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Abstract

By combining a quantum treatment of the radiation field with a superop-
erator formalism we derived compact expressions for the various coherent
and incoherent nonlinear optical signals. Using molecular distribution func-
tions we classify the spontaneous signals according to the coherence range.
Rayleigh and hyper-Rayleigh scattering are shown to be short range coher-
ent signals. The signal dependence on wave vector, number of molecules and
molecular density is discussed for molecular and polymer solutes. Several
two-photon induced signals: second harmonic generation, hyper-Rayleigh
scattering, two photon fluorescence and hyper-Raman are described within
the same framework.



1 Introduction

Nonlinear optical signals are generated by the interaction of a material system
with several laser beams. There are different types of signal classifications:
spontaneous vs. stimulated, coherent vs. incoherent, short vs. long range.
Some signals scale like ∼ N are others like ∼ N2 with the number of active
molecules. The many types of signals are usually treated using different lev-
els of formalisms, making it hard to precisely establish their connections and
often confusing with esoteric acronyms (CARS, HORSES e.t.c.). The rea-
son for such a baffling plethora of non-linear techniques is that they involve
several interactions between the optical field and matter. Since both may
be characterized by several parameters (transition dipole moments, energy
levels, central frequencies, polarizations, arrival times etc. ) we obtain many
possible experimental setups. In this lecture we present a unified classifica-
tion of these signals based on the last interaction that generate the signal
field. This classification serves as a basis for a perturbative expansion, thus
creating the diverse spectroscopic techniques.

The semiclassical theory of nonlinear spectroscopy which assumes a clas-
sical optical field interacting with a quantum matter has had a great success
in describing coherent measurements [1, 2, 3, 4, 5, 6, 7, 8]. The signals
are written in terms of response functions which cannot describe sponta-
neous processes. The response function 1 is a perturbative expansion of the
polarization. The polarization is the coherent molecular response to the in-
coming fields. It is treated as a source in Maxwell generating the signal
mode electric field. The perturbative expansion leads to various molecular
pathways. Thus, the signal is an interference between the pathways making
it hard to interpret. These difficulties and limitations can be mitigated by
using fully quantum mechanical description of both optical field and matter
[7, 8, 9, 10, 11, 12]. Presenting this formalism and itsapplications is the main
subject of this presentation.

As an example we consider a set up where two beams of frequency ω1 and
ω2 generate a signal with frequency ∼ ω1 + ω2. Possible signals of this type
are: sum frequency generation (SFG), hyper Raleigh scattering (HRS), two

1There are two types of tools commonly used to compute the nonlinear optical sig-
nals. The first uses nonlinear susceptibilities, conventionally represented by double sided
Feynman diagrams for the density matrix. The second is given by Fermi Golden rule
for molecular transitions from its initial to the final state and represented by single sided
Feynman diagrams [6, 4, 1] for the wavefunction.
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photon induced fluorescence (TPIF) and hyper Raman (HRA). Such signals
are used for various spectroscopic applications for probing molecule energy
levels and ultrafast dynamical processes as well as in high resolution imaging
and nonlinear microscopy.

Figure 1: (Color on-line) Classification of various wave mixing signals.

SFG, TPIF, HRS are commonly used for biomolecular and cell imag-
ing. Some studies had reported the simultaneous observation of two types of
signals e.g. SFG+TPF and SFG+HRS in the same system [9, 10].

The different types of signals are depicted in Fig. 1. The primary classifi-
cation is into stimulated (coherent) SST,coh and spontaneous SSP . The latter
are divided into incoherent SSP,inc, coherent short range SSP,coh,sr and long
range SSP,coh,lr. This gives for the total signal:

S = SST,coh + SSP,inc + SSP,coh,sr + SSP,coh,lr (1)
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The optical signals are broadly classified as either stimulated where the signal
is generated in the direction of an existing strong classical field, or sponta-
neous where the signal is generated in a new direction i.e. the detected
mode is initially in the vacuum state. By treating the radiation field quan-
tum mechanically we are able to describe both spontaneous and stimulated
processes

The next layer of classification is into coherent, where the signal has a
well defined phase with respect to the driving field, or incoherent where no
such phase relation exists. Stimulated signals are coherent, scale as ∼ N and
the field itself (both amplitude and phase) can be obtained by heterodyne
detection. Spontaneous signals can be however either coherent or incoherent.
The homodyne detected coherent signal generated in a sample much larger
than the optical wavelength is directional, and scales as ∼ N2. However
short range correlations can induce a Rayleigh (hyper Raleigh) scattering
signal coming from pairs of closeby molecules. This signal is isotropic and
scales as ∼ N [10] .

Spontaneous incoherent signals are generated by molecules which emit
independently. They scale as ∼ N and will be denoted spontaneous light
emission (SLE). Such signals may be further classified as either Raman (hyper
Raman) or fluorescence.

The general classification shown in Fig. 1 holds to all orders in the fields.
We shall recast the possible signals using compact superoperator expressions
that can be expanded order by order in the optical fields to generate specific
signals. To first order we only have the coherent linear response which is
self heterodyned, or ordinary Raleigh scattering. The simplest model that
shows all of these signals is depicted in Fig.2, where the emitted signals are
either at or in the vicinity of ω1+ω2. For this model the stimulated/coherent
heterodyne detected signal is sum frequency generation (SFG). The sponta-
neous/coherent/long range signal is homodyne detected SFG. The sponta-
neous/coherent/short range signal is known in this case as hyper Raleigh,
and the spontaneous/incoherent signal is two-photon-induced light emission.
The latter can further be classified as two-photon induced florescence and
hyper Raman. The ratio of the two depends on the pure dephasing rate.
This further separation is well documented [1] and will not be repeated here.

Two detection modes are commonly used: heterodyne and homodyne.
In semiclassical approach to an n + 1 wave mixing measurement, n incom-
ing waves interact with a molecule to induce a polarization ∼ ⟨V (r, t)⟩{n}
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Figure 2: Level scheme for nonlinear two photon induced single photon emit-
ted signals in the vicinity of ω1 + ω2.

(details andrationale for the notation will be provided in the next section).
This polarization serves as a source in Maxwell’s equations for the signal field
En+1(r, t) [11]. If necessary, the polarization can be further orientationally
averaged and summed over all the molecules [3]. This is a simplified descrip-
tion. A more detailed analysis of the detection involves propagation effects
(See Appendix A).

Heterodyne signals, detected by interference with a heterodyne mode,
give both amplitude and phase of the nonlinear polarization. For a collection
of N molecules, it is a coherent signal obtained by adding amplitude of all
molecules and scales as ∼ ℑN⟨V (r, t)⟩{n}E⋆

n+1(r, t). The heterodyne detected
signal is phase sensitive and is directed along one of the possible 2n phase

matching directions ∆k = k{n} − kn+1 = 0 k{n} =
n∑

j=1

±kj.

Homodyne detection is phase insensitive and measures the intensity of
the scattered lighted ∼ |⟨V (r, t)⟩{n}|2. It can be either coherent or incoher-
ent. The later is a sum of individual molecular contributions ∼ N , while the
former is produced by molecular pairs and scales as ∼ N(N −1). The coher-
ence length is related to the optical phase variation between two molecules
∆k(rα − rβ). For a sufficiently large ∆k the phase rapidly oscillates and the
coherent part of the signal vanishes. The coherent molecular response thus
shows up in the phase-matching direction ∆k = 0 and depends quadratically
on the number of active molecules ∼ N2.

Inelastic processes, such as Hyper-Raman scattering are incoherent and
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do not produce a macroscopic electric field. Different molecules emitl inde-
pendently with random phases. One way to see this is by digressing from the
semiclassical picture and looking at the joint state of the molecule and de-
tected mode field (|mol,phot⟩) at the end of the process: |g, 0⟩+α|g′, 1⟩ (See
Fig. 2). This is a superposition of the inital state where the scattered mode
is in the vacuum state with the molecule in state |g⟩ and a state when the
molecule is in the state |g′⟩ with one emitted photon in the detected mode.
The energy difference between the initial and final state of the molecule is
supplied by the differnce between the incoming and the signal modes (in
Fig. 2 it corresponds to ω1 + ω2 − ωs). The expectation value of the signal
field mode (formally defined in Eq.(3)) with this state vanishes since |g⟩ and
|g′⟩ are orthogonal.

In contrast, parametric or elastic scattering processes are always phase
matched ∆k = 0. A state like |g, 0⟩+α|g, 1⟩ does give a finite field amplitude.
At this level of theory Hyper-Rayleigh [12, 13, 14, 15] and Hyper-Raman
[3, 16, 17, 10] scattering can be viewed as elastic and inelastic counterparts
of two-photon induced fluorescence (i.e. incoherent and not phase matched).

The fully-microscopic description of the signals presented treats both the
molecules and the optical field quantum mechanically. This allows to classify
the signals according to the initial state of the detected mode rather than by
the detection method. If that mode has initially a large number of photons
one has a stimulated (emission or absorption), process. If it is in the vacuum
state we have a spontaneous process. Stimulated processes, such as pump-
probe, are heterodyne detected [11]. We shall mainly focus on spontaneous
processes, but present the stimulated signals for completeness. Understand-
ing the connection between the various signals is important for applications
to nonlinear imaging [18, 19]. We show that the coherent part of the scat-
tering should be classified according to the coherence range. Rayleigh and
nonlinear light scattering are coherent processes involving pairs of molecules.
However they only probe short range correlations and therefore scale as ∼ N .
When intermolecular interactions are important the density dependent part
of the Rayleigh signal shows up. That component becomes dominant in the
vicinity of anomalous first order phase transitions and vanishes for ordinary
first order transitions in dilute solutions of molecules.

In the next section we calculate the signals using quantum-mechanical
description of the field. We recast them into a form suitable for perturba-
tive expansion. The non-equilibrium Green’s functions, will be used. These
can be represented graphically close time path loop diagrams CTPL [20].
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Some signals scale with the single molecule and others with molecular pair
distribution functions. The third section surveys statistical models for these
distribution functions. For a solution of weakly interacting molecules or
polymers signatures of structural phase transition are illustrated. The last
section summarizes our results and presents a comparison of various two-
photon-induced signals based on the level scheme in Fig. 2.

2 Spontaneous, stimulated, coherent and in-

coherent nonlinear wave mixing.

We shall partition the optical field into its positive and negative frequency
components: E(r, t) + E†(r, t). The positive frequency optical field mode
operator at point r and time t is given by the sum of all optical modes
(including the detected n+ 1 mode):

E(r, t) =
n+1∑
j=1

√
2πωj

Ω
aj(t) exp (i (kjr− ωjt)) (2)

Here, aj

(
a†j

)
- are the annihilation (creation) operators for the j-the field

mode, satisfying the bosonic commutation relation
[
ai, a

†
j

]
= δi,j; Ω is the

quantization volume.
The detector located at distance |R| from the sample (similar to the

semiclassical case depicted in Fig. 5), sees a spherical wave:

En+1(R+ r, t) =

√
2π~ωn+1

Ωn+1

× (3)

×an+1(t)
exp(i(kn+1(R+ r)− ωn+1t))

|R+ r|

We shall eliminate the details of the detection geometry by defining the plane
wave signal mode in a local system of coordinates En+1(r, t) by Eq.(2). For
a detector far from the sample we have:

En+1(R+ r, t) ≈ En+1(r, t)×
exp(i(kn+1R))

|R|

6



Henceforth we shall treat the signal mode as a plane wave. However spherical
waves become important when the signals are calculated semi-classically via
Maxwell’s equations (See Appendix A).

We shall split the detected electric field into two terms: En+1(r, t) =
Es(r, t) + Es(r, t). The classical (coherent) part Es(r, t) is not affected by
the interaction with matter, while Es(r, t) is initially (t = −∞) in its vac-
uum state and changes its state due to the field/matter coupling. Following
Ref. [21], the signal is defined as the change in the signal mode intensity due
to the coupling with the system:

S(t) = SST (t) + SSP (t) = (4)

=
Ω

2πωs

[
2ℜ
∫

dr⟨E⋆
sEs(r, t)⟩+

∫
dr⟨E†

sEs(r, t)⟩
]

In order to calculate the expectation value of the optical field one must specify
the total Hamiltonian of the field and matter:

H(t) = H0 +Hint(t) (5)

Here H0 describes the sample and Hint stands for its interaction with the
optical modes. We assume that the sample is made of N identical molecules
with the positions rα, energy levels {|i⟩} and transition dipole moments µi,j.
We shall partition the dipole operator into the excitation and de-excitation
parts V †(r) + V (r), where:

V (r) =
N∑

α=1

δ(r− rα)
∑
j

∑
k>j

µjk|j⟩⟨k| (6)

Using Eq.(2), Eq.(6), the radiation matter interaction in the Rotating Wave
Approximation assumes the form:

Hint(t) = H
(n+1)
int (t) +H

{n}
int (t) = (7)

= En+1(r, t)V
†(r) + E†

n+1(r, t)V (r)+

+
n∑

j=1

Ej(r, t)V
†(r) + E†

j (r, t)V (r)

The stimulated and the spontaneous parts of the signal are given by the two
terms in Eq.(4), which can be calculated by Heisenberg equations of motion
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for the detected mode. For the stimulated part we have:

d

dt
⟨E⋆

s (r, t)Es(r, t)⟩ = iE⋆
s (r, t)⟨[Hint, Es(r, t)]⟩ = (8)

= i

(
2πωs

Ω

)
E⋆
s (r, t)⟨V (r, t)⟩

Here we used the fact that the coherent part of the detected mode is not
affected by the interaction with the molecules. ⟨· · · ⟩ denotes averaging over
the radiation and matter degrees of freedom.

To carry out this calculation we introduce superoperators which facilitate
the bookkeeping of the various interactions [20]. For an arbitrary operator A
these are defined as ”LEFT” or ”RIGHT” type by the action on an operator
X as:

ALX = AX

ARX = XA

We further define the transformed superoperators of ”PLUS” and ”MINUS”
type:

A− =
1√
2
(AL − AR)

A+ =
1√
2
(AL + AR)

The interaction Hamiltonian (7) recast in the superoperator representation
assumes the form:

√
2Hint,− = ELV

†
L + E†

LVL − V †
RER − VRE

†
R, where, for

brevity, we have suppressed the time and coordinate arguments of the super-
operators.

The time evolution of the dipole superoperators may be calculated in the
interaction picture using the bare molecule Hamiltonian as a reference:

⟨Vν(r, t)⟩ = Tr [Vν(r, t)ρ(t)] = (9)

= ⟨
[
ei(H0,L−H0,R)tV (r)e−i(H0,L−H0,R)t

]
ν
⟩ =

= ⟨T Vν(r, t) exp (−i
√
2

t∫
−∞

dτ

∫
dr′Hint,−(τ, r

′))⟩
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Here the subscript ν stands either for L or R superoperator indices. T is the
time ordering operator in Liouville space which when acts on a product of
the following superoperators it rearranges them so that their time arguments
increase from right to left.

Heterodyne detected (n+1)-wave mixing signals in a macroscopic (N ≫
1) sample are generated along one of the 2n directions given by combinations
of the n incoming wave vectors k{n} = ±k1 ± k2 · · · ± kn. This can be
obtained by expanding Eq.(9) to first order in the n incoming modes each
interacting once with a single molecule, and summing over all the molecules
in the sample:

⟨V (r, t)⟩{n} =
N∑

α=1

δ (r− rα) ⟨VL(t)⟩{n}eik{n}r (10)

The subscript {n} signifies that the averaging involves the density operator
calculated by taking into account interactions of each of incoming modes
with a single molecule. The n+ 1 (signal) mode is treated separately.

When Eq.(8) together with the initial condition ⟨Es(r, t = −∞)⟩ = 0
and the expansion (10) are substituted into Eq.(4) we obtain the stimulated
incoherent signal:

S
(n)
ST (t) = Im F1(∆k)

t∫
−∞

dτE⋆
s (τ)⟨VL(τ)⟩{n} (11)

where the auxiliary function F1(∆k) =
∑
α

ei∆krα carries all information about

the macroscopic sample geometry as well as the distribution of molecules. It
gives rise to phase matching, which is a hallmark of heterodyne detected
signals. Self-heterodyne signals such as pump-probe [21, 11], and stimulated
Raman/Hyper-Raman scattering also fall into the stimulated signal category.

We next turn to the spontaneous part of the signal (4). This is obtained
by solving the Heisenberg equation of motion:

d

dt
⟨E†

s(r, t)Es(r, t)⟩ = i⟨
[
Hint, E

†
s(r, t)Es(r, t)

]
⟩ = (12)

= 2ℑ
(
2πωs

Ω

)
⟨E†

s(r, t)V (r, t)⟩
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with the initial condition ⟨E†
sEs⟩(t = −∞) = 0. The right hand side of this

equation can be factorized provided the density operator is treated pertur-
batively with respect to the Es part of the signal mode. To first order the
spontaneous signal assumes the form:

S
(n)
SP (t) = 2Re

∫
dr

∫
dr′eikn+1(r−r′)× (13)

×
t∫

−∞

dτ

τ∫
−∞

dτ ′eiωn+1(τ−τ ′)⟨T VL(r, τ)V
†
R(r

′, τ ′)⟩{n}

When all interactions with the optical fields occur with the same molecule
⟨T VL(r, τ)V

†
R(r

′, τ ′)⟩{n} assumes the form ⟨T VL(r, τ)V
†
R(r

′, τ ′)⟩{n}δ (r− r′) and
we recover the incoherent signal (13). Expanding it to first order in the in-
teractions with each of the incoming modes we obtain:

S
(n)
SP,incoh(t) = 2ReF1(0)

t∫
−∞

dτ

τ∫
−∞

dτ ′eiωn+1(τ−τ ′)⟨T VL(τ)V
†
R(τ

′)⟩{n} (14)

The incoherent (F1(0) = N) homodyne detected signal is phase insensitive. n
photon induced Fluorescence, Hyper-Raman scattering are examples of such
signals.

The coherent part of the spontaneous signal is generated when the opti-
cal modes are allowed to interact with all possible molecular pairs in the
sample. Interactions with different molecules are not time ordered and
⟨T VL(r, τ)V

†
R(r

′, τ ′)⟩ can be factorized into ⟨VL(r, τ)⟩⟨V †
R(r

′, τ ′)⟩. By expand-
ing the two factors to first order in each of the n incoming modes we obtain
the coherent part of the homodyne detected signal:

S
(n)
SP,coh(t) = Re F2(∆k)|

t∫
−∞

dτeiωn+1τ ⟨VL(τ)⟩{n}|2 (15)

Here we have used the identity:

t∫
−∞

dτ

τ∫
−∞

dτ ′ =
1

2

t∫
−∞

dτ

t∫
−∞

dτ ′
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The auxiliary function F2(∆k) =
∑
α

∑
β ̸=α

ei∆k(rα−rβ) is determined by the

distribution function of molecular pairs and the sample geometry. Eq.(15)
describes for example n-harmonic generation and Hyper-Rayleigh scattering.

Eqs. (11), (14), (15) constitute the starting formal expressions for signals.
Specific signals will be calculated in Section 4. In the next section we focus
on the molecular and molecular pair distribution functions: F1(∆k), F2(∆k).

3 n + 1 wave mixing in fluids and polymer

solutions. The role of molecular distribu-

tions.

We now examine more closely the role of molecular distributions in nonlinear
wave scattering. Following Ref. [22] we shall consider a system of N identical
hard spheres molecules in a solvent whose diameter a is smaller than the
wavelength λn+1 of the detected mode. The molecules are placed in a solvent
and occupy the volume L3 ≈ Ω′. Eqs. (11), (14), (15) describe the scattering
due to the solute. Three cases will be considered. First, we will look at
the scattering from an ideal solute with no long range order as depicted in
Fig. 3(c). Second we investigate the scattering from a solution of polymer
molecules [23] (See Fig. 3(d)). Finally we discuss a real solution close to
a phase transition point. This will be discussed in view of classification
illustrated in Fig. 1.

For large samples L|∆k| ≫ 1. Recall that in the opposite limit the
problem can be treated in the continuum limit, where Maxwell equations
self-consistently connect the polarization ⟨V (r, t)⟩{n} and the induced electric
field En+1(r, t). In the latter case the signal is calculated in two steps. First,
the atoms act as the primary sources induce the field at the aperture [24].
This field serves as the secondary source and for the signal, which is calculated
using the propagator formalism.

Here the opposite size limit. We shall assume that the phase ∆k · r
does not change appreciably within the sample L|∆k| ≪ 1. The sample
can no loger be treated as a continous media. We argue that statistical
molecular properties of the mater become important. For large samples both
semiclassical and quantum approaches yield the same result as shown in
Appendix A.

11



n
k

1n-
k

2n-
k

1n+
k

1n+
k

{ }n
k

( )n

SP
S

( )n

ST
S

q

Dk

x

a
r

solvent

( )a

a
r

solvent

( )b

( )c ( )d

q

c d

( )1
F Dk

Figure 3: (Color on-line). (a) schematic of nonlinear wave mixing. θ is the
phase matching angle between stimulated (red thick line)/spontaneous (wavy
line) and a linear combination of the incoming modes (doted line). Panel
(b) shows the angular distribution of the stimulated signal from a solute of
noninteracting (blue rapidly oscillating curve) and polymer molecules (green
smooth curve). Panels (c) and (d) represent a solute made of noninteracting
and polymer molecules correspondingly. The parameters used are: L/λ = 10,
N = 100, b = 0.01. F1(∆k) is shown normalized to the number of molecules.
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3.1 Stimulated and Spontaneous incoherent signals.

Both signals described by Eqs. (11) and (14) are determined by the molecular
distribution which is the subject of investigation in this subsection. The
probability to find a solute molecule in the volume dr centered at r is given
by F1(r)dr/Ω

′. The molecular distribution function is normalized so that
its average value in the sample volume Ω′ is the total number of molecules:
(N/Ω′)

∫
Ω′
F1(r)dr = N . Converting the summation over a large number of

independent molecular coordinates rα to an integration over r we obtain:

F1(∆k) =
N

Ω′

∫
Ω′

F1(r)e
i∆k·rdr (16)

More generally, the molecular distribution function must include internal
molecular degrees of freedom and rotational averaging. These go beyond the
scope of this presentation.

3.1.1 Ideal molecular solute. Fluids.

In the absence of long range order (F1(r) = 1, Fig.3(c)), assuming that ∆k
is along the x̂ direction as shown in Fig.3(a), straightforward calculation of
the integral (16) yields:

F1,f luid(∆k) = NPfluid(θ) (17)

with the polarization angular distribution:

Pfluid(θ) = sinc(2πL sin(θ/2)/λn+1)

Here λ is the wavelength; θ is the angle between detected kn+1 mode and a
linear combination of the incoming modes k{n}.

3.1.2 A polymer solution.

We next turn to polymers (Fig.3(d)). The molecular probability distribution
can be calculated using the theory of random walks model [25]:

N

Ω′F1(r)dr =
2

N

∑
j

∑
i>j

Wi,j(r)dr (18)

Wi,j(r) =

(
3

2πb2 (|i− j|)

)3/2

exp

(
−3r2

2b2 (|i− j|)

)
(19)
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Here the b constant depends on the polymer geometry Wi,j(r)dr is the prob-
ability of finding jth molecule at distance r from the ith molecule and in the
volume element dr. Converting the summation in Eq.(19) to an integration
and substituting (18) into Eq.(16) we obtain:

F1,poly(∆k) = NPpoly(θ,N) (20)

Ppoly(θ,N) =
2

U(N, θ)

[
eU(N,θ) − 1 + U(N, θ)

]
U(N, θ) =

8π2

3

b2N

λ2
n+1

sin2(θ/2)

Equation (11) together with Eq.(17) or (20) give the stimulated signal, which
is peaked in the direction ∆k = 0. Long-range order breaks the linear ∼ N
dependence of the signal of ideal solutions.

3.2 Spontaneous coherent signals.

Spontaneous coherent signals given by Eq.(15) are determined by the Fourier
transform of the molecular pair distribution function:

F2(∆k) =
N(N − 1)

2Ω′2

∫ ∫
Ω′

F2(rα, rβ)e
i∆k(rα−rβ)drαdrβ (21)

Here N(N − 1)/2Ω′2F2(rα, rβ)drαrβ is the joint probability of the molecules
in the pair between rα, rβ and rα + drα, rβ + drβ. The pair distribution
function is normalized so that when integrated over the sample it gives the
total number of molecular pairs:

N(N − 1)

2Ω′2

∫
Ω′

∫
F2(rα, rβ)drαdrβ =

N(N − 1)

2
(22)

It can be partitioned as:

F2(rα, rβ) = lim
|rα,β |→∞

F1(rα)F1(rβ) + g2(rα, rβ) (23)

where rα,β = rα − rβ. The interaction function g2 measures the deviation
of pair distribution function F2(rα, rβ) from a product of single molecule
distributions F1(rα)F1(rβ). It is a measure of the effect of intermolecular
interactions.
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3.2.1 Long range coherence.

The first term in Eq. (23) when substituted into Eq. (15) yields the long
range coherent spontaneous signal:

F2(∆k) = N(N − 1)P2
fluid(θ) (24)

Note that for linear scattering (n = 1), the signal (24) is indistinguishable
from the incident beam. However the signal is distinct for nonlinear scatter-
ing with non-collinear beam geometry.

A similar result holds for a collection of N ′ polymers each made of N
molecules. In the absence of long range order between the polymers, one can
use Eq. (24), with N → N ′N ; (See the neglected first term in Eq. (11) of
Ref. [25]).

3.2.2 Short range coherence.

Short range coherent spontaneous signals described by Eq. (15). The dis-
tance between the molecules involved in the light-matter interaction is re-
stricted by g2(rα, rβ), so that rα,β/λn+1 ≪ 1, the exponent in molecular pair
distribution function (21) can be approximated by unity.

We start by considering a solution of hard sphere molecules of diameter
a , the volume per solute molecule: πa3/6 = Ω′/N = v . In this case [26]:

g2(rα,β) =

{
0, rα,β > a
−1, rα,β ≤ a

(25)

Using the identity 1
Ω′

∫ ∫
drαrβg2(rα, rβ =

∫
drα,βg2(rα,β) we obtain:

F2,f luid(∆k) = −N − 1

2
(26)

The short-range interaction for a collection of N ′ polymer molecules each
comprised of N molecular segments has been calculated in Ref. [25]:

F2,poly(∆k) =
N4

v ′2 XP2
poly(θ,N) (27)

where v ′ = Ω′/N ′ is the volume per single polymer molecule; X describe aver-
age short range interaction between the segments of two thread-like polymer
molecules. Note that the first term in Eq. (13 (a)) of Ref. [25] corresponds
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to the extra-short range coherent signal from the collection of the thread-like
polymer molecules ∼ NN ′

Ω′ F1,poly(∆k). The coherence length is limited to a
single polymer molecule.

To discuss the validity of the hard sphere model (26) we impose cer-
tain limitations on the solute molecules and their interactions. The solute is
treated as non-ideal gas of classical molecules capable of undergoing a ther-
modynamic phase transitions. Second, the pair interaction potential falls off
with the fourth or higher power of the distance. Third, the total potential
energy of the system is representable as the sum of pair potentials which only
depends only on the distance.

The deviation of the solute from the ideal gas is described by the fugacity
Z normalized in density v−1 units:

Z = v−1 exp

(
−
∑
l≥1

βlv
−l

)
(28)

The irreducible integrals βl are defined so that for the ideal gas βl → 0. We
rewrite Eq.(28) in its differential form:

∂ lnZ

∂ ln v
=
∑
l≥1

lβlv
−l − 1 (29)

The pressure of the gas P above the solvent also shows the deviation from
the ideal gas, which can be formally written with irreducible integrals as:

(
∂P
∂Z

)
T

=
NkT

Zv
(30)

(
∂P
∂Ω′

)
T

= −NkT

Ω′2

(
1−

∑
l≥1

lβlv
−l

)
(31)

where k is the Boltzmann constant and T is the temperature. Using the
generalized form of the grand partition function (28), as well as connection
between the cluster and irreducible integrals, it has been shown [26, 27] that:

1

2Ω′

∫
g2(rα,β)drα,β = − Z2v 2

2kTΩ′

(
∂2P

∂2Z

)
T

(32)
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Substituting Eq.(30) into Eq.(32) and utilizing Eq.(29) we obtain:

1

2Ω′

∫
g2(rα,β)drα,β = − v

2Ω′

1− 1

1−
∑
l≥1

lβlv−l

 (33)

Combining with Eqs. (23) and (21) we get:

F2,f luid(∆k) = −N − 1

2

1− 1

1−
∑
l≥1

lβlv−l

 = (34)

= −N − 1

2
(1− NkT

Ω′2

(
∂P

∂Ω′

)−1

T

)

This equation confirms that the short range coherent spontaneous signal
vanishes in an ideal solution. It also suggests that short range coherent
signals from the solute in the absence of the strong Van-Der-Waals forces is
not phase sensitive and depends on the solute density v−1. Thus it represents
Rayleigh (n = 1) and Hyper-Rayleigh (n > 1) scattering.

The first-principles calculation of the irreducible integrals βl is a chal-
lenging task [27]. We only discuss the role of

∑
lβlv

−l. Phase transitions are
characterized by divergence of the fugacity density series (28) on the real axis
at T = Tc. Hence,

∑
lβlv

−l either diverges (first order transitions) or be-
comes unity ( anomalous first order transitions) [28, 29]. In the first case, at
the singularity

∑
lβlv

−l increases and reaches unity at some temperature T0

lower than the temperature at which the singularity moves into the complex
plane Tc. Close to T0 the slight change in the partial volume of the solute
dos not change with pressure and the second term in Eq.(34) dominates the
short range coherent spontaneous signal.

An anomalous first-order transition occurs in the temperature range To <
Ta < Tc. One can then neglect the second term in Eq.(34) and the signal
reduces to those of the rigid spheres model (26). The (N−1)/2 factor signifies
that only pairs of nearby molecules contribute to the short range coherence
in this case.
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4 Application to two-photon-induced signals.

In earlier sections we have presented a unified microscopic description of
n + 1 wave mixing processes. The nonlinear signal is defined as the change
in the intensity of the detected mode due to the other n optical modes. The
signal is formally expressed in terms of polarization superoperators which are
calculated by the Heisenberg equations of motion for the field (stimulated
signal) or the field intensity (spontaneous signal). We have identified four
types of signals, which can be calculated by utilizing standard statistical
quantities, namely the molecular and molecular pairs distribution functions.
These results can be summarized as follows:

S(n)(t) = S
(n)
ST (t) + S

(n)
SP,icoh(t) + S

(n)
SP,coh,lr(t) + S

(n)
SP,coh,sr(t) (35)

S
(n)
ST (t) = Im N

{
Pfluid(θ)
Ppoly(θ,N)

} t∫
−∞

dτE⋆
s (τ)⟨VL(τ)⟩{n} (36)

S
(n)
SP,incoh(t) = 2Re N

t∫
−∞

dτ

τ∫
−∞

dτ ′eiωn+1(τ−τ ′)⟨T VL(τ)V
†
R(τ

′)⟩{n} (37)

S
(n)
SP,coh,lr(t) = N(N − 1)|Pfluid(θ)

t∫
−∞

dτeiωn+1τ ⟨VL(τ)⟩{n}|2 (38)

S
(n)
SP,coh,sr(t) =


−N−1

2
Re

1−

(
1−

∑
l≥1

lβlv
−l

)−1


N2

v ′ Ppoly(θ,N) + N4

v ′2XP2
poly(θ,N)

× (39)

×|
t∫

−∞

dτeiωn+1τ ⟨VL(τ)⟩{n}|2

SST represents the stimulated heterodyne detected signal. This includes
self-heterodyne detected techniques such as pump-probe and stimulated Hyper-
Raman scattering. The remaining terms describe spontaneously generated
signals which can be homodyne detected. SSP,incoh is incoherent, phase in-
sensitive scales as ∼ N as for multi-photon induced fluorescence. SSP,coh,lr

describes the coherent response of all possible molecular pairs. Linear sig-
nals of this type coincide with the incoming beam. Nonlinear signals include
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Hyper-Raman scattering sum/difference frequency generation.
SSP,coh,sr is a short range coherent spontaneous signal. Identical oriented

polymer molecules give a directed phase matched signal. The degree of phase-
matching depends on the polymer size, internal structure and interaction
between the polymers. The random-walk model suggests that the signal
consists of two terms in the molecular density v ′−1 expansion.

We have further investigated the nonlinear scattering from the solute rep-
resented by the non-ideal gas described by the osmotic pressure, density and
fugacity. The signal is phase-insensitive and can be recast into an infinite
series in the molecular density

∑
lβlv

−1. The exact calculation of the neces-
sary irreducible integrals is a difficult challenge. We discussed two limiting
cases of ordinary and anomaly first order transitions and compared them to
the hard sphere model. Such signals are both phase-insensitive and depend
on the molecular density and we associate them with Rayleigh and Hyper-
Rayleigh scattering.

Eqs.(35) providea convinient starting point for the superoperator CTPL
expansion of the nonlinear polarization. The rules are given in Appendix B.
We shall illustrate this for stationary nonlinear spontaneous signals generated
by two incoming classical fields: E1e−iω1t and E2e−iω2t around two-photon
resonances ω3 ≈ ω1 + ω2. The molecules are described by the three level
ladder system: {{|g⟩, |g′⟩} , |e⟩, |f⟩}, shown in Fig. 4(B). The ground state
manifold2 contains at least two levels {|g⟩, |g′⟩}.

The incoherent signal (37) gives rise to hyper-Raman and two-photon in-
duced fluorescence which may be distinguished by including dephasing pro-
cesses [1]. This goes beyond the scope of this presentation.

Since all incoming modes are classical the stationary signals (t → ∞)
can be recast in terms of nonlinear susceptibilities using the CTPL shown in
Fig. 4(C1) as:

SHRAM,TPIF (−ω3;ω2, ω1) = (40)

= 2NReχ
(5)
LR−−−(−ω3;ω3,−ω2, ω2,−ω1, ω1)|E1|2|E2|2

2The model allows Brillouin scattering [30, 31]. That is the moving interference pattern,
provided by the incoming pump fields and Stock shifted backward scattered generated
wave, may create an acoustic wave. This, in turn, lifts the degeneracy of the molecular
ground state and modifies the density dependent pre-factor for the short-range coherent
signals. In some cases the acoustic wave may also reflect the incoming modes via Brag
diffraction thus increasing the power of the generated signal. Brillouin scattering is a type
of Raman scattering.
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(D)

Figure 4: Three wave mixing process with two classical and one quan-
tum modes: (A) phase-matching condition; (B) molecular level scheme; (C)
CTPL for the incoherent Hyper-Raman and two-photon induced fluorescence
(TPF) (C1) and long range coherent Homodyne detected sum frequency gen-
eration (SFG) as well as short range coherent Hyper-Rayleigh (C2). (D)
specter measured from PMMA polymers of oriented DCM [18].
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where the susceptibility is recast in the mixed representation (L/R for the
generated mode, and +,− for the classical incoming modes [20]). It can be
written in terms of the Green’s function G(ω) = ~/(~ω−H0+ i~γ)−1, where
γ is a dephasing rate:

χ
(5)
LR−−−(−ω3;ω3,−ω2, ω2,−ω1, ω1) = (41)

=
i5

5!~5
∑
p

⟨g|V G†(ωg + ω1)V G†(ωg + ω1 + ω2)V
†×

×G†(ωg + ω1 + ω2 − ω3)V G(ωg + ω1 + ω2)V
†G(ωg + ω1)V

†|g⟩

Here p stands for permutations of the incoming field within each branch of
the loop diagram. Expanding Eq.(41) in molecular energy levels ωeg, ωef , ωfg

and the corresponding transition dipole moments µeg, µef , µfg we obtain:

χ
(5)
LR−−−(−ω3;ω3,−ω2, ω2,−ω1, ω1) = (42)

=
i5

5!~5
∑
p

∑
g,g′

|µegµefµfg′|2

[(ω1 − ωeg)2 + γ2] [ω1 + ω2 − ωfg + iγ]
×

× 1

[ω1 + ω2 − ωfg′ − iγ] [ω1 + ω2 − ω3 − ωgg′ − iγ]

The long range coherent signal (38) for our model is a homodyne-detected
sum frequency generation (SFG) [19, 32, 18]:

SSFG(−ω3;ω2, ω1) = (43)

= N(N − 1)|E1|2|E2|2|Pfluid(θ)δ(ω3 − ω2 − ω1)χ
(2)
L−−(−ω3;ω2, ω1)|2

This susceptibility can be calculated from the CTPL in Fig.4(C2): (Ole-more
to this equation)

χ
(2)
L−−(−ω3;ω2, ω1) =

∑
p

i2

2!~2
⟨g|V G(ωg + ω1 + ω2)V

†G(ωg + ω1)V
†|g⟩ =

=
∑
p

i2

2!~2
∑
g

µgeµefµfg

[ω1 − ωeg + iγ] [ω1 + ω2 − ωgf = iγ]
(44)

The short range coherent signal (39) for our model gives density dependent
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hyper-Rayleigh (HRAY) scattering [33, 12, 13, 14]:

SHRAY (−ω3;ω2, ω1) =


−N−1

2
Re

1−

(
1−

∑
l≥1

lβlv
−l

)−1


N2

v ′ Ppoly(θ,N) + N4

v ′2XP2
poly(θ,N)

×

×|E1|2|E2|2|δ(ω3 − ω2 − ω1)χ
(2)
L−−(−ω3;ω2, ω1)|2 (45)

In Fig.4(D) we display the experimental spontaneously generated signal from
a polymer solute [18]. The SFG signal has a sharp resonance, as expected
from the delta function in Eq. (43), while the TPIF signal is broadened and
covers the range of ωg′,g in accordance with Eq. (40). The hyper-Rayleigh
signal (4) has the same resonance as SFG, since both are determined by the
square of the second order susceptibility.

Note that all the signals discussed above are generated by classical in-
coming fields, and may be also calculated using standard susceptibility with-
out invoking the CTPL formalism. The present microscopic treatment can
predict signals generated by non-classical incoming modes [34, 35, 36]. Fur-
thermore, even though in this paper we neglected the molecular orientational
degrees of freedom, they play important role in distinguishing between SFG
and HRAY processes. To take that into account we shall add a superscript
to the transition dipole moment µi

αβ indicating its orientation with respect to
the i-th component of the optical field. The intensity of (43) and (4) signals
is then proportional to:

⟨(µi′

g′e′)
⋆(µj′

e′f ′)
⋆(µk′

f ′g′)
⋆µi

geµ
j
efµ

k
fg⟩rav (46)

where primed and unprimed indices denote two different molecules in the
molecular pair; ⟨· · · ⟩rav is rotational averaging [33]. For such long range
coherent signals such as SFG, correlation between the two molecules in the
pair is negligible and Eq.(46) can be factorized as: |⟨µi

geµ
j
efµ

k
fg⟩rav|2. In an

isotropic media, this vanishes by symmetry [10, 37] leaving only short range
coherent signals HRAY.
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Figure 5: (Color on-line) Semi-classical heterodyne detection of incoherent
nonlinear signals.

A Semiclassical vs. quantum field derivation

of heterodyne detected signals.

In this appendix we calculate the heterodyne detected incoherent nonlinear
signal from a linear chain of molecules which interact with n + 1 classical
optical fields. The chain extends between −L/2 to L/2 along the x axis. The
heterodyne detected signal is given by the electric field of the signal mode
at x = X far from the sample, as shown in Fig.5. We shall demonstrate
equivalence of the semiclassical and quantum approaches.

We start with the semiclassical of the signal field. Following Ref.[24] the
calculation will be divided into two steps. We first derive the electric field on
the auxiliary object (aperture) via Maxwell’s equations with the optical field
driven by the nonlinear polarization of the atomic primary sources. Second,
the aperture serves as the point secondary source of a spherical signal wave
which is calculated with the propagator formalism.

For k{n}L ≫ 1, the sample can be treated as continuous medium. The
incoming waves create a nonlinear polarization wave along the sample:

P{n}(x, t) = Pn(t) exp
(
i
(
k{n}x− ω{n}t

))
(47)

where Pn(t) is slowly varying | ∂
∂t
P{n}(t)| ≪ |ω{n}P{n}(t)|. This polarization

is the primary source of the generated mode whose electric field is:

En+1(x, t) = En+1(x, t) exp (i(kn+1x− ωn+1t)) (48)
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where En+1(t) is the slowly varying field amplitude (in space and time).
The electric field of the generated mode and the polarization induced by

the incoming modes are connected by the Maxwell equations:(
∂2

∂x2
+

(
kn+1

ωn+1

)2
∂2

∂t2

)
En+1(x, t) = (49)

= −4π

c2
∂2

∂t2
P{n}(x, t)

Substituting Eq. (47), (48) into (49) and using the slowly varying amplitude
approximation for the generated and polarization we get:

ikn+1
∂

∂x
En+1(x, t) = (50)

= −2π
ω2
{n}

c2
P{n}(t) exp (i(∆kx− (ωn+1 − ω{n})t))

At the beginning of the illuminated region the amplitude of the generated
mode vanishes En+1(−L/2, t) = 0. Using this condition and integrating
Eq. (50) over the sample range we obtain the generated mode at the aperture:

En+1(L/2, t) = −
2πiω2

{n}

kn+1c2
P{n}(t)Lsinc(∆kL/2)× (51)

× exp (i(kn+1L/2− ωn+1t))

The signal field is given by Fresnel diffraction from a point-like secondary
source which correspond to a single Huygens wavelet:

En+1(X, t) = (52)

= − i

kn+1X
En+1(L/2, t) exp (i(X − L/2)kn+1) =

= − 2π

Xn2(ωn)
P{n}(t)Lsinc(∆kL/2)×

× exp (i(kn+1X − ωn+1t))

Here n(ωn+1) is the refractive index of the sample and the 1/X factor ac-
counts for the spherical nature of the Huygens wavelet.

We now turn to the signal obtained from a quantum description of the
field. Here each atom is the primary and only source of the signal wave. The
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signal wave is given by the interference from the Huygens wavelets in Eq. (3).
Using Eq. (7) one can obtain equation of motion for the photon annihilation
operator:

d

dt
an+1(t) = i

[
H

(n+1)
int , an+1(t)

]
= (53)

= i

∫
dx

√
2πωn+1

Ωn+1

⟨V (x, t)⟩{n} exp (−i(kn+1x− ωn+1t))

We shall integrate equation of motion (53) under the following conditions:

1. the expectation value of the polarization operator is given by Eq.(10);

2. initially the polarization ⟨V (x,−∞)⟩{n} is zero;

3. the polarization has a slowly varying temporal amplitude:

t∫
−∞

⟨V (τ)⟩{n}dτ = P{n}(t)
exp (−iω{n}t)

−iω{n}
;

From Eq. (3) we obtain the signal optical field:

En+1(X, t) =
−2Nπωn+1

LΩn+1ω{n}

(i(kn+1X − ωn+1t))

X
× (54)

×Pn+1(t)

L/2∫
−L/2

exp (i∆kx)dx

Using the resonant condition ωn+1 − ω{n} ≈ 0, and Eq. (16), (17) we finally
get:

En+1(X, t) = − 2πN

Ωn+1X
P{n}(t)sinc(∆kL/2)× (55)

× exp (i(kn+1X − ωn+1t))

By comparing Eq. (55) with (52) we see that the two approaches give iden-
tical results, apart from the factors L/n′(ωn+1) vs. N/Ωn+1 which are model
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specific and arise from the single signal mode approximation. The het-
erodyne signal is obtained by treating the heterodyne wave as a spheri-
cal wave emitted by the aperture (which bring the Goui phase [24] factor
i/(kn+1X)): Es(X, t) = i/(kn+1X)Es(L, t) which brings up the Goui phase
factor i/(kn+1X). Substituting the above equation along with Eq. (55)(or
(52)) into the signal Eq. 4:

SHET ∼ ℑ⟨V (r, t)⟩{n}E⋆
n+1/X

2(r, t)

Formally we apply the Goui phase twice in Eq. 4 for propagating the signal
and the heterodyne part. This leads to an overall pre-factor 1/(kn+1X)2.
One can skip the propagation steps and use Eq. (51) directly En+1 ∼ iPn.
This is the standard semiclassical procedure.

B Generalized susceptibility and it’s CTPL

representation.

In this appendix we introduce the generalized susceptibilities used in the
last section. These are based on the superoperator non-equilibrium Green’s
functions (SNGF’s) [38, 39]. The SNGF’s of nth order are defined as traces
of time ordered products of such superoperators:

⟨T A+(t)A+(tn) . . . A+(tn−m+1)︸ ︷︷ ︸
m

A−(tm−n) . . . A−(t1)︸ ︷︷ ︸
n−m

⟩

where m = 0, . . . , n. The SNGF’s may contain an arbitrary number of +
and − superoperators. The chronologically last superoperator must be a
”+” one, otherwise the SNGF vanishes.

The material V and optical E SNGF’s are defined as:

V(n)
Lνn...ν1

(τ, tn, . . . , t1) = (56)

⟨T V ′
L(τ)V

′
νn(tn) . . . V

′
ν1
(t1)⟩

E(n)
νn...ν1

(tn, . . . , t1) = (57)

⟨T E ′
ν̄n(tn) . . . E

′
ν̄1
(t1)⟩

where subscript ν is the superoperator index which depends on the repre-
sentation; V ′

ν = Vν + V †
ν and the net field operators. SNGF’s of the form
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V(m)

+− . . .−︸ ︷︷ ︸
m

give causal ordinary molecular response function of mth order.

The material SNGF of the form V(m)

++ . . .+︸ ︷︷ ︸
m

represent mth moment of molec-

ular fluctuations. The material SNGF of the form V(m)

++ . . .+︸ ︷︷ ︸
m′

− . . .−︸ ︷︷ ︸
m−m′

indi-

cates changes in m′th moment of molecular fluctuations induced by m − n
light/matter interactions. In the other representation the material SNGF

V(m)

LL . . . L︸ ︷︷ ︸
n

R . . . R︸ ︷︷ ︸
m−n

represent a Liouville space pathway with n+1 interactions

from the left (i.e. with the ket) and m − n interactions from the right (i.e.
with the bra).

The average material field in Eqs. (35)-(39) can be written in terms of
the defined above SNGF’s as:

⟨VL(τ)⟩{n} =
in

n!~n
∑
νn

. . .
∑
ν1

∞∫
−∞

dtn . . . dt1 (58)

Θ(τ)V(n+1)
Lνn...ν1

(τ, tn, . . . , t1)×

E(n)
ν̄n...ν̄1 (tn, . . . , t1)

where tn, . . . , t1 are the incoming modes light/matter interaction times. The

factor Θ(τ) =
n∏

i=1

θ(τ−ti) guarantees that the τ is the last light-matter inter-

action with the detected mode which has been taken care of separately. The
indexes ν̄j are the conjugates to νj and are defined as follows: the conjugate
of + is − and and the conjugate of L is R. Eq. (58) implies that is the
excitation in the material are caused by fluctuations in the optical field and
vice versa. Here we use a mixed representation in order to separate classi-
cal incoming (± representation) and quantum detected (L,R representation)
optical modes.

Eqs. (40), (43), (4) were obtained by recasting material SNGF’s in Eq. (58)
into the form of generalized susceptibilities. Those are formally defined as in
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the frequency domain by performing a multiple Fourier transform:

χ
(n)
Lνn...ν1

(−ωn+1;ωn, . . . , ω1) = (59)∫ ∞

−∞
dτ . . . dt1Θ(τ)ei(ωntn+...+ω1t1)

δ(−ωn+1 + ωn + . . .+ ω1)V(n)
Lνn...ν1

(τ, tn, . . . , t1)

The SNGF χ
(n)

+− . . .−︸ ︷︷ ︸
n

(−ωn+1;ωn, . . . , ω1) (with one + and the rest − indices)

are the nth order nonlinear susceptibilities or causal response functions. Oth-
ers can be interpreted similarly to their time domain counterparts (56).

The generalized susceptibilities written in terms of L,R superoperators,
can be represented by close-time path loop (CTPL) diagrams introduced
by Schwinger-Keldysh many body theory. The following rules are used to
construct the diagrams [21, 11]:

1. Time runs along the loop clockwise from bottom left to bottom right.

2. The left branch of the loop represents the ”ket”, the right represents
the ”bra”.

3. Each interaction with a field mode is represented by an arrow line on
either the right (R-operators) or the left (L-operators).

4. The field is marked by dressing the lines with arrows, where an arrow
pointing to the right (left) represents the field annihilation (creation)
operator Eα(t) (E

†
α(t)).

5. Within the RWA, each interaction with the field annihilates the photon
Eα(t) and is accompanied by applying the operator V †

α (t), which leads
to excitation of the state represented by ket and dexcitating of the state
represented by the bra, respectively. Arrows pointing ”inwards” (i.e.
pointing to the right on the ket and to the left on the bra) consequently
cause absorption of a photon by exciting the system, whereas arrows
pointing ”outwards” (i.e. pointing to the left on the bra and to the
right on the ket) represent dexcitating the system by photon emission.

6. The observation time t, is fixed and is always the last. As a convention,
it is chosen to occur from the left. This can always be achieved by a
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reflection of all interactions through the center line between the ket
and the bra, which corresponds to taking the complex conjugate of the
original correlation function.

7. The loop translates into an alternating product of interactions (arrows)
and periods of free evolutions (vertical solid lines) along the loop.

8. Since the loop time goes clockwise along the loop, periods of free evo-
lution on the left branch amount to propagating forward in real time
with the propagator give by the retarded Green’s function G. Whereas
evolution on the right branch corresponds to backward propagation
(advanced Green’s function G†).

9. The frequency arguments of the various propagators are cumulative, i.e.
they are given by the sum of all ”earlier” interactions along the loop.
Additionally, the ground state frequency is added to all arguments of
the propagators.

10. The Fourier transform of the time-domain propagators adds an addi-
tional factor of i(−i) for each retarded (advanced) propagator.

11. The overall sign of the SNGF is given by (−1)NR , where NR stands for
the number of R superoperators.
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