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ABSTRACT   

Multidimensional analysis of coherent signals is commonly used in nuclear magnetic resonance to study correlations 
among spins.  These techniques were recently extended to the femtosecond regime and applied to chemical, biological 
and semiconductor systems.  In this work, we apply a two-dimensional correlation spectroscopy technique which 
employs double-quantum-coherence to investigate many-body effects in a semiconductor quantum well. The signal is 
detected along the direction k1+ k2- k3, where k1, k2 and k3 are the pulse wave vectors in chronological order.  We show 
that this signal is particularly sensitive to many-body correlations which are missed by time-dependent Hartree-Fock 
approximation. The correlation energy of two-exciton can be probed with a very high resolution arising from a two-
dimensional correlation spectrum, where two-exciton couplings spread the cross peaks along both axes of the 2D 
spectrum to create a characteristic highly resolved pattern. This level of detail is not available from conventional one-
dimensional four-wave mixing or other two-dimensional correlation spectroscopy signals such as the photo echo (-k1+ 
k2+ k3).  
  

Keywords: double-quantum-coherence, many-particle correlation, two-dimensional correlation spectroscopy, ultrafast 
spectroscopy, semiconductor quantum wells. 
 

1. INTRODUCTION  
The coherent ultrafast response and many-body correlations in semiconductor heterostructures have been studied 

extensively in the past two decades [1-9]. Nonlinear four-wave mixing (FWM) experiments have long been known to 
provide direct probes for many-body effects in the ultrafast dynamics of excitons in semiconductor quantum wells.  
FWM signals are commonly displayed as a function of a single (time or frequency) variable, and hence provide a one-
dimensional (1D) projection of the microscopic information. 1D spectra are hard to interpret in systems with many 
congested energy levels. The spectroscopic signatures of complex many-body dynamics projected on a 1D spectral plot 
strongly overlap and may not be easily identified within the observation window. This is particularly true for large 
semiconductor structures that contain many bound exciton states and continuum states. Moreover, due to various 
dephasing and relaxation mechanisms, the coherent response usually persists only on picosecond time scale. Thus, 
signatures of complex many-body dynamics may not be easily identified. For example, when 1D techniques are 
employed in GaAs III-V semiconductor quantum wells, it is difficult to pinpoint the signatures of two-excitons due to 
the small (1 to 2 meV) two-exciton correlation energies, i.e., biexciton binding energy and unbound two-exciton 
scattering energy. Two-exciton effects can be easily masked by homogeneous and inhomogeneous line broadening. 
When both light-hole (LH) and heavy-hole (HH) excitons and their interactions are taken into account, the situation 
becomes even more complicated since there are different types of two-excitons such as LH, HH and mixed two-excitons. 
Resolving this is hard even in II-VI semiconductor QWs, where the two-exciton interaction energies are much larger 
(from several to several tens of meV[10].   

Multi-dimensional spectroscopy [11-13] in which the optical response is recorded and displayed versus several 
arguments, can overcome these limitations by separating the signatures of different pathways of the density matrix, 
known as Liouville space pathways[14]. Because different pathways are usually connected with specific couplings, one 
can resolve different coherences and many-body interactions by focusing on different peaks in multi-dimensional 
correlation plots. Visible and infrared 2D Correlation Spectroscopy (2DCS) is a femtosecond analogue of multi-
dimensional nuclear magnetic resonance (NMR)[15-16] that has been shown to be very powerful for probing the  
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structure and dynamics in chemical and biological systems[17-21]. These techniques can reveal the coupling strengths of  

elementary quasiparticle excitations through cross-peaks. After several attempts[22-26] to go beyond 1D techniques in 
semiconductors, the first experimental implementation of 2DCS to investigate the many-body Coulomb interactions 
among LH and heavy-hole HH excitons in semiconductors has been reported recently[27-28]. In this work, we present 
the basic principles of 2DCS of semiconductor quantum wells [29] and apply a specific 2DCS technique involving 
double-quantum-coherence to probe the exciton correlation energy [30-31] in semiconductor quantum wells with high 
resolution.  

 

2. BASIC PRINCIPLES OF 2DCS 
In 2DCS, three ultrashort laser pulses generate a signal which is heterodyne-detected by a fourth pulse in a chosen 

phase-matching direction, as shown in Figure 1. Three time delays t1, t2 and t3 can be controlled between the four pulses, 
k1, k2 and k3 and k4. In an excitonic model, the possible phase-matching directions, -k1+k2+k3, -k1+k2+k3 and -k1+k2+k3, 
represent three techniques referred to as SI, SII and SIII respectively [11,31]. The time-domain nonlinear signal, S(t1, t2, t3), 
is given by combinations of multi-time correlation functions which depend on the time t1, t2 and t3. The 2DCS signal is 
displayed in the frequency-domain by a Fourier transform of S(t1, t2, t3) with respect to two time delays while holding the 
third fixed, i.e.,     

 

 

 

where 123 ,, ΩΩΩ  are the Fourier conjugate frequencies corresponding to t3, t2, and t1  respectively.  

 

  
Figure 1. Schematic experimental setup for 2DCS. 

       The 2D spectrum provides a panoramic view with a much higher resolution not available in 1D four-wave-mixing 
(FWM) techniques. Strict time ordering among different pulses further simplifies the spectra. Note that three time delays 
t1, t2 and t3 are all positive in contrast to the conventional FWM where there is no fixed time ordering among the pulses 
and their delays can be either positive or negative. With the time ordering among the pulses and detection of the signal 
along specific phase-matching directions in 2DCS, quantum pathways involved in the third-order response can be 
separated. For example, within the rotating wave approximation for resonant excitations, all quantum pathways involved 
can be separated into three groups, each corresponds to a particular direction, as shown in Figure 2 [11, 14]. These 
pathways are represented by the double-sided Feynman, where e and f represent respectively single-exciton and two-
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exciton manifolds and g represents ground state (exciton level scheme is shown on top right of Figure 2). The rules of 
these diagrams were given in Ref. [14].   

The time-ordering of the pulses and directional detection in 2DCS thus help identify which quantum pathways are 
involved in a particular technique. For example, the photo-echo signal corresponds to the SI technique. FWM 
experiments involving double-quantum-coherence, however, correspond to SIII technique. The widely applied pump-
probe experiments, are most easy to implement but hard to interpret since they are the combination of SI and SII due to 
the lack of time ordering among the pump and probe pulses. Moreover, SI, SII and SIII techniques provide complementary 
information. The focus of this paper is on the probing of two-exciton correlation energy and thus the best choice is SIII 
which involves double-quantum-coherence during t2. This technique is not suitable for studying population transport 
because population is never created. Incoherent population transfer can be studied using SI or SII where population is 
prepared during the time delay t2.  

 

 

Figure 2. Feynman diagrams for the three possible coherent 2D spectroscopic techniques. 

 

3. HEAVY-HOLE EXCITONS AND TWO-EXCITONS IN GAAS QUANTUM WELLS 
We study the correlation energy of two-excitons, we next consider only the correlation energy among heavy-hole 

(HH) excitons in semiconductor quantum wells using the SIII technique. We first present a qualitative study of the 2D 
spectrum with double-sided Feynman diagrams. In semiconductor quantum wells, two single excitons can form three 
types of two-excitons: unbound, bare and bound two-excitons, with respectively the energy of 1f , 2f and 3f , as 
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schematically shown in the top left of Figure 3.  R and L in Figure 3 indicate respectively right and left circularly 
polarized photons.  With this level scheme, the two Feynman diagrams in Figure 2 for SIII (diagrams vii and viii) reduce 
to the two diagrams on the top right of Figure 3, where indices e’ and e are collapsed into a single index e due to the 
existence of only one type of excitons (HH).  However, the two-exciton state, f  can still assume three possible 

values 1f , 2f and 3f .  

To simplify our discussion, we assume that only bound two-excitons exist ( f  = 3f ) and thus the two diagrams on 
the top right further simplify to the two diagrams on the bottom left. We now use this simplified Feynman diagrams to 
predict the schematic 2D spectrum. We investigate the SIII signals in the ( 23,ΩΩ ) plane. In the time domain, we thus 
investigate the resonance during t3 and t2. From diagram (vii) in the bottom left, we see the resonance energy during 
during t3 and t2 are respectively e and 3f = 2e- bΔ , where bΔ  is the correlation energy of bound two-excitons. Thus in 

the ( 23,ΩΩ ) plane, we obtain a signal at (e, 2e- bΔ ). This contribution is denoted by a solid square and is illustrated in 
the 2D spectrum on the bottom right of Figure 3. Using the same analysis but for diagram (viii) in the bottom left, we 
obtain the signal at ( 23,ΩΩ ) = (e- bΔ , 2e- bΔ ), denoted by a solid square. 

 
Figure 3. Schematic 2D spectrum derived from SIII Feynman diagrams  

for HH excitons in semiconductor quantum wells. 
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Incorporating the bare and unbound two-excitons, f  = 1f  and 2f , we obtain another two sets of Feynman 
diagrams. These contributions are denoted by the open square and triangle for unbound two-excitons, and open circle for 
bare two-excitons, as shown in Figure 3.  Feynman diagram analysis allows to predict the schematic 2D spectrum 
without detailed calculations. This will help to assign the key features of calculated 2DCS signals presented below.  

 

4. NUMERICAL SIMULATIONS  
2DCS signals are usually calculated using nonlinear response functions by summing over the relevant eigenstates of 

a system [14]. The exciton eigenstates of many-body systems such as quantum wells are too expensive to calculate. 
Therefore, alternative quasi-particle techniques are applied to calculate nonlinear response signals. These include the 
Nonlinear Excitonic Equations (NEE) [32-35] or the Dynamics Controlled Truncation (DCT) formalism [4] to account 
for the many-body interactions beyond the time-dependent Hartree-Fock (TDHF) level. To close the infinite hierarchy of 
dynamical variables, the equations of motion are truncated according to the desired order of the laser field. However, 
calculating the 2DCS of semiconductor quantum wells still requires an intensive numerical effort.  To make these 
calculations tractable, we shall use a multi-band one-dimensional tight-binding model [8] to describe the excitons and 
two-excitons of a single quantum well. This model reproduces many spectroscopic observables in quantum-wells such as 
the signs of energy shifts, bleaching and induced absorption and often even their relative strengths, and the dependence 
on the polarization directions of the incident pulses. Details of the calculation can be found in Refs. [29,31] 

 
Figure 4. (Top) The 2D spectra simulated with full calculation (Panel A) and within time-dependent Hartree-Fock 

approximation (Panel B).  (Bottom) Schematic 2D spectrum and the corresponding Feynman diagrams. The laser pulses 
are tuned to the red of exciton energy in the calculation.  

In Figure 4, we present the simulated 2D SIII spectra. Using the same parameters of Ref. [36], we set the dephasing 
times for excitons and two-excitons to be 2ps and 1ps respectively. All spectra are calculated with Gaussian pulses. The 
frequency origin in all panels is set to e for 3Ω  and 2e for 2Ω , where e is the single HH exciton energy (~ 1520 meV).  
All peaks or shoulders are assigned using the symbols given in Figure 3.  Panel (A) attempts  to probe two-exciton 
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binding energy (TBE) and hence the pulse parameters are chosen such that red shifted two-excitons are selectively 
excited.  Due to the specific tuning of pulse center frequency and narrow bandwidth, only three of the five peaks in the 
schematic 2D spectrum are shown, as indicated by three symbols: solid square, triangle and open circle. The 
corresponding schematic 2D spectrum and the Feynman diagrams are also presented at the bottom of Figure 4.    

In panel (A), circles and solid squares are strong and well resolved along 2Ω , while solid squares and triangles are 

not resolved along 3Ω . This can be understood by examining the resonances. Along t2, both SIII diagrams have only 

two-exciton to ground-state resonance (f-g) and thus 2Ω  provides a clean projection of the two-exciton correlation 
energy. However, along t3, one diagram has exciton-ground-state resonance (e-g), and the other has two-exciton to 
ground-state resonance (f-e). These two resonances will be mixed in the total signal and thus reduce the resolution. This 
is particularly true when the two-exciton correlation energy is small and comparable to the exciton line width.  From 
these arguments, we know that the 2Ω value of the solid square gives the TBE (the separation of open circle and solid 
square). The TBE can thus be obtained from the well-resolved solid square in panel A. We thus circumvent the difficulty 
of probing TBE from the splitting between solid square and the unresolved solid triangle, which overlap with e-g and f-e 
resonances along 3Ω . Panel (B) is calculated by the TDHF approximation which neglects two-excitons correlations. As 
expected, features related to red shifted two-excitons such as the solid square and triangle, vanish.   

 
Figure 5. (Left) Calculated 2D spectrum with fast dephasing times). (Right) 

Schematic 2D spectrum and spectrally resolved FWM signal. 

Thanks to the panoramic view offered by the 2D spectrum, the TBE may be extracted even it is comparable or 
smaller than the single-exciton line broadening.  Figure 5 shows the 2D spectrum calculated with faster dephasing times, 
1.0ps/0.5ps, for exciton/two-excitons. Under this situation, the two peaks denoted by the circle and solid square cannot 
be resolved even along the clean 2Ω  axis. However, it is still possible to obtain the TBE from the 'ridge' of the contour 

lines (two white lines).  The TBE is given by the 2Ω value of the bottom line.  The reason leading to the identification of 
this white line is the coexistence of solid triangle and square in a 2D spectrum.  Such resolution cannot be achieved by 
conventional 1D FWM techniques. For example, as schematically shown at the bottom right of Figure 5, although we 
can see a bump to the left of HH exciton in a spectrally resolved FWM signal (marked by a red arrow), we cannot 
resolve the TBE due to the large exciton broadening.  

In Figure 6, the calculations of Figure 4 are repeated but with pulses tuned to the blue side [30] of single-exciton in 
order to resolve the two-exciton scattering energy (TSE), which arises from the interaction of two same-spin excitons. 
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We can obtain the blue-shifted TSE, from the open triangle (a shoulder but not a resolved peak) in panel A, even though 
we cannot resolve open square from two-exciton continuum along 2Ω . We obtain the TSE by the 2Ω value of the peak 
denoted by the open triangle. In a 1D spectrally resolved FWM experiment, we cannot achieve such a resolution, as 
schematically shown in the bottom left of Figure 6, where we cannot resolve the TSE by a bump pointed by a blue arrow.  
Panel (B) repeats the calculation in panel (A) using the TDHF approximation. As expected, the higher-order correlation 
effects such as the open square and triangle in panel (A) are missing.  

 
Figure 6. (Top). The 2D spectra simulated with full calculation (Panel A) and with time-dependent Hartree-Fock 

approximation (Panel B).  (Bottom). Schematic 1D spectrally resolved FWM signal (left) and 2D spectrum (right). 
The laser pulses are tuned to the blue of exciton energy.  

We demonstrate that a 2DCS technique, SIII, is intrinsically sensitive to two-exciton correlations and can 
distinguish between different species of excitons and two-excitons in photo-excited semiconductors by spreading them 
along two axes.  Combining the information from different Liouville space pathways, this technique can accurately 
retrieve two-exciton binding energy even when it is smaller than exciton line broadening.  We further report an 
unambiguous signature of correlated unbound two-excitons lying underneath the two-exciton continuum. 

In summary, we demonstrate that 2DCS with double-quantum-coherences gives much higher resolution to exciton 
correlation energies than other 2DCS and 1D FWM techniques. This is due to the fact that the TBE-related contribution 
(solid square) always has an associated feature (solid triangle) to the red, and the TSE related contribution (open square) 
always has an associative feature (open triangle) to the blue, as qualitatively described in Figure. 3.  Moreover, the solid 
square and triangle (open square and triangle) always appear in pairs and thus we can easily obtain accurate TBE(TSE) 
by identifying both features, even when line broadening is large.  For example, in Figure 5, the much weaker solid 
triangle plays a crucial role in identifying the solid square.  Similarly, in Figure 6, we cannot identify the open square 
without the help of the open triangle.  Thus it is impossible to resolve the signature of blue-shifted two-excitons 
(unresolved open square and triangle) in Figure 6 with conventional 1D FWM where the signature will either be covered 
by the two-exciton continuum along 2Ω  or along 3Ω  by the broadening of the much stronger single-exciton peak, the 

circle.  This cannot be obtained from any other 2DCS techniques where two-excitons show up along a single axis ( 3Ω  

but not 2Ω ).  However, with double-quantum-coherence 2DCS, we can easily obtain very accurate TSE, even though 
the open square and triangle are weak and may not be resolved along any single axis.   
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