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We show how two frequency combs &, &, can be used to measure single-photon, two-photon absorption (TPA),
and Raman resonances in a molecule with three electronic bands, by detecting the radio frequency modulation of
the nonlinear transmission signal. Some peaks are independent of the carrier frequency of the comb and others
shift with that frequency and have a width close to the comb width. TPA and Raman resonances independent of
the carrier frequency are selected by measuring the transmission signal ~ £2£7 and the single-photon resonances
are selected by measuring the transmission signal ~ £3&,. Sinusoidal spectral phase shaping strongly affects the

TPA, but not the Raman resonances.
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I. INTRODUCTION

Optical frequency combs, first introduced in 1999 [1], have
revolutionized meterology [1,2] due to their high resolution of
optical frequencies. They have been employed for calibrating
sources of spectrographs in astronomy [3], identifying multi-
ple molecules simultaneously [4], Doppler-free spectroscopy
[5-7], improving energy efficiency in environmental moni-
toring [8], and forensic analysis, among its many applica-
tions. This technology has also enabled the generation of
attosecond pulses [9]. Because the measurement times of
the interferometric signal can be shortened from seconds
using conventional pulse techniques, such as the scanning-arm
Michelson interferometer [10], to microseconds with dual
comb; future possible applications include the observation of
chemical reactions in real time [11].

Dual-comb Fourier transform spectroscopy [8,12—17] is a
technique employed for its spectral resolution and its concise
recording times compared to conventional Fourier transform
spectroscopy. It employees two coherent broadband optical
frequency combs and records the nonlinear transmission in
the time domain. A Fourier transformation reveals Raman
resonances in the radio-frequency regime [13,15,18-23].
Previously, the spectrum was calculated numerically by means
of calculating the intensity of light transmitted through an
absorbing gas [20] or by means of fitting with the nonlinear
least-squares method [18]. Here we calculate the nonlinear
signal obtained with two frequency combs and connect them to
the third-order susceptibility x®. We address several issues:
how the peaks map from the optical to the radio-frequency
regime; how do the single-photon and two-photon resonances
show up in the the transmission spectrum; how to selectively
detect the two-photon absorption (TPA), Raman, and single-
photon resonances in the transmission spectrum; and can we
control these resonances by means of pulse-shaping?

We find the positions of some peaks are sensitive to the
carrier frequency of the frequency comb, while other peaks
not sensitive to carrier frequency. New peaks not studied
previously [13,15,18-23] are calculated.

Pulse-shaping allows the control of the phase ¢(w) and
amplitude E(w) of the electric field £(w)

E(w) = E(w)e'?@ (D
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and has inspired the generation of arbitrary waveforms at
optical frequencies [24-27]. We investigate how a sinusoidal
phase added to the frequency comb affects the peaks in the
spectrum.

This paper is organized as follows. In Sec. II we write
the expressions for the nonlinear transmission spectrum. The
transmission signal with of a Lorentzian pulse is plotted in
Sec. III. The frequency comb in the time and frequency
domains is presented in Sec. IV. The selection of the comb
line numbers in the transmission spectrum and simulation of
the transmission spectrum is given in Secs. V and VI. The
comb transmission for a sinusoidal spectral phase is simulated
in Sec. VII. The summary is presented in Sec. VIII.

II. NONLINEAR TRANSMISSION SIGNAL

We calculate the transmission signal measured in the time
domain and Fourier-transformed to give the transmission
spectrum [28]

Si(wy) = —%I/dteiw‘tg*(t)P(t), 2)
this yields
2 al / /
Si(wg) = —ﬁI/da)’f*(a) — ws)P(0), 3)

where P(w) is the polarization induced in the matter by the
light and ZA(w) denotes the imaginary part. The polarization
will be expanded in powers of the radiation field [28]

P(w) = PP(w) + PP (). )
The first-order polarization is given by

PP(w) = E@)xV(w), 5

where x((w) is the linear susceptibility. Inserting P"(w) into
Eq. (3) gives

SV (wy) = —%I / 40/ &0 — 0)E@ V@), (6)
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The third-order polarization is given as [28]
Pw) = / doordordn(@)E@)E @3)x®

X (—w; w1,02,w3)278(w — w1 — Wy + w3),  (7)
where the susceptibility will depend upon the model of the
system. Inserting Eq. (7) into Eq. (3) gives

3 2 , Sy
S, (wy) = _ﬁI do'dwidwrdw;E¥ (@ — wy)

x E(@)E (@3)E(01)278(0) — w1 — wy + w3)
x X~ ,01,02,w3). 8)

Equation (8) will be used to calculate the transmission
spectrum with a single broadband pulse and with a shaped-
pulse composed of two frequency combs.

For comparison we also examine the heterodyne detected
signal, i.e., transmission spectrum, measured in the frequency
domain, called the frequency-dispersed transmission spectrum
[28]

2
Sr(w) = —£IE*(w)P(a)). )
Inserting Eq. (5), the first-order signal is given as
2 _
5P ) = =271 @) A" (@). (10)

Unlike Eq. (6), the signal does not depend upon the phase of
the field.

Using Eq. (7), the third-order-dispersed spectrum is given
as

5@ = T36°@) [ dordordoncone@e )

X X O (—w; w1,02,03)278(w — 0 — w) + w3).
(1D

In the next section, we compare Eqs. (8) and (11) for a single
pulse.

III. TRANSMISSION SIGNAL OF A BROADBAND PULSE

We consider a three-band model system Fig. 1 with
electronic states |g), |e), | f). The linear susceptibility then
reads [28]

1
xV(w) = Zg —ﬁmelglPGelgl (), (12)
€181

where G, g, (0) = (@ — ey, +ile) 7"
The third-order susceptibility can be read off the diagrams
of Fig. 2 [28]

x P (—w; w1,w2,03)

—1\°
N <%) Z Verer Vergy Vore) Ver G:I(_C‘H—wl + w)
gis€i fi

X G;(_w + wl)G€| ((,()1) + Vglel Velfl Vf|e| V61g1
x Gy (—o + w1 + )G (01 + @2)G,, (1)
+ Voo, Verg, Verey Verg G oo (01 — w3)
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FIG. 1. The model level scheme contains three electronic
states with the transition frequencies w,,, = 36000cm™", w, ., =
12000cm™!, wg,,, = 1200cm™". The dephasing rates are I'j,,, =
500cm™!, Ty, = 100cm™!, I'y,,, = 80cm™". The transition dipole
moments are set to 1.

X Gel (w1 — w3 + w2)G€1(w1) + Vg1€1 Velf] Vflel Velgl
X G (w1 + @ — 3)G f (w1 + 02)Go, (7). (13)

The frequency-dispersed transmission spectrum Eq. (11)
with a Lorentzian pulse [29]

E(w) = (14)

w+ioc
is calculated analytically and shown in the top row of Fig. 3.
S?)(w) is plotted in arbitrary units with the dipole moments
set to 1. In Fig. 3(a), the resonances w = @ ,¢,, We, g, > We, g, AT€
marked. The transmission spectrum contains the peaks o =
W — Werg,y Wfig — We. The w = wp, — o, peak overlaps
with the ® = w4, peak.

The dominant peak in the transmission spectra is the peak at
the carrier frequency w = w.. As the pulse width increases, in
Fig. 3(b), the w = wy,,,, we, 4, peaks become seen and the w,
peak decreases. Increasing the pulse width further, Fig. 3(c),
these peaks become more pronounced.

The Fourier transform of the time-resolved transmission
signal Eq. (8) is shown the bottom row of Fig. 3 for the
electric field (14). In Fig. 3(a), the two-photon transition @, ,
interacts two times with the pulse and it is shifted by 2w,.. The
single-photon transitions, we,,,, @jy,,, interact once with the
pulse and are shifted by w.. The Raman peaks are not shifted
since they interact twice with the pulse, once with w, and a
second with —w,, which cancels. Increasing the pulse width to
o =500cm™! in Fig. 3(e) the w; = We,g, — W Peak remains
dominant. This is also true for Fig. 3(b). Increasing the pulse
width further, in Fig. 3(f) the peaks become smeared. Overall,
the two signals S?)(w) and S,(S)(a)s) are different.

FIG. 2. (Color online) Loop diagrams for the transmitted signal
Eq. (8) or Eq. (11).
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FIG. 3. (Color online) Top: The frequency-dispersed transmission spectrum S(f3)(w) Eq. (11) is plotted for a Lorentzian pulse Eq. (14), for

several values of o. Bottom: The Fourier transform of the time-resolved transmission signal S,O)(a)s) Eq. (8) is plotted for a Lorentzian pulse
Eq. (14), for several values of o. The signal is plotted in arbitrary units and the carrier frequency is w. = 19000 cm™". All dipole moments are

setto 1.

IV. DUAL FREQUENCY COMB

The frequency comb is generated using a mode-locked laser
that produces a series of optical pulses separated by the round-
trip time of the laser cavity Tie, = I./v,, where v, is the group
velocity and I. is the round-trip length of the laser cavity
[12,30-32]. We consider two femtosecond frequency combs,
with the electric field E(¢) = £(t) + £*()

N
g(t) — e—iw[t Z g(l _ nTrep’l)e—in(Aqﬁ—w( Trep.1)
n=I
N
_i_e—iwc(t—At) Zg(t _ nTrep,Z . At)e—in(Aqﬁ—a)l T,ep‘z)7

n=1
(15)

where w, is the carrier frequency and At is the delay between
frequency combs. The summation index n represents the pulse
number with a total of N pulses. The envelope function £(r)
is periodic Ey=Et+ nTp). The repetition frequencies are
close, such that Swyep K Wrep, 1, Where 8wrep = Wrep,1 — Wrep,2-

The carrier offset phase is @ Tip;. The phase A¢ =
(1/vy — 1/vp)lcw,, is the phase shift between the peak of
the envelope and the closest peak of the carrier wave and
v, is the phase velocity. The range of the carrier-envelope
phase is 0 < A¢ < 2. It is possible to lock w¢Trep,; to
zero [31]. We assume a vanishing phase shift between pulses
a)cTrep,i +A¢ =0.

The frequency comb can be generated by replacing the
cavity with with a Fabry-Pérot etalon, [33]. In this method
the individual pulse shape in the pulse train becomes
asymmetric. An intracavity etalon is typically employed for

self-stabilization of the optical frequencies and the pulse
repetition rate in conventional frequency comb generation
with high repetition rates 10 GHz [34]. An external molecular
absorption cell can also be employed to stabilize the optical
frequencies and the optical repetition rate [35].

An ideal frequency comb uses an infinite train of pulses
(N — 00) and the electric field can be represented as a Fourier
series

EM) =E1(H) + & — A = e et Z An’le*inwmp_lf

n=—0oQ

00
+e*lwc(t7At) E : Am,zeilmwmp‘z(tiAI),

m=—00

(16)

where wyep 1 = 27/ Tiep,1 and wyepr» = 27/ Trepr and A, is
the Fourier coefficient
1

Ani =
' Trep,i

o0 .
f Ei(t)e 1 omi=l gy (17)
—00

&i(t) is the pulse envelope, the index i represents comb 1 or
comb 2.

The Fourier transform E(w) = [~ &(t)e'®dt of Eq. (15)
produces a frequency comb

N
5(0)) — g(({) _ wc)ze—ianrep']—inAqﬁ

N
+E&(w— wC)E :e—immep‘z—imAqb—iwAt

m

(18)
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FIG. 4. (Color online) (a) Frequency comb, Eq. (18), for a Gaussian envelope Eq. (20) w1 = 0.0033 em™, n=10"% w. = 12580cm~',
and ¢ =441 cm™'. (b) The dual comb in (a) is displayed on a much smaller scale to that shown in the individual comb lines of comb 1
(dashed-blue line) and comb 2 (solid-red line). (c) Schematic of £(w) for the dual frequency comb Eq. (19). (d) Interferogram of the double
comb Eq. (22) is shown for the first three frequency combs resulting from the beating of two frequency combs in the time domain.

with comb envelope &(w) = f fooo E(t)e ' dt. The summation
of the exponentials in Eq. (18) is a Fourier series with
constructive interference occurring at wTiep,; + A¢p = 2mn.
The center frequency of line number n, with w — w, is
expressed as w, = n(l — ﬁAqﬁ)wrep,i. As the number of
pulses N is increased the spectral width of the comb lines
narrows and for N — oo Eq. (18) can be simplified as

E(w) = wrep.lgl (@ — o) Z 3(nwpep,1 — )

n=—0o0

o0
s o
+ Wrep 2Ex(w — we)e 'O E S(Mwrepr — ),
m=—0oQ

19)

where we have selected A¢ = 0. Equation (18) is plotted in
Fig. 4 for a Gaussian envelope

gl (a) — a)c) = Ele—(w—a)[.)z/Zaz’
(20)
&0 — wc) = Eye” @127

with 0 = 441cm™!, w. = 12580cm™', and for 100 pulses.
Figure 4(a) shows the Gaussian envelope of the two overlap-
ping frequency combs. There are 315,416 pulses contained
in the full width half max (FWHM). Figure 4(b) shows the
equidistant delta-like comb lines of the two frequency combs,
in dashed-blue and solid-red, for wyp,; = 0.033 cm~! and
Srep = IO’Gwrep,l.

The beating of the two combs Eq. (16) creates a time-
resolved interferometric signal I(t) = |£(¢)|?, which reads

10 = 1EDP =) Ap AL el
p.r

+ Z Ap,2A:‘:zei(p_’)wrepvz(t-i-m)

p.r

+e*ia)5At An ]A* 2ei(na)mw7ma)mp,z)tJrima)mpvzAt
E Am,

n,m
iw: At § * — I (NWyep, 1 —MWrep )t —IMWypep 2 At
+€ c AnﬁlAm,Ze rep. rep. rep. .

n,m

21

The last two terms in Eq. (21) contain many possible
beat frequencies: nwyep,1 — Mwrep,2. The Fourier transform of
Eq. (21) reads

I(wy) = / dt1(t)e'", (22)
For n = m, Eq. (22) will give a frequency comb ), §(w, —
néwrep). The application of a second comb thus down-converts
comb 1 by the factor

n= swrep/wrep,l' (23)

This frequency comb has line spacing dwrep and its envelope
is the product of the envelopes of the two fields.

The dual frequency comb Eq. (19) is sketched in
Fig. 4(c). Figure 4(c) sketches the Fourier transform of
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the interferometric signal Eq. (21) given by Eq. (22). The
first group of lines corresponds to the selection of the
modes n = m. The second group corresponds to m =n — 1
and has the form Zn 3(ws — Wrep,2 — NBwyep). It is centered
at w; A wrep,; With line spacing dwp and is identical to
the first group. The third group is at w; ~ 2wep,1 and
corresponds to the combination m = n — 2. The spectrum
contains an infinite number of identical frequency combs
center at wy ~ pwrep, 1, Where p is an integer. Typically the
only the first group of lines is measured and the higher
frequencies can be cutoff experimentally by using a low-pass
filter in the acquisition circuit [4]. For two combs with THz
carrier frequencies, and repetition frequencies wyep,1 = 27
100 MHz, dwyp = 2100 Hz, the peaks in the spectrum
are multiplied by n = 107 and the spectrum lies in the
radio-frequency regime [4]. For unambiguous assignment of
the comb modes, the bandwidth should not exceed Lwyep,1/2,
which can be derived from the Nyquist theorem.

V. COMB LINE SELECTION IN THE NONLINEAR
TIME-RESOLVED TRANSMISSION SIGNAL WITH
SCALING £2£2

The time-resolved transmission spectrum for two frequency
combs contains the signals £E2£2, £2&,, and £,€;. We analyze
the spectrum separately for £2£2 and &3&,. For At = 0, the
expression for the spectrum scaling as & &3 are similar to £3&,
with the wrep — —Swrep.

We select terms that scale as £2£2. The Fourier transform
of the interferometric signal with two interactions from combs
1 and 2, gives the following possible beat frequencies:

Wy = (}’l - r)wrep.l + (m - p)wrep,Z
=(n+ r)a)rep,l —(m+ p)wrep,2

=(n-— r)wrep.l —(m— p)wrep,2~ (24)

Note that the exchange of wyep; and wrpo is possible in
Eq. (24). The two interactions with comb 1 correspond the
indices r and n, and two interactions with comb 2 to p and
m. Similar to the interferometric signal Eq. (21), the relation
m — p =r —n, for the first term in Eq. (24), will give a
frequency comb Zn’r 3((n — r)dwrep — wy). The combination
m—p=r—n+1 will give an identical frequency comb
D o0y 8((n — 1)8wrep + Wrep2 — ws), centered at wy X Wrep 1.
Based on this observation, we use a § function to select
the correct combination of line numbers. For example, the
combination of the line numbers in Eq. (24) will acquire the

J

s
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corresponding 8§ functions
S(n—r+m-—p), 8n+r—m-—p),

8(n—r —m+ p), (25)
respectively. When expanding the field correlation functions
we can insert the corresponding § function and eliminate one
of the summations over the spectral line numbers. This is done
in Appendix A and the final expression for the time-resolved
transmission spectrum is given in Eq. (A3).

The time-resolved transmission spectrum S; (w; ), Eq. (A3),

contains many peaks. The TPA and Raman peaks that do not
depend on n or m are

ws = £Nwyg,
Wy = £Nwg,,, - (26)

Other peaks that depend upon n and m and that lie within the
displayed regime Fwyp,1/2 are

d)}:lgl = 77[wflgl —(m+ n)a)rep,l]y

~+ _
a)elgl - n(a)g]gl - na)rep,l),
Dy = _n(a)elgl +nwrep,1)’ 27

Do = n[nggl —(m+ ”)wrep,l],
Do = _r)[nggl + (m + n)wrep,l]~

The peaks w; = —n[wy e + (M + N)Wrep, 1], We,q, L NWep 1,
Wg,q, + (M + N)wep,1 lie outside the displayed regime. The
center position of the peaks that depend on n and m can be
found by substituting n = m = w./wep,1. The single-photon
peaks @, , and o ¢ depend on n; while, the range of n
depends upon the width of the frequency comb. Hence, the
width of these peaks will be close to the width of the frequency
comb multiplied by 7. The TPA and Raman resonances depend
on m and n, so that these peaks will be twice as broad as the
single-photon peaks.

The down-shifting of the peaks can be understood by
comparing Egs. (8) and (11). Equation (8) contains an o’
integration, which is a result of the time-resolved signal
detection. This integration mixes the frequency combs and
shifts the peaks into the radio-frequency range. Using the §
function in Eq. (8), and inserting it into the field EXw —
wy), we find £*(w; + wr, — w3 — wy), which mixes the four
frequencies in the diagrams of Fig. 2. In Eq. (11), using the §
function we have £*(w; + w, — w3), which mixes three of the
frequencies.

The modulation of the transmission signal in the radio-
frequency range, can be seen from the expression Eq. (A3),
which is proportional to

2 ~ ~ ~
. 2 2
1 122(&)5, wrep,lvwrep,ZvTZ) X _Imwrep,lwrepl g;(mwrepi — we)é (nwrep,l - wc)gz*(pwrepl — )

X gl (ra)fepxl - wC)Vglel Veifi Ve, Vergi

8[(7’ + n)a)rep,l - (p + m)a)rep,Z - a)s]

X

(rwrep,l — We g, + ire]gl)[(n + r)wrep,l —Wfg + irflgl][(n + r)wrep,l - pa)rep,Z — We, g,

- irelgl]
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+ gr(na)rep,l - wc)SZ(mwrep,Z - wc)g;(Pwrep,Z - C’)c)gl (rwrep,l - wc)ngel Velgl Vglel Ve1g2

S[(r — n)a)rep,l —(p— m)a)rep,z — ]

X

(rwrep,l — We g, + ire]gl)((p - m)wrep,Z — Wgygy — irgzgl)(pwrep,Z — We, g,

The £2€7 scaling signal is designated as 1122. The first term

8[(}’ =+ n)a)rep,l — (p + m)a)rep,Z - a)s]
[(n + r)a)rep,l — Wfig + irflgl]

Siaa(@s) o . (29
gives the two-photon peaks multiplied by 5. Using
n-+r=m+ p in the § function gives (n + 7)dwrep = w;.
Substituting (n + r) = w;/dwrep into the denominator yields
the TPA resonance at w; = nwy,,,. A similar effect occurs
for the second term with the Raman resonances. From the
combination of the terms

3[(r — n)@rep,1 — (P — M)Wrep 2 — W]

[(p — M)Wrep,2 — Wgyg, — irgzgl]

Siia(@s) o . (0
the selection »r —n=p —m in the & function gives
(p — m)wrep = w,. Substituting this combination into the
dominator, we find the Raman resonance at w; = 1wg,,, -

Two rather large summations are required to evaluate in the
time-resolved transmission signal Eq. (A3). We performed
them using the Monte Carlo method [36,37], where we
randomly sample the comb line numbers in the frequency
comb. Convergence is verified my changing the sample number
and observing changes in the spectra.

The repetition frequency is selected as wyep, 1 = 0.080 em™!,
so that the TPA peaks can be observed within the range
EWrep,1/2. The peaks in the transmission spectra are multiplied

2000cm
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FIG. 5. (Color online) (a) The resonant time-resolved transmis-
sion spectrum from Eq. (A3) is plotted. Inset shows an illustration of
frequency comb used @, = 36000 cm~! and bandwidth 2000 cm™!.
(b) The spectrum near w; = (Djl ¢, 1s enlarged. The expression for the

peaks are given in Egs. (26) and (27).

(28)

—iTeyq) }

(

by the factor n = 107°, which is in the radio-frequency
range. We use a Gaussian envelope Eq. (20) with 0 = 1.8 x
10%cm~!.

The resonant time-resolved transmission signal Eq. (A3)
is displayed in Fig. 5(a), for Atr=0, and o, =
36000cm~!. The comb bandwidth was selected as w =
(35000cm~"!,37000cm™") and contains 25000 comb lines.
The range was randomly sampled for 2000 pulses (dashed-red
line) or 3500 pulses (solid-blue line). Sf?izz(ws) is in arbitrary
units with the dipole moments set to 1. The inset shows
an illustration of the frequency comb used. The spectrum
shows the TPA and Raman resonances at w; = £nwy,qg,
and w; = £Nwg,e, . The w; = (Z)jlgl peak is centered at w; =
N(We,q, — @) = —24000n cm™! has a width ~ 20007 cm™.
The w; = cb}ngl peak is located at w; = n(wyg — 20.) =
—36000n cm ™. Since its position depends on both n and m
it will have a width of &~ 4000 i cm™". This is the reason why
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FIG. 6. (Color online) (a) The off-resonant time-resolved trans-
mission spectrum. Inset shows a frequency comb centered at w,. =
12580cm™". (b) The spectrum about w; = 0 is enlarged. (c) The
spectrum near w; = @, ,, is enlarged. The expression for the peaks

are given in Egs. (26) and (27).
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the negative two-photon peak in Fig. 5(a) is more pronounced
than the positive peak.

The boxed region in Fig. 5(a) is replotted in Fig. 5(b) on a
larger scale, which corresponds to w; = d)Z o ‘We see that the

width of the peak is &~ 2000n cm™! and that it contains both
absorption and emission features. Comparing the dashed-red
line for 2000 sampled pulses to the solid-blue line 3500 pulses,
we see the same features demonstrating that the data for the
2000 sampled pulses represents the spectrum.

The spectrum for w; > 0in Fig. 5(a), in the radio-frequency
range, contains only the Raman and TPA peaks. Compared to
the frequency-dispersed transmission spectra Fig. 3(c). Only
the vibrational and TPA peaks are present in Fig. 5(b), while
the Stokes, Rayleigh, single photon and TPA peaks are present
in Fig. 3(c). In Figs. 5(a) and 3(d), the single-photon peaks
are shifted by nw, or w. and there are Raman resonances not
shifted by nw, or w.. In Fig. 5(a) there are TPA resonances that
are not shifted by 2nw, and in Fig. 3(d), they are shifted by 2w,.

The off-resonant transmission spectrum Eq. (A3) is shown
in Fig. 6(a) for w. =12580cm™'. The comb bandwidth
was selected as w = (11580cm~",13580cm™!) and contains
25000 comb lines. The range was randomly sampled for
2000 pulses. The TPA peaks are very weak. The spectrum is
composed of Raman resonances at w, = £9wg,g, , cT);Z a1 Pprers
,aTPA at w, = d)}'lg],
—Nwfg, and a peak at w; = 0. The peak at w, = &}, =

108407 cm™! has a width of ~ 4000 n cm™!.

single-photon peaks at w; = c?)jl e Perg,
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FIG. 8. (Color online) (a) The time-resolved transmission signal
for three interactions with comb 1, Eq. (B3) is plotted. The inset
shows an illustration of the frequency comb used, w, = 1258 cm™!.
The peaks in the spectrum are given by Eq. (32). (b) The spectrum in
the purple-dashed region is replotted.
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The region near —24 0005 cm ™! is replotted in Fig. 6(c) on
an expanded scale and shows the combination of the peaks

~+ — _
D1 and a)g 281 centered at w, = —24 580,

23960, — 263601 cm™!, respectively.

The spectra near zero in Fig. 6(a), is replotted in
Fig. 6(b). Compared to the resonant transmission spectrum
Fig. 5(a), there is an additional peak at w; = 0. This peak
originates from w; = (W, g, — NWyep, 1), Which is not multiplied
by the factor n. For w,,, = nwgp, 1, there is a peak which
is located within the regime Wrep,1/2 at zero. The w; =

@, peak is centered at @, = —580n cm™!, with width
~ 2000 cm™!.

The spectrum for w; > 0 in Fig. 6(b) contains only the
Raman peak. This plot can be compared to the experi-
mental results of Ref. [4]. The spectrum shows qualitative
agreement with there findings for measuring the off-resonant
time-resolved transmission spectrum, without the peak at
zero, which originates from the single-photon peak w; =
(we,g, — Nwrep,1). Note that we selected a different repetition
frequency and level scheme Fig. 1 than the authors of
Ref. [4].

The time-resolved transmission spectrum for various values
of w, is plotted in Fig. 7. The inset shows the frequency comb
that we use with bandwidth 2000 cm~". The two large summa-
tions in Eq. (A3) are done by randomly sampling the range with
2000 pulses. The transmission spectrum for @, = 4000 cm™!
is shown in Fig. 7(a). It contains the two-photon and Raman

€181
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and @ Dy,

Increasing w. = 8000 cm~ ! in Fig. 7(b), shifts the five peaks
in Eq. (27) toward the left. In Fig. 7(c), for w, = 10000 cm™!
the o, = @, , overlaps the w; = £nwg,,, peak and amplifies
the peak.

In the Fig. 7(d), for o, = 12000cm™', there is a peak lo-
cated at zero, corresponding to w; = (we 4, — NWrep,1), Which
is not multiplied by the factor 5. This peak only occurs
for we g, = nwiep,1 = . In addition, the peak w; = &,
is located at zero. Increasing w. further, in Fig. 7(f), the
w; = @, Pposition becomes located beyond the detected
regime and all peaks from Eq. (27) are located in the regime

w; < 0. In Fig. 7(g), the &, , peak overlaps the TPA at

~ + . .
interfere. The w; = & ¢, Peak is an absorption peak.

€181

€181

w; = —wy,,,, amplifying the TPA. Increasing w. further, it
is p0551ble to shift the location of the w, = a); o and @,

beyond the detected regime, as in Fig. 7(i).

VL. TIME-RESOLVED TRANSMISSION SIGNAL
WITH SCALING &€,

A selection of three interactions with comb 1 and one
interaction with comb 2 will give the down-converted single-
photon resonances, which do not depend upon the comb line
number. The Fourier transform of the interferometric signal
will give the following beat frequencies

. wy =0 —r—+m)w — pw
resonances at w; = :I:na)flgl, +nw,,e and the five peaks in s = J0rep.1 = Prep.2
Eq. (27). The w, = a)e1 a and @, . a peaks contain both absoJlr"p- = +r —m)Wep1 — PWrep,2
tion and emission features. The Raman peaks at o, = @y, ,, =(n =1 — M)Wrep.1 + POrep2- (31)

_ N B
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FIG. 9. (Color online) The time-resolved transmission signal for three interactions with comb 1, Eq. (B3) is plotted for two values of w,:
(a) w. = 80000cm™!, (b) . = 240000 cm~!. The inset shows an illustration of the frequency comb used. The peaks in the spectrum given by

Eq. (32). (c) The spectrum in the near w; = nw,,,, is replotted. (d) The spectrum near Q}rl

¢ 1s replotted.
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Similar to the methods used in Sec. V, we will make use of a
¢ function to select the correct combination of line numbers in
the transmission signal. The transmission spectrum Eq. (B3)
is derived in Appendix B. The peaks in the transmission signal
are

Weygy = :tna)elgp

Q;gn = (g — MWep,1),
fe = —1(@fg — NOrep,1),
Qg = n[@e + 0 — M) ].

Q;lg] = _T’[we]gl - (n - m)a)rep]a

(3) .
Stlllz(ws 5 Wrep,1,Wrep,2, 72)
2

PHYSICAL REVIEW A 90, 023804 (2014)

+ —
Q8281 - n(a)gzgl + na)rep)’

Q;Lé’l = _n(wgzgl + mwrep)- (32)

The center position of the peaks can be found by substituting
n = W/ wWrep,1 and m = w./wyep,1 into Eq. (32). The peak Qei.g,
is centered at £w,, 4, . The peak positions Q?l o are shifted by
—nw,, while, the peaks Q; o are shifted by nw.. Comparing
to the peaks in Fig. 3, the TPA peaks and Raman peaks in
Fig. 3(c), S¢(w), are shifted by w., while the single-photon
peaks are not shifted by w,.

The down-conversion of the single-photon peaks can
be seen from the transmission signal Eq. (B3), which is
proportional to

3 ~ ~ ~ ~
_I(zjf—hy‘erP’lwrep’z {gik(ma)rep,l - a)c)gl (na)rep,l - wc)g;(rwrep,l - a)c)gl (pa)rep,Z - wc)vglm Velgz ngel Ve]g|

8[(n —r — m)a)rep,l + PWrep2 — s ]

X

The index 1112 represents the signal scaled as gf &,. Equation
(33) is proportional to

(3) .
Stlllz(wS 3 Wrep,1,Wrep,25 7))

8[(n —r — m)Wrep,1 + PWrep 2 — 5]

. (34)

(pwrep,Z — Weg, + lrelgl)
The selection n —r —m = —p from the measurement of
interferometric signal gives p = —w;/8wrep. Substituting this
into the dominator we find the single-photon resonance at

Ws = —NWe g, -

The two large summations in the transmission signal
Sﬁ? 12(wy) are calculated using the Monte Carlo method, as in
Sec. V. We used the same values for the repetition frequency
and Gaussian pulse width as in Sec. V. The off-resonant
transmission signal is displayed for w, = 12580cm™! and
a comb bandwidth v = (11580cm~',13580cm™") in Fig. 8.
The inset shows an illustration of the frequency comb used.
The range was randomly sampled for 2000 pulses (dashed-red
line) and 3500 pulses (solid-blue line). 3}, () is in arbitrary
units with the dipole moments set to 1. The transmission
spectrum in Fig. 8(a) is dominated by the w; = w,, peak.
The o; = Q , peak has a width of 4000 n cm~! and overlaps

the w; = w,,, peak. The w; = Q}Ll a peak has a width
of 2000 cm~'. Comparing the 2000 sampled to the 3500
sampled, the features from the 2000 pulses resemble the 3500.
The boxed region is replotted in Fig. 8(b) on a smaller regime.

The w, = QZ,; a has a width of 2000 cm™~'. There is a feature
near w; = —100007 cm™! that corresponds to the o, = le a
peak.

The transmission signal for two values of w, are shown
in Fig. 9. For w. < w,g in Fig. 9(a), the spectrum is
mostly composed of the single-photon peak, which shows
both emission and absorption features. For w, > w,,g,, in
Fig. 9(b), the single-photon peak becomes an emission

. . K s
(pwrep,Z — We, g, + lFelg])(pa)rep,Z - ra)rep,l — Wgyg, + lrgggl)[(n - r)wrep,l + pa)rep,Z — Weg; — lFe|g1] }

(33)

(

peak and all peaks dependent upon comb line number are
suppressed. There are three peaks, w; = we,g,, Q;gl, jlgl
that overlap. The spectrum near w; = nw,,,, is replotted in
Fig. 9(c), showing that the single-photon resonance has width
according to the dephasing rate. The peak at Qj{l ¢+ 18 plotted

in Fig. 9(d).

VII. TIME-RESOLVED TRANSMISSION SPECTRA
WITH SHAPED SPECTRAL PHASE

The future developments in spectroscopy using the fre-
quency comb include shaping the individual pulses in the
pulse train. This method requires a pulse shaper to have
a spectral resolution that matches the spacing of the comb
lines of the input pulse train. This was demonstrated recently
[24,26,38-40]. Currently, this method is limited to small
frequency combs, say 100 comb lines. The generation of pulse
shaping in dual comb Fourier transform spectroscopy was
recently demonstrated for triangular shaped pulses [25]. The
two frequency combs contained four identically shaped pulses
with slightly different repetition rates. Here, we consider the
pulse shaping of a frequency comb with 25 000 pulses using a
sinusoidal spectral phase function. This was demonstrated in
Doppler free spectroscopy [6] with a repetition frequency of
180 MHz (0.06 cm™!).

The spectrum with two interactions with comb 1 Sfﬁzz(w)
contains the peaks w; = £nwg,e, and w; = Enwy,,, that are
independent of the comb line numbers. We are interested
in controlling these resonances by means of employing an
oscillating phase onto the pulse envelope

Ei(w) = E(@)e ), E(w) = E(w)e' ™, (35)

where &£ (w) and &(w) represent the real part, which is a
Gaussian, Eq. (20). The sinusoidal spectral phase reads

(@) = a sin(Bo + D), (36)
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FIG. 10. (Color online) (a) The resonant time-resolved transmis-
sion signal Eq. (A3) without a sinusoidal phase. The resonant
transmission signal Eq. (A3) using Eq. (35), with an oscillating phase
Eq. (36), for B = 0.25, « = 1.2, and two different values of the ®;
(a) ® = 7/2; (b) ® = 0. The inset in (a) shows the frequency comb
used.

where « is the modulation depth, 8 is inverse modulation
frequency, and @ is the modulation phase. A cosine spectral
phase occurs when ® = 7 /2. Adding an oscillating phase
alters the temporal profile, breaking each pulse into a train
of subpulses.

In Fig. 10(a), we show the time-resolved transmission spec-
trum, without an oscillating phase, for o, = 36 000 cm~! and
bandwidth w = (35000cm™~!,37000cm™!). See the inset. For
an even spectral phase Fig. 10(b), ® = 7 /2, both the Raman
and TPA peaks are present. However, for an odd spectral phase
Fig. 10(c), ® = 0, only the Raman peak is present.

The suppression of the Raman peak can be done by selection
of the modulation frequency S. In Fig. 11(a), for an even phase
function, the Raman peak in the spectrum is minimized while
the TPA peak is enhanced. The minimization of the Raman
peak is not do to a minimum in the oscillating spectral phase
function. This is verified in Fig. 11(b), where we plot the
transmission spectrum with an odd phase function ® = 0. The
inset, which is a plot of Figs. 11(c) and 11(d), demonstrates
that the cosine and sine spectral phase functions are out of
phase.

VIII. SUMMARY

We have shown that dual comb spectroscopy can be
described as the time-resolved transmission signal of single

PHYSICAL REVIEW A 90, 023804 (2014)
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FIG. 11. (Color online) The resonant time-resolved transmission
signal Eq. (A3) for § = 0.5, « = 1.2, and two different values of the
® in Eq. (36). (a) ® = 7/2; (b) ® = 0. The inset in (a) shows the
frequency comb used.

shaped pulse. The selection of the combination of the comb
line numbers in the frequency comb leads to Raman, TPA, and
single-photon resonances in the radio-frequency regime.

For a single broadband pulse, the single-photon peaks were
shifted by w.. The TPA were shifted by 2w, and the Raman
peaks are not shifted. For the dual comb, there are several
peaks in the spectrum. The time-resolved transmission signal
proportional to 5125’22 gives single-photon peaks shifted by nw.,.
The TPA and Raman resonances have several peaks in the
spectrum. First, the peaks that are not shifted by nw, and have
a width equal to the dephasing rate. Second, the peaks that
are shifted by 2nw, with a width proportional to the width
of the frequency comb. It is the selection of the comb lines
which allows some of the TPA and Raman resonances to not
be shifted by nw,.

The 51352 time-resolved transmission signal gives TPA and
Raman resonances shifted by nw,. There are two types of
single-photon resonances: peaks that have a width dependent
upon the width of the frequency comb and peaks with line-
widths according to the dephasing rate.

For a frequency comb, with several hundred thousand comb
lines, the time-resolved transmission spectra will be composed
of the TPA and Raman or single-photon resonances, which are
not shifted by nw,.. For a small frequency comb, with one or
two comb lines, the spectra will be composed mostly of the
peaks which are shifted by nw,.
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APPENDIX A: TIME-RESOLVED TRANSMISSION SIGNAL £2£?

Using Eq. (19) and the corresponding § functions in Eq. (25), the transmission signal Eq. (8) can be cast into the following
form:

. 2 2
S1122(@Wgs Wrep, 1,Wrep, 2, AL) = —Iﬁa)rep’la)rep’z/ da)1/ da)g/ dws
—0oQ0 —0oQ —0o0

x [Ef (@1 + w2 — @3 — Wy NWrep,1)E2 (W2 MWrep 2)EF (@35 PWrep 2)E1 (015 T Wrep,1)8(M — 1 — m + p)
x @A L S + W) — 03 — W3 MWrep 2)E1(W2; NDrep, 1)ET (@33 T Wrep, 1NE @13 PDrep.2)

x 8(—n+r+m — ple @ AN O(—w) — w) + w3 01,0,03)

+ X V(=01 — 01 + 03;02,01,03)] + [E] (@1 + @2 — ©3 — Oy NWep,1)E2 (W2 MWyep )

x & (@33 Orep, E2D15 Prep 2)8(n + 7 — m — p)e' TV 4 EX () + Wy — w3 — W5 MWyep,2)
x &2 nrep, 13 (@35 prep 2)E1 (@13 T Wrep 1)8(—n — 1 + m + p)e ™ @Hme)A]

X X<3)(—w1 — Wy + w3; W1,ws,w3). (A1)

We used the fact that the signal is invariant to the exchange of w; and w; in the expressions for the fields 52(0)2)51 (w1). The
integrations over w;, w, and ws in Eq. (A1) can be done with the help of the § function in the fields Eq. (19), giving

(3) .
Stllzz(ws’ Wrep, 1 awreplyAt)

2 ~ ~ -
= _Iﬁ {g*(nwrep,l - wc)g(mwrep,Z - a)c)g*(pa)rep,Z - wc)g(rwrep,l — )

_i(p_m)wrsp.Z At

X 8(n—r —m+ p)sl(m — p)wrep2 + (r — n)wrep,1 — wsle
X [XP(—rrep.1 — (M — P)Drep,23 T Orep, 1, MWrep, 2, POrep,2)
+ X1 @rep.1 — (M — P)Wrep 23 MDrep 2,7 Wrep, 1, Prep 2)] + E3 (Mrep 2 — W)
x E1(nrep,1 — @)EF FDrep 1 — 0 )EH(Prep2 — @)S(—n + 7 +m — p)

X 8[(n — F)xep.1 — (M = Plep s — wy]e 1 @mimeslar

X [XG)(—pwrep,z — (1 — 1)Wrep, 15 PWrep,2,NWrep, 1,7 Wrep, 1)

+ X (= Prep2 — (N — F)Wrep, 13 NWrep. 1, PDrep 2,7 Wrep,1)] + EF (MDrep 1 — 0)E(MWyep 2 — @)
X E(rarep,1 — @)E(PWrep,r — @)8(n + 1 —m — p)8(m + p)pdrep2 — ( + )wrep1 — @]
x ¢/ HP a8y O — (p 4 m)Wrep 2 + I rep. 15 PDrep 2:MDrep 2,7 Orep. 1)

+ &5 Mrepr — 0 )EI(MWrep 1 — B)ES (PDreps — W)EI(FWrep1 — @)S(—n —r +m + p)

X 8[(n + 1)wrep.1 — (M + P)rep 2 — wye ™ [TH @1 —xlA

X XD = (1 + n)Wrep,1 + PWrep,23 T Orep, 1,0 Wrep, 1 PDrep,2)- (A2)

The last two & functions can be used to eliminate two summations, giving

N
3) ) 3) . MOWrep — Wy NEWyep — Wy
S”]zz(wm At78wrep’wrep,l) = E S,1122 (wsa A1‘98@)rep,wrep,1 ,n,m, ’ ) (A3)
o Wrep, 1 Wrep, 1

where S,(ﬂzz(a)s) is given as

(3) .
S[1122(a)s’ Wrep, 1, Wrep,25 Atyn,m,PJ’)

2 ~ ~
= _I?L [g*(nwrep,l - wc)g(mwrepl - wc)g*(pwrepl — W)

—i(p—m)wrep 2 At 3 .
(p=m)rep. [X( )( — I'Drep,1 — (m — p)wrepla rwrep,l:mwrep,Z,pwrep,Z)

X E(rwpep,1 — wc)e
3 .

+ X( )( — Frep,1 — (m — p)wrep,% mwrep,Zvrwrep,lapwrep,Z)]

+ g*(_mwrep,Z - a)c)g(_nwrep,l - wc)g*(_rwrep,l - a)c)g(_pwrep,Z — W)

—i[(—n+r)wep.1 —ws ] At 3 .
I¢ o1 ] [X( )(pa)rep,2 + (n - r)a)rep,ls —PWrep,2, — NWrep,1, — ra)rep,l)

X e
3 .
+ X( )(pwrep,Z + (I’l - r)a)rep,l’ —NWrep,1, — PWrep,2, — rwrep.l)]
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+ g*(nwrep,] - wc)g(mwrep,Z - C’)c)(c:‘*(_rwrep.l - wc)g(_pwrep,Z - wc)ei(mip)erPAZA,

3 ] -
X X( )((P - m)wrep,2 + 7 Wrep, 15 _pwrep,%ma)rep,%rwrep,l) + g*(_mwrepl - wc)g(_na)rep,l — )
—i[—(n—r)wrep, 1 —w5 1At

X g*(pwrepl - wc)g(rwrep,l — wc)e

X X(3)((_r + n)wrep,l + PWrep,25 T Wrep, 15 _nwrep,lvarep.2)~ (A4)

APPENDIX B: TIME-RESOLVED TRANSMISSION SIGNAL &€,
Inserting Egs. (19) and (25) into the transmission signal Eq. (8), yields

3) .
St1112(w3" Wrep, 1, Wrep,2, At)

2 o oo o0
= —Iﬁwfep,]a)repl/ da)1/ de/ dw3
—00 —00 —00

X [gf‘(a)l + wy — w3 — ws;ma)mp,l)gz(wz; pa)repqz)gf‘(a)y rwrepql)gl (w15 nWyep, 1)

X 8(=n +71 +m — ple @ TIA L EX (0] + @y — w3 — W53 NWrep,1)E1 (W25 MWyep, 1)

X E3 (w33 prep 2)E1(015 T Wrep 18 — 1 — m + p)e’ TR L EX(w) + @y — w3 — w3 MWyep 1)

X E1(@23 n0rep E] (@337 rep NEN@1; Prep 2)8(—n + 1 4 m — p)e 1w

x X (—w; — 01 + w3; w1,w2,03). (BD)

We used the fact that the signal is invariant to the exchange of w; and w; in the expressions for the fields E(@)E (). Using
the § functions in the expressions for the fields Eq. (19), the integrations over w, w», and w3 in Eq. (B1) are completed, giving

3) .
St]llz(wj‘s a)l‘ep,l’wrep,21At1n9m7psr)
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X 8(_pwrep,] + PWrep2 — ws)eii(pw“"“zirwmf"l7w“)At
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X 8(PpWyep,1 — PWrep,2 — wy)e! MOepa Fr O DAL () (p 4 M)Wrep,1 + PWrep,2 ¥ Wrep, 1,MWrep, |, PWOrep,2)
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The last two & functions can be used to eliminate two of the summations, giving

N
3) . & . —wy (N —m)dwrep — s
St“]z(ws’ Al‘,(swrepva)rep,l) = Z St (ws, Al‘s(swrep,a)rep,l ,n,n, i 5 (B3)
n,m Swfep Swrep
where S©) (wy) is given as
r1112{@s) 18
S(3) . A
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2 ~ ~ ~ ~ .
3 * * - - —wy) At
= _Iﬁwrep,lwrep,2[61 (ma)rep,l - wc)g2(pwrep,2 - wc)gl (ra)rep,l - a)c)gl(nwrep,l — w)e Hperepa=rnep1 =)
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