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Excitons represent collective optical excitations in which the motions of electrons belonging to
different chromophores are correlated. We discuss the utility of the notion of entanglement
commonly used in quantum information processing, in the description of these excitations. A
distinction is made between some apparent entanglement effects associated with the linear response
that may be removed by a transformation of coordinates and can be handled classically, and genuine
entanglement that is fundamentally quantum in nature and shows up only in the nonlinear optical
response. © 2010 American Institute of Physics. �doi:10.1063/1.3454657�

The role of quantum effects in exciton dynamics and
transport in molecular aggregates is of considerable current
interest. This controversial question is both fundamental and
has practical implications to, e.g., the efficiency of photosyn-
thetic light harvesting in biological complexes and the design
of biomimetic solar cells.1–5 For this debate to be meaningful
it is necessary to clearly define a proper reference classical
system and identify deviations from it as “quantum effects.”

Exciton models have long been used to describe elec-
tronic excitations and optical properties of molecular crystals
and aggregates. In this picture each chromophore is viewed
as a localized oscillator. The actual electronic excitations are
collective �delocalized� and this gives rise to several charac-
teristics in their linear spectroscopy: Redistributed oscillator
strengths among different transitions and cooperative spon-
taneous emission �super-radiance�. Convenient measures of
the degree of delocalization are provided by various types of
participation ratios.6–11 The same underlying issue of coher-
ence among particles is addressed in the field of quantum
information processing but from a very different angle.12–14

Quantum computing algorithms are based on the manipula-
tion of many-body systems into an entangled state by per-
forming local operations on individual chromophores. En-
tanglement is a purely quantum concept. The wave function
of an assembly of N two-level systems �q-bits� contains 2N

independent coefficients, provided the state is entangled �i.e.,
its wave function may not be factorized into a product of
functions of the various q-bits�. This provides an exponen-
tially large memory capacity. However, it should be noted
that entanglement is not an objective property of the state of
the system but rather depends on the choice of degrees of
freedom used to describe it. In a given state certain types of
degrees of freedom could be entangled but sometimes the
entanglement may be removed by a simple transformation of
coordinates.

To illustrate this point let us consider a system of N
coupled harmonic coordinates q� described by a quadratic
Hamiltonian. This Hamiltonian can be diagonalized by con-

structing normal modes via the transformation, Qj =�Sj�q�.
Using these collective coordinates we can write the eigen-
states as direct products,

� = �
j=1

N

� j�Qj� . �1�

Obviously, in this state the normal modes undergo indepen-
dent motions and are not entangled. This will not be the case
had we used the original q� coordinates which obviously are
entangled. We can thus choose between two types of descrip-
tions of the same state of the system: Either in terms of
independent normal modes or as entangled local motions.
The former is classical and by far simpler. This issue never
arises in quantum processing applications where there is no
ambiguity as to the choice of the relevant degrees of free-
dom. In those applications the entanglement must be invari-
ant under local unitary transformations and controlled by
simple �e.g., two q-bit� operations.7–9 It is for this reason that
entanglement is then measured in the site basis, rather than
the delocalized exciton basis. However, if we are merely
looking for a simple physical description for optical excita-
tions in aggregates we have some freedom in defining our
coordinates.

In this article we argue that the linear response can al-
ways be mapped onto a collection of unentangled quasipar-
ticle exciton coordinates and all observables related to linear
spectroscopy may thus be treated classically. Quantum en-
tanglement then shows up only in nonlinear spectroscopy. In
the following analysis we should keep in mind some impor-
tant differences from quantum computing applications. These
use strong saturating �� ,� /2� pulses in order to manipulate
the entire ensemble of q-bits. Signatures of entanglement are
imprinted in the many-body eigenstates. A system of N q-bits
has 2N such states which can be completely manipulated by
elementary one and two q-bit operations. Nonlinear spectros-
copy of complex chromophores, on the other hand, uses
weak fields in order to avoid undesirable photophysical and
photochemical processes that can take place at high degrees
of excitations. The system remains mostly in the ground statea�Electronic mail: smukamel@uci.edu.
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but its wave function acquires small contributions from
higher states. We thus typically consider separately groups of
states with successively larger number of quasiparticles
rather than the entire 2N manifold.

We start with the effective exciton Hamiltonian repre-
senting N chromophores,15,16

H = �
n

�nBn
+Bn + �

n1m

JnmBn
+Bm + � Knmn�m�Bn

+Bm
+Bn�Bm�.

�2�

Bn
+ �Bn� are Boson operators that create �annihilate� an ex-

citation on the nth chromophore and satisfy the commutation
relations �Bn ,Bm

+�=�nm. When the Hamiltonian �2� is de-
rived microscopically we naturally obtain operators which
satisfy different commutation rules. For example, for two-
level chromophores we have the Pauli commutation rule
�Bn

+ ,Bm�=�nm�1−2Bn
+Bn� Three-level chromophores have

different rules.11 If we start with the microscopic many-
electron Hamiltonian as is commonly done in semiconduc-
tors, then the elementary exciton operators create electron
hole pairs. The exciton operators are composite Bosons with
more complex commutations.16–18 Nevertheless, it is pos-
sible to recast the Hamiltonian in terms of Boson operators.
In the case of Frenkel excitons we can define a physical
space of states and modify the Hamiltonian �i.e., the param-
eters K in Eq. �2� or higher order terms if needed� so that its
eigenstates coincide with the physical space of interest.
Stated differently, excitons interact in two ways: via their
commutation rules �Pauli blocking� and by direct coupling. It
is possible to eliminate the former and use simple Boson
commutations and compensate for that by adding interaction
terms to the Hamiltonian. This is essential for developing the
quasiparticle picture. For example, to represent two-level
chromophores we add an interaction term �nBn

+Bn
+BnBn. �n

is an energy penalty that shifts the double exciton states on
the nth chromophore. By sending �n→� the shift is so large
that the state becomes decoupled from the physical space of
states and may be ignored. Each chromophore thus behaves
as a two-level system. A similar approach can be used for
multilevel chromophores. Many other elaborate Bosoniza-
tion schemes have been developed for including all interac-
tion effects in the Hamiltonian.17,18 They can all be used to
recast the Hamiltonian with different levels of sophistication
in terms of elementary Boson operators. By doing so the
system can be represented as a collection of anharmonic os-
cillators.

Hereafter we consider aggregates made out of two-level
chromophores. The exciton levels form distinct n-particle
manifolds. There is one ground state, N single-particle exci-
tations, N�N−1� /2 two-particle excitations, etc., to a total of
2N states. Linear spectroscopy only accesses the single-
particle manifold, �e�=�ncenBn

+�g�. We now define the col-
lective exciton coordinates by the following transformation:

Be = �
n

cenBn. �3�

The Boson commutations are preserved �Be ,Be�
+�=�ee1 and a

classical-oscillator picture of the system may be obtained by

using the corresponding dimensionless coordinates and mo-
menta,

Qe =
1
	2

�Be + Be
+�, Pe =

i
	2

�Be
+ − Be� . �4�

The single-exciton manifold and all linear optical properties
can be fully described by the effective harmonic Hamiltonian
which diagonalizes the first two terms in Eq. �2�,

H = �
e

�eBe
+Be. �5�

The single-exciton states Be
+�g� have a direct-product form

in this coordinate system and show no entanglement. All
entanglement effects such as exciton delocalization7,10,11 are
now incorporated through these coordinates and the single-
exciton eigenstates can be a described in terms of these non-
entangled normal modes. If we couple this Boson quasipar-
ticle system linearly to an optical field via the interaction
E�t��Be+Be

+�, the driven wave function will be given at all
times by the coherent state,

���t�� = exp
�
e

ce�t�Be
+��g� . �6�

Again, this factorized direct-product state shows no en-
tanglement.

Equation �6� represents the exact driven state of the
original Hamiltonian Eq. �2� only in the single-exciton space
where ���t���g�+�eceBe

+�g�, but breaks down in the higher
spaces. We thus conclude that single-particle excitations that
determine the linear response can be handled classically.
Technically the chromophores are entangled but this en-
tanglement can be easily removed by the transformation to
quasiparticle coordinates. In contrast, the entanglement may
not be generally eliminated for multiparticle states. The first
signatures of entanglement appear at the two-particle excita-
tion level. For noninteracting quasiparticles the two-exciton
eigenstates are given by the direct-product nonentangled
form,

�fo� = Be1

+Be2

+�g� . �7�

More generally, however, the two-exciton eigenstates are en-
tangled

�f� = �
e1e2

cf ,e1e2
Be1

+Be2

+�g� . �8�

Two-exciton states may be directly accessed by nonlinear
four wave mixing techniques. The two-exciton entanglement
has distinct signatures in two-dimensional �2D� double-
quantum-coherence spectroscopy.15,19 This time-domain
technique uses four short pulses with wavevectors k1, k2, k3,
and k4 �in chronological order� to generate the signal in the
direction k4=k1+k2−k3. The wave function of the optically
driven system is given by

���t�� = �g� + �
e

Re�t�Be
+�g� + �

f

Rf�t�Df
+�g� , �9�

where we have introduced creation operators for the two-
exciton states,
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Df
+ = �

e1e2

cf ,e1e2
Be1

+Be2

+. �10�

The time-dependent coefficients Re and Rf depend on details
of the pulse envelopes. The 2D spectra given by the Feyn-
man diagrams shown in Fig. 1 project this wave function into
many-body states that may be resolved by their energies. The
signal can be recorded versus the three delay periods be-
tween pulses t1, t2, and t3. 2D plots are obtained by a double
Fourier transform with respect to two of these variables,
holding the other fixed consider, for example, the signal,

S��1,�2,t3� = 
	

�

dt,
	

�

dt2 exp�i�1t1 + i�2t2�S�t1,t2,t3� .

�11�

�2 contains �f��g� resonances at 
 fg and shows the two-
exciton manifold. �1 shows the �e��g� resonances at 
eg.
Similarly in a different projection of the same signal,
S�t1 ,�2 ,�3� �3 will show both �e��g� and �f��e� resonances.
This signal vanishes for a system of noninteracting excitons
�Eq. �5�� due to destructive interference of the two diagrams.
It is thus induced by correlations. For weakly coupled exci-
tons we can calculate the signal using first order perturbation
theory: The eigenstates are unperturbed and show no en-
tanglement. However, the eigenvalues are shifted which
makes the signal finite �the two diagrams no longer cancel�.
We see N�N−1� /2 possible �f� peaks along �2 each having
two peaks along �1. The total number of peaks in the 2D
spectrum is therefore N�N−1�. This is illustrated for N=4 in
Fig. 2.For a strongly entangled system we can fill the entire

grid which gives N2�N−1� /2 possible peaks. We next
consider the S�t1 ,�2 ,�3� signal. Here we have again
N�N−1� /2 peaks at 
 fg along �2, but along �3 we have
N2�N−1� /2 �f��e� peaks at 
 fe and N �e��g� peaks at 
eg.
These signals thus carry direct information about the two-
exciton states and their degree of entanglement.

More generally, a coherent n-quantum coherence optical
signal can directly reveal the state of entanglement of n qua-
siparticle degrees of freedom by properly correlating the time
evolutions during selected and controlled delay periods. The
peak pattern becomes much richer for states with higher
numbers of particles. Consider, for example, the ��5� signal
generated at 3k1−2k2 which carries information on three
excitons. We will denote the � N

2
�= 1

6N�N−1��N−2� three-
exciton states as h. With the first delay period between k1

and k2 we will see 
hg resonances in �1 corresponding to the
various three-exciton states. Along the frequency associated
with the second delay ��2� between k2 and the detected sig-
nal we can see resonances of the types 
eg, 
 fe, and 
hf. The
rich peak pattern will show how the h states project into
various products of f and e states thus revealing three-
exciton entanglement.

The fact that exciton states may be delocalized among
chromophores is obviously interesting and implies quantum
communication between them, provided it survives decoher-
ence effects due to the surrounding medium. One could then
justifiably argue that the chromophores are entangled and
that the dynamics is profoundly quantum in nature. However,
as shown here, these quantum effects can be easily elimi-
nated by basing the description on the delocalized exciton
modes.

Quantum mechanics clearly enters into the definition of
the quasiparticle oscillators, but once this is done, the dy-
namics can be described in purely classical terms. This is
reminiscent of the normal mode description of harmonic mo-
lecular vibrations �Eq. �4�� where technically, the different
atoms in the molecule are entangled; however an equivalent
description in terms of independent normal modes is much
simpler. In the normal modes different atoms move in well
defined phases and all “quantum coherence” effects are in-
cluded in these phases. Oscillatory “quantum beats” in the
linear response can be fully understood with the classical-
oscillator picture. Once we identify our natural coordinates
for the many-body states based on the linear response, we
can then ask the following: Are these coordinates entangled
in higher �two, three particle, etc.� excited eigenstates? As
demonstrated here, this question can be unambiguously an-
swered by nonlinear spectroscopy where genuine quantum
entanglement effects show up. Entanglement at the single-
exciton level can always be eliminated, leaving it only to two
excitons and higher. 2D spectroscopy provides a direct ac-
cess to the entanglement of these coordinates in various
many-body states as selected by the 2D axes. Interactions
with the optical pulses can only manipulate one chro-
mophore at a time and create intramolecular coherences.
Many-body coherences build up during the free evolution
periods between optical pulses due to chromophore interac-
tions.

FIG. 1. Left: Many-body states and transition dipoles of the exciton model
of four coupled two-level chromophores. Shown is the ground state g, the
single-exciton manifold e, and the two-exciton manifold f . Right: The two
Feynman diagrams contributing to the double-quantum coherence signal. tj

are the time delays between laser pulses. For uncoupled quasiparticles the
two diagrams exactly cancel and the signal vanishes.

FIG. 2. Schematic 2D double-quantum-coherence spectra of the model in
Fig. 1 with four single-exciton and � two-exciton states. Left: No entangle-
ment. There are six two-exciton states shown along �2, each made out of
two excitons and has two peaks along �1, for a total of twelve peaks. Right:
Strongly entangled states. Now each two-exciton state can project into all
four single excitons giving 24 possible peaks.
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To fully exploit the oscillator picture, the optical re-
sponse of aggregates can be described by equations of mo-
tion for variables which represent different numbers of qua-
siparticles. These nonlinear exciton equations20–24 can be
truncated to the desired order in optical fields. To the linear
order they give the Drude oscillator model but additional
oscillator modes are needed to represent higher nonlinearari-
ties. In the quasiparticle picture, optical nonlinearities are
attributed to exciton scattering that results either from direct
coupling �nonlinearities in the Hamiltonian� or Pauli exclu-
sion �the non-Boson commutation relations�. The scattering
matrix which can be accessed via the nonlinear optical re-
sponse provides a convenient measure for genuine entangle-
ment of multiple excitons.

Finally we note that the present analysis was limited to
conventional spectroscopy with classical light where chro-
mophore entanglement is created solely by their interactions.
Spectroscopy with entangled photons is an exciting recent
development.25 Following the interaction with entangled
photons the chromophores may become entangled even
when they do not interact with each other. This could open
up new possibilities for creating and manipulating the
entanglement and may give rise to new collective
entanglement-induced resonances26 in nonlinear spectros-
copy.

The support of the National Science Foundation �Grant
No. CHE-0745892� is gratefully acknowledged. I wish to
thank Dr. Marten Richter for useful discussions.

1 W. M. Zhang, T. Meier, V. Chernyak, and S. Mukamel, J. Chem. Phys.
108, 7763 �1998�.

2 G. S. Engel, T. R. Calhoun, E. L. Read, T. K. Ahn, T. Mancal, Y. C.
Cheng, R. E. Blankenship, and G. R. Fleming, Nature �London� 446, 782
�2007�.

3 E. Collini and G. D. Scholes, Science 323, 369 �2009�.
4 M. Mohseni, P. Rebentrost, S. Lloyd, and A. Aspuru-Guzik, J. Chem.
Phys. 129, 174106 �2008�.

5 B. Palmieri, D. Abramavisius, and S. Mukamel, J. Chem. Phys. 130,
204512 �2009�.

6 S. Mukamel, S. Tretiak, T. Wagersreiter, and V. Chernyak, Science 277,
781 �1997�.

7 W. M. Zhang, T. Meier, V. Chasrnyak, and S. Mukamel, Philos. Trans. R.
Soc. London, Ser. A 356, 405 �1998�.

8 A. Piryatinski, S. A. Asher, and S. Mukamel, J. Phys. Chem. A 106,
3524 �2002�.

9 M. Dahlbom, T. Pullerits, S. Mukamel, and V. Sundstrom, J. Phys. Chem.
B 105, 5515 �2001�.

10 Y. Zhao, T. Meier, W. Zhang, V. Chernyak, and S. Mukamel, J. Phys.
Chem. 103, 3954 �1999�.

11 S. Mukamel, Annu. Rev. Phys. Chem. 51, 691 �2000�.
12 F. Mintert, A. R. R. Carvalho, M. Kus, and A. Buchleitner, Phys. Rep.

415, 207 �2005�.
13 S. Lloyd, Science 261, 1569 �1993�.
14 V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, Phys. Rev. Lett.

78, 2275 �1997�.
15 S. Mukamel, R. Oszwaldowski, and L. Yang, J. Chem. Phys. 127,

221105 �2007�.
16 D. Abramavisius, B. Palmieri, D. Voronine, F. Sanda, and S. Mukamel,

Chem. Rev. 109, 2350 �2009�.
17 V. Chernyak and S. Mukamel, J. Opt. Soc. Am. B 13, 1302 �1996�.
18 M. Combescot, O. Betbeder-Matibet, and F. Dubin, Phys. Rep. 463, 215

�2008�.
19 L. Yang and S. Mukamel, Phys. Rev. B 77, 075335 �2008�.
20 F. C. Spano and S. Mukamel, Phys. Rev. Lett. 66, 1197 �1991�.
21 J. A. Leegwater and S. Mukamel, Phys. Rev. A 46, 452 �1992�.
22 V. Chernyak, N. Wang, and S. Mukamel, Phys. Rep. 263, 213 �1995�.
23 S. Mukamel, in Molecular Nonlinear Optics, J. Zyss, Ed. �Elsevier, New

York, 1993�.
24 W. Zhang, V. Chernyak, and S. Mukamel, J. Chem. Phys. 110, 5011

�1999�.
25 O. Roslyak and S. Mukamel, Phys. Rev. A 79, 063409 �2009�.
26 A. Muthukrishnan, G. S. Agarwal, and M. O. Scully, Phys. Rev. Lett. 93,

093002 �2004�.

241105-4 Shaul Mukamel J. Chem. Phys. 132, 241105 �2010�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

http://dx.doi.org/10.1063/1.476212
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1126/science.1164016
http://dx.doi.org/10.1063/1.3002335
http://dx.doi.org/10.1063/1.3002335
http://dx.doi.org/10.1063/1.3143485
http://dx.doi.org/10.1126/science.277.5327.781
http://dx.doi.org/10.1098/rsta.1998.0173
http://dx.doi.org/10.1098/rsta.1998.0173
http://dx.doi.org/10.1021/jp012849n
http://dx.doi.org/10.1021/jp004496i
http://dx.doi.org/10.1021/jp004496i
http://dx.doi.org/10.1021/jp990140z
http://dx.doi.org/10.1021/jp990140z
http://dx.doi.org/10.1146/annurev.physchem.51.1.691
http://dx.doi.org/10.1016/j.physrep.2005.04.006
http://dx.doi.org/10.1126/science.261.5128.1569
http://dx.doi.org/10.1103/PhysRevLett.78.2275
http://dx.doi.org/10.1063/1.2820379
http://dx.doi.org/10.1021/cr800268n
http://dx.doi.org/10.1364/JOSAB.13.001302
http://dx.doi.org/10.1016/j.physrep.2007.11.003
http://dx.doi.org/10.1103/PhysRevB.77.075335
http://dx.doi.org/10.1103/PhysRevLett.66.1197
http://dx.doi.org/10.1103/PhysRevA.46.452
http://dx.doi.org/10.1016/030-1573(95)00015-1
http://dx.doi.org/10.1063/1.478400
http://dx.doi.org/10.1103/PhysRevA.79.063409
http://dx.doi.org/10.1103/PhysRevLett.93.093002

