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We introduce a general theoretical description of non rasbimpulsive Femtosecond Stimulated Raman Spectrosecogy i
multimode harmonic model. In this technique an ultrashotiné pulse creates coherences of low frequency modessand !
followed by a pair of a narrowband Raman and broadband pratse pUsing Closed-Time-Path-Loop (CTPL) diagrams, the
response on both the red and the blue sides of the broadb&sedyith respect to the narrowband Raman pulse is calcylgéted
process couples high and low frequency modes which shasathe ground state. The transmitted intensity oscillategdsn

the red and the blue side, while the total number of photogsiiserved. The total energy of the probe signal is peridlgica
modulated in time by the coherence created in the low frecpemodes.

1 Introduction

Nonlinear optical techniques have been widely employeifrie tesolved studies of vibrational dynamics of complexeualar
and solid state systems.

Stimulated Raman Scattering (SRS) is a nonlinear thirdrdime-wave mixing process, which is coherently driven witlea
energy difference between two laser pulses is resonantawhman active molecular transition. Scattering from theracting
medium generates blue and red shifted components with a&ieeffy which is enhanced by many orders of magnitude relativ
to spontaneous Raman scattering signals.

Femtosecond Stimulated Raman Spectroscopy (FSRS) is affifén pump probe technique recently introdut&dvhich uses
SRS as a prob&!3 Is has been shown to provide an improved spectral and texhpesolution compared to time resolved-
spontaneous Raman. In a typical FSRS experiment, a fenoiodetectronically resonant actinic pump pulse triggelsational
dynamics in an electronically excited state; then, aftearéable time delay, the joint action of a picosecond Ramdsepand a
femtosecond broadband continuum pulse generates a vibhaatioherence which allows to probe the state of the systethe
SRS process. The detected signal given by the frequencgrdisgh transmission of the broadband probe shows both gdin ai
loss Raman features at the red and blue side of the narrowRamdn pulse spectrurht®

In this paper, we address a different scenario in which adsetond electronically off-resonant actinic pufsects impulsively

on the sample to generate ground state rather than an est#tdcoherences. Depending on the bandwidth of the actinic
pulse AT, ~ 50fs, which corresponds t800 cm ! for a transform limited Gaussian envelope of routinely ke ultrafast
laser sources), only relatively low frequency modes 300 cm—!) of the sample can be excited, leaving it in a vibrational
coherent superposition state. Under such circumstanoasirashort pulse passing through a medium experiencegpwaard

or downward frequency shift depending on its relative tignafter the actinic pulsg, i.e. a third order Raman process with
oscillating Stokes and anti-Stokes intensities is gerdralhe classical, macroscopic view of this effect is thatrtiolecular
vibration, induced by the actinic pulse, generates tempseillations in the refractive index. The associated tuependent
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phase induces a blue or red frequency shift, depending odettieative sign. These low frequency modes can also cétHie
even in the harmonic lim#, to time delayed Stimulated Raman probing of higher frequanodes, generating a fifth order
polarization. It has been already emphast&f that in molecular liquids the fifth order polarization sigsare orders of
magnitude smaller than the third order ones and need aruatten of the overwhelming cascade processes to be deleectab
On the other hand, fifth order and cascading processes caistireggdished by their different dependence on chromophorc
density (linear for the former and quadratic for the latt@erefore cascading can be suppressed by working at |cevesities,
which becomes feasible as detection sensitivity is impdoe general, that fifth order processes can be measuredlecoiar
liquids has been demonstrated by R. J. Mal& and more recently verified by Y. Silberberg (private comatians). Here we
extend previous studies of the fifth order polarization with completely new framework, elucidating the precise nscopic
mechanism for the energy transfer between different splectmponents of the dispersed FSRS response. The actilsie pu
initiates the low frequency vibrational coherences at tirae0, then, after a time deld/, the Raman puls&€, and the broadband
continuum pulse€; stimulate the Raman scattering of a higher frequency \idmmat mode. The resulting 2D sign&l(w, T")
depends on the dispersed probe frequen@nd the delay T. Photoinduced structural changes (notdedunere for sake of
simplicity) could cause additional frequency variatiolke response of the system is derived by using Closed- Tiale-Foop
(CTPL) diagrams; both the red and the blue side of the spmcane calculated, providing an unified description of gaid lass
processes. Analysis of the two regimes shows that the nuailpgrotons of thef, field oscillates withl” with opposite phase
and the same amplitude in the red and in the blue side, thrertife total number of photons is conserved during the pspties
total energy of the, field, obtained by the first moment of the transmitted probguiency profile, shows a damped oscillation.
This analysis allows to rationalize third-order experittseas those reportedifizs

2 Expressions for FSRS signals

The FSRS process is described by the Hamiltonian
H=H,+H + Hy

whereH,, H; andH’ represent the free molecule, the radiation field and thetfieradiation-matter interaction, respectively.
For electronically off-resonance pulses, an excitatioa tartual state is accompanied by an instantaneous deagéircitto a
real state, since by the Heisenberg uncertainty princimesystem can only spend a very short time on the intermestiatte.
Therefore, in the rotating wave approximation (RWAl, reads:

H'(t) = a(t) Y ENBE(t) + h.c. (1)

whereq is the excited state polarizability

a=Y " amla)d|

a#b
and€ = Zj &jandet = Zj EJT are the positive and the negative frequency component&ddthl electric field operator:

E(r,t) =3 &()e™s™ + 3 £ (e 2)

For non-overlapping, (t) and&,(t) pulses, equatidi 1 reduces to
H'(t) = a(t) [E1()E,(t) + EL)E ()] + hec. (3)

For non-overlapping ultrashort (off-resonanég)and &, pulses,&, in the equation is not coupled to the other fields. Fo-
non-overlapping ultrashoif, and E; pulses this corresponds to the pump-probe technique wheractinic pump generates
a photo-excitation that is then detected by the probe. Ticisige holds also for an off-resonant actinic pulse thategates a
ground state coherence.

Stimulated optical signals can be defined as the time derivat the mean number of photots

400 +00 > dw!
S:/ dt% <aj(t)ai(t)> - %s/ dt' (P(t)EN () = %/ W (P)ET (W) (4)

o oo oo 2T
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where
+00 )

Plw) = / dte P(t) (5)
andP(t) = Tr[Vp(t)] is the nonlinear polarization induced by the interactiod an.) = Tr[p(t) - ...]. The frequency-gated
signal is then given by

+OO i ’ ’ ’
S T) = 98w) [ et (Tpe T ) ©)

whereH’ is the Liouville superoperator in the interaction pictureld" indicates superoperator time ordering. This expressic
can be expanded perturbatively in field-matter interastidn the present application we expand the exponentialttodier in
the fields which yields the 5th order polarizatiBf®).

The 5th order off-resonant polarization is a convolutionhaf fields with a three point correlation function of the sility
operator. Using the loop diagram representation, it canasdyewritten directly from the diagram by the applicatiohtbe
rules given if°. The diagrams that contribute to the broadband FSRS prasesgiven in Fig.[JL. Usually the expressions
for the detected signals are derived in terms of nonlinescequtibilities, using a semiclassical approach, whergsatal fields
interact with a quantum system and they can easily be repexsby Double Sided Feynman diagrams or energy level diagra
While the conventional Double Sided Feynman diagrams g#&or is based on the density matrix (Liouvillé? dimensional
space), the CTPL diagrams one, used in this work, is basedeowavefunction (HilberfV dimensional space). In the CTPL
description the ket (bra) evolution is described by a fod\@ackward) propagation of the wave function; in the CTPeré¢his
no time-ordering between the left hand side (ket) of the iagand the right hand side (bra), resulting in fewer contiity
terms for a given signal.

We shall work in the frequency domain using a Fourier tramsfof the field envelopes and define the retarded Green’siamct

£ Es
P P e Sl
D

Es
tl{ g* t'( 5* th/

Eq
14 gp
| &, Es

s | g l9")
gav |f> . 7 gi g;v - _ 7 ga
£,° e g7 I re
9><9|Y 179><g| “ o) ) 1|\9> (gl

1 i 111 v
Fig. 1 Closed-Time-Path-Loop diagrams for Stimulated Ramath witpulsive actinic pump preceding tl& field, in off-
resonance conditior. refers to the ground state whidé andg” range over all the vibrational frequencies.

(7)
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and the advanced Green’s function

Foo 1 1 ) {v]
G(w)ih(w—Ho—in)ih;w—wy—i'y ®)

In both equationis]7 ard:Bis a positive infinitesimal that ensures causality and frrtjuarantees the convergence of the Fourie -
transform. The right hand side of the equations is obtainedrbexpansion in the molecular eigenstate bagisnd~y is the
vibrational dephasing rate.

Reading off the diagrams, we obtain:

T dAp dw'p %dAA % 95
2 2w 27 2w 27
Ep(w})f;}"g(w}g +Ap)Es(w+ A)ES(w)E, (W + AA)EL(WY) (Fs + Fiy + Fyi + Fiw)  (9)

Sw.1) = (1R, | (Ap — Aq— A)e-iBaT

—00

whereP; = [1+ e#(Fi=Eo)] ~' with 3 = 1/(kgT), represents the thermal occupation of stajeand all the relevant infor-
mation about the matter is contained in the following catieh functions of the molecular polarizability which cespond to
diagramg(i) — (iv).

F; = (aGT(wp —w+ As)aG(A4)a) (10)
Fyi = (oGl (wp — w)aGT (A — Ap)a) (11)
Fiii = (aG(Aa)aG(w + A —wp — Ap + Ay)a) (12)
Fypy = (aGT(A = Ap)aG(w + A — wp — Ap)a) (13)

The delta function in equatidd 9 represents the conservatidield energy. The ground state was excluded in &ds. Thnc ¢
because that would give a DC background; we are interestablating the contributions to the signal due to the exidtat

of the low frequency modes. The dominant contribution tosigmal S(w, T') originates from the spectral region in which the
denominators of the relevant Green’s functibhs 7[dnd 8 Wariike correlation functiods10 ahd|11 contain an advancee@s
function whose argument contairy, — w; diagrams(i) and(ii) then give rise to features on the red side of the Raman pulse
Similarly diagramgyii) and(iv) lead to signals on the blue side because the retarded Gfeant#on in correlations functions
[I2 andIB contains — w.

The contributions from both sides of the stimulated Ramatgpm have been denoted Stokes and anti-Stokes proc&¥ses.
next clarify this terminology. The classification of Ramawgesses as eith&okes or anti-Sokes originated in spontaneous
Raman. The application of this terminology to the stimudgieocesses has been a source of confusion. According totm@on
nomenclature, the distinction between Stokes and ankieStprocesses is based on the temporally last Raman irnteralne
speaks of a Stokes process when, due to the last interattteomolecule passes from a state of lower to higher energyrend
emission is red-shifted; conversely in anti-Stokes thettassition is from a state of higher energy to one of lowegrgg and
the emission is blue-shifted. The term Coherent Anti-StdRaman Spectroscopy (CARS) comes from this convention. Or 2
can alternatively distinguish Stokes and anti-Stokesgsses by looking at the overall energy transfer betweereneatd field,
during the entire process with all interactions, not justltst. Stokes processes start from the ground dtgtes |I/h), while
anti-Stokes processes start from a vibrational exciteésta/h) — |g). To avoid confusion we simply refer to these signals as
red or blue.

The Raman resonance frequencies in a specific diagram depehd Liouville space pathway. For example in diag(aih the
pathwaylg) — [¢') — [¢”) (with ¢" andg” two different vibrational levels of the sample) leads to spense avp — w; While

the pathwaylg) — |¢’) — |¢’) leads to a response@}p — w;. This can be seen from the argument of the Green'’s functions
correlation functions (ed._10). Hereafter we discuss ekplithe pathways that include botlf, andw;; the derivation for the

lg) = |g") — |¢') pathway is similar.

Diagram(i) leads to a feature atp — (w; — wy). Similarly on the blue side of the Raman pulse, diagfai) give rise to a
feature atvp + wy while (iv) gives aresponse atr + (w; — wy). Therefore there are pathways in Liouville space that do no:
depend on a single mode but contribute to the signal wheerdifit vibrational modes share the same ground state.

In order to simplify equatiof]9, we use the delta function @org out the integration oved, the bandwidth of the broa#,
pulse; assuming a monochromatic Raman péjge)) = 27 E,d(w — wp) we can reduce ed] 9, without loss of generality, to

4| 113
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two integrations:
3 20 o o T dA dwlA —iAAT
Sw,T) = (—1)°|Ep|" Py S| E5(w) >r or €
Es(w+ An)E(Wy + AA)EX (W) (B + Fyi + Fuyi + Fiy) (14)

which can be expressed as

T dA4

S(w,T):Pg|Ep|2/ 7S(W,T;AA) (15)

—00

Es(w+ AQ)Ea(Wy + Aa)EL(WY) (Fy + Fiy + Fyii + Fi) | (16)

The A 4 dispersed signal of ef. 116 is not an observable quantitgstraontains more information than the experimental signal

Published on 12 March 2015. Downloaded by University of California - Irvine on 12/03/2015 20:31:25.
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Fig. 2 Two dimensional plot of(w, T'), eq.[14, for Diagraméi) and(iz) (on the left) and Diagram@ii) and(iv) (on the right),
for a system with one lowi{ = w;/c = 50cm~1) and one high frequency mod&,(= 800 cm~1); the vibrational dephasing
time isyl‘1 = 7;1 = 2.3 ps.. In side panels we show the integrals of the signal over ¢eatied frequency that give the number
of photons in the red and in the blue side of the spectrum.

3 Signal simulations

We consider a two mode harmonic molecular system, with owefilequency modei = w;/27c = 50cm~1) and one high
frequency modei{, = 800cm~1!). Three vibrational states contribute to the sum over stat@ression (eq._14): the high
frequency excited state at,, the low frequency excited state @t and a state at;, + w; in which both vibrational modes
are excited. Accounting for all possible Liouville pathveapoth diagranii) and(ii) contribute to a feature atp — wy; the

- 113 |5
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former generates also a side peak shifted to the red of the feaiure atvp — (w, — w;) While the latter gives a side peak
shifted to the blue abp — (wy, + w;). Similarly, diagramgiii) and(iv) give rise to a central feature @ip + wy, and two side
bands. In the present harmonic model the two side bands hav&ame phase and exhibit a similar behavior, as shown in Fig
[2 where we display the signal(w, T') for different time delayd’. Both the actinic puls€, and the broadband pulgg have
a Gaussian envelope with a FWHM 26 fs and10 fs, respectively. We emphasize th#tv, T'), which is proportional to the
fifth order polarizationP(®), appears as a correction to the strong€? contribution in the total FSRS signal. The actinic-off
signal consists of a sharp positive peak centereddn- w;, and a sharp negative peak centered in+ w;,. When the actinic
pulse is switched on, additional features comparezatt (w;, + w;). As predicted id°, and quantitatively highlighted in Fig.
[S3, the inclusion of anharmonicity does not substantidlBnges the above scenario, except for a possiblease shift between
relative sidebands associated to the same low frequencgmodhe main as well as the side bands evolve from an absorptive
peak to a dispersive shape depending on the dEldg the side panels of Fif] 2, we show the behavior in time efrtamber of
photons in the red and the blue side of the spectrum, obtaiséte integral of (w, T') over the detected frequency

Nyea(T) = dwS(w,T) a7

Nblue(T) = /oo de(w,T) (18)

wp

For each time delay the signslw, T) is a sum of dispersive and gain/loss absorptive contribsti®nly the latter contribute

]

| Blue Side .
I Red Side
[ 1(X3) Total Energy

T (ps)

Fig. 3 Total Energy Balance; the red line indicates the energiflason of the signal in the red side of the spectrum, oledin
multiplying the number of photons of Fi@l] 2 By, while the blue line indicates the energy oscillation in bhee side of the

spectrum. The green line shows the total energy oscilldtftier a 3-fold expansion). While the total number of phat@

conserved in the process, this symmetry is slightly brokereiconsider the total energy.

to the integrated signal of eq§.117 dnd 18 since the disgemies cancel out, the gain/loss components of the side banas
contributes coherently. Botl,.q(7") and Ny...(T') exhibit damped oscillations ifi with the same amplitude and period but
opposite phase. This numerical result can be derived bynmgasome simplifying assumptions. We focus on the response &

6| 113
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+(wp — wp) generated by diagranisi) and(iv). The other contributions can be obtained similarly. Forufsjye&,; andé&,
pulses and a monochromaéig pulse we have

T dw dA 4 e AT
_ 2 25 o aw
Nred(T)* VQ|EP| |ES| Pg\y|:/—oo 277' 277' [(WP—W—W}L—’L"}/}L) (_AA_Wl_i'Yl)]] (19)
for the red side, and
T dw dA 4 e tAAT
Nt (T) = — E,QESQPC‘/ —= 2
biue(T) Vol Epl7| Bl g\y{ oo 2m 2m [(wwpthri’yh)(AAleri’yl)J (20)

for the blue sidely, indicates the quantization volume of the actinic freques.cContour integration ovéx 4 is performed

NooalT) o — & /+oo dw iye— i T=1T (21)
red 27 (wp — w — wp, — i)

The denominator in €q.21 gives a Lorentzian profile

1
Wwp — W —wp — Y,

= (wp —w—wp + 1) L(wp — w — wp)

which reduces téy,d(wp — w — wy,) for small~y,. This gives
Nyea(T) x e T sin (w,T) (22)

and
Ny (T) x —e T gin (wiT) (23)

The total number of photons in th& field is conserved. While the frequency dispersed signabimidated by the high fre-
quency mode, the information @), is completely lost in a detection of the total field intengfigr example performed with a
photodiode); the oscillation period’§ = i—’j) and the damping factory() are determined by the low frequency mode.

Fig. [3 shows the total transmitted energy of the signal,inbthmultiplying the number of photofis]18 by, for the red and
blue side of the spectrum separately and the total energatisn (green line). While the number of photons is conselrin
the process, the total pulse enedd§’) = [~ dwS(w,T)w does change.

The role of the actinic pulse is better demonstrated by cenisig a system with more than one low frequency vibratiomadie.

In Fig. [4 we use the\ 4 dispersed signal (ef.116) to study the response of a samfhidfauir low frequency mode$( cm ™,
80cm~!, 110ecm~! and173 cm~!) and one high frequency moded0 cm—!). For simplicity we consider explicitly levels,,

w; andwy, in which only a single mode is excited.

S(w, T = 5001s; A 4) is displayed for various bandwidths of the actinic purapfs 80 fs and150 fs of time duration), only the
shorter actinic pump pulse is able to excite all the low femgry modes, while the longer pulse can only excite a narrbaed

of frequencies. The only frequencies of the actinic pulselired in the process are those involved in the coherencerggon
with the low frequency mode, belonging to a small region atbthe resonances. Since the generated coherence is dedecte
w = wp — (w, — wy) (difference between the high and the low frequency modé)aiag the actinic bandwidth truncates the
contributions of lower wavenumber frequency far fram= wp — wy,.

Figure[® depicts the response of this multi-mode systemrfdafs actinic pump, showing the time delay dependence of th :
frequency dispersed spectra and of the frequency intebsideal. The behavior oV (7") is more complex than for a single low
frequency mode, since the signal results from the sum of dammped sinusoids, with different amplitudes, dependinghen
bandwidth of the actinic pump pulse. The contribution frdra low modes involved is directly extracted disentanglimegfour
components by the Fourier transform o&of S(w, T')

S(w,Q) = /oo e TS (w,T) (24)

which is reproduced in the right panel of Fig. 5. The numbegstadtonsN (7),.., in the red side an&V (7). in the blue side
varies with opposite phase, and the overall number of plsdtostill conserved.
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150
o 2
|
: i
S 0 f -~ 0
<: ~ ~ ~
lq - .
. 12
150, .
4
-800 -700 -600 -800 -700 -600 -800 -700 -600
v—vp(cm~Y)  DU—vp(ecm™Y)  U—Dp(cmY)
1501
= N 2
| -
% ) - .
N—" ~— — O
< T
<
|2
-1501
4

600 700 800 600 700 800 600 700 800
v—vp(ecm™)  D—vp(em™Y)  U—Dp(cmY)

Fig. 4 A4 dispersed signal (ed._116) and corresponding integratethisfgr diagramg) and (i) (top panel) andiii) and
(iv) (bottom panel) for a system with four low frequency modéscfn !, 80cm !, 110cm~! and173 cm~—!) and one high
frequency modes00 cm 1), calculated a500 fs of time delayl’. The 2D plot ofS (7, T = 500 fs; A 4) are reported varying the
bandwidth of the actinic pump( fs, 80 fs and150 fs of time duration, from the left to the right), showing tlaatarrower actinic
pump pulse is not able to excite all the low frequency modése Shaded black area reproduces the integfa 7' = 500 fs)
signal overA 4, showing a much more intense contributiowat vp = +vy.
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T (ps)
N
/\ NN

T (ps)
N

AT,

1 —

Intensity (AU) 700 N
U—Up(cm™Y) U—Up(cm™))

Fig. 5 Central Panel: Time delay dependent 2D sig$igl, ') of diagrams(i) and (ii) (top) and of diagramséiii) and (iv)
(bottom); the response is calculated for a system with fowrfrequency modes$(0cm—!, 80cm—*, 110cm ! and173 cm™1!)
and one high frequency mod&00 cm—!) using ans0 fs actinic pump. The number of photons..q . (T) is reproduced in
the left panel, while in the right one the contributions fraltthe low frequency modes are disentangled by the Fougasform
S(v,N).

4 Conclusions

In this paper we have employed a microscopic diagrammaticogeh to the Broadband Stimulated Raman Spectroscopyawith
impulsive off-resonant actinic pump. Expressions for bbthred and the blue side of the spectrum are derived. The@otes
created by the impulsive pump cause modifications of theltreguRaman signal as a function of the time delay between the,
pump and probe pulses, that varies from gain to loss featlitesinterplay of these features is responsible for a nedligton of
photons between the two sides of the spectrum that consrwestal number of photons but leads to an energy flow between
fields and matter.

In particular, we have considered three detection modefffiororder stimulated Raman measurements that includectinia
initial excitation: the partially integrated red,..,(7") or blue Ny (T') (Fig. [2), the frequency integrated 1D sigd&l’) (Fig.

[B) and the fully dispersefl(w, T') (Fig.[2). The first two are 1D and the last is a 2D technique.iftegyrated signal(7") probes

the total energy exchange between the molecule and the frelthweveals Raman resonances. This is also seen by thénshifu
the blue/red detection. The frequency resolved spectrunesamore information and can show dispersive featureshwtio

not contribute to the molecule/field energy exchadgedeguchiet al.16:2% had employed the partially integrated detection for a
third order measurement of intensity fluctuations and olethia similar oscillatory behavior as in our €gs. 22[afd 23Fagd3.

In a third order experiment the energy flow manifests itselfime domain intensity fluctuations, which can be integuieds
an apparent red and blue shift of the probe ptfis&hile information on the low frequency vibrational moddste medium
can be retrieved by a Fourier transform, the temporal emsiutf the spectrally resolved optical probe is not accéssibhe
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integrated signal directly obtained¥hcan be easily recast from the dispersed signal as we havenshdvig. [2. In addition,
the time resolution brought about the fifth order procesgkesahe collection of snapshots of the energy transfewymathwhile
the frequency dispersed detection allows dissecting the tdependence of the contribution corresponding to a sspgetral
component. Although this does not provide additional infation from the material perspective, it reveals the meishan
underlying the energy redistribution pathway. Specificals seen in Figl]2 the low frequency coherence does not @ener
spectral shift but rather a modulation of the first momentdithe broadband probe spectrum.
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detected signals can be directly derived from the CTRYgrdims by the use of the following rules:
Time runs clockwise along the loop from the bottom leftte bottom right.

The interactions within each branch are time orderedjrtatactions on different branches are not. Each loop can he
further decomposed into several fully-time-ordered ddags (double-sided Feynman diagrams).

. Afield mode is represented by an arrow.

. Theloop contains a series of interactions, depictedtaess@ction between the loop and the arrows. Interactiansegrared
by periods of free evolutions;, forwards in real time on the left branch and backwards omigie branch.

. Arrows pointing to the right represent interaction witle field annihilation operatd; (w), while arrows pointing to the

left represent interaction with the field creation operéBHw). The interactions are with a couple of arro&Z\{§j and are
accompanied by the polarizability.

. For each period of free evolution on the left branch we evatretarded Green’s functiafl(}_; w;), where the sum
goes over all earlier interactions along the loop, i.e. tlegdiency arguments of the various propagators are cunejlati
additionally, the ground state frequengy is added to all arguments of the propagators. Similarly émheperiod of free
evolution on the right branch we write an advanced GreermstfunGT(Zj wj).

. The interaction at the observation time t is fixed to be whthdetected mode and is always the last. It is chosen to be cr
the left branch of the loop.

. The overall sign of the correlation function is given(byl )¢, whereN;,,; is the number of interactions along the loop,
i.e. the number of intersections between the loop and thosvarr

. Signal expression contains a delta funcﬂmﬁ(z;ﬁf w;), accounting for energy conservation.

y Whigh

T R —— Y W —————
i el el el

wlow

Fig. St Energy-level diagrams corresponding to teraf Fig. .

Loop diagrams of Fig[]1 can be recasted in term of Double€Sky/nman or energy level diagrams. For example in [Eig. S+
we present the energy level diagrams which correspond ttethe: of Fig. [, producing contributions atp — (wy, — w;) and
wp — Wh-

In F

ig. [S3 we provide a quantitative comparison with someviptes theoretical treatments of L¥e where the fifth-order

response of &DCl3; molecule is calculated; here we verify that our results aasitmply applied to the systems studied by Lee

and

that the general harmonic potential used in our papeagtees phase conservation for the sidebands associdtedsame

low frequency mode, while the anharmonic potential can pcech 180 degrees shift of the relative phases.
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Fig. S2 Slices of Fig[® signal at different time delays, frdnps to2 ps in steps 0100 fs, are reproduced and compared to the
third order (normalized) response of the system withougtttaic impulsive excitation, reproduced by the black line
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