrows pointing ‘inwards’ (i.e. pointing to the right
on the ket and to the left on the bra) consequently
cause absorption of a photon by exciting the system,
whereas arrows pointing ‘outwards’ (i.e. pointing to
the left on the bra and to the right on the ket)
represent de-excitation of the system by photon
emission.
(7) The observation time, tmþ1, is fixed and is always
chronologically the last. As a convention, it is chosen
to occur from the left. This can always be achieved
by a reflection of all interactions through the center
line between the ket and the bra, which corresponds
to taking the complex conjugate of the original
correlation function.
(8) The loop translates into an alternating product of
interactions (arrows) and free evolution periods
(vertical solid lines) along the loop.

(9) Since the loop time goes clockwise along the loop,
periods of free evolution on the left branch amount
to propagating forward in real time with the
propagator given by the retarded Green’s function
G. Evolution on the right branch corresponds
to backward propagation (advanced Green’s function Gy).
(10) The frequency arguments of the various propagators
are cumulative, i.e. they are given by the sum of all
‘earlier’ interactions along the loop. Additionally,
the ground-state frequency is added to all arguments
of the propagators.
(11) The Fourier transform of the time-domain propagators adds an additional factor of i(i) for each
retarded (advanced) propagator.
(12) The overall sign of the SNGF is given by (1)NR,
where NR is the number of R superoperators.

