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1. Introduction

The understanding of many physical, chemical and biological
systems often requires the investigation of ultrafast dynamical
processes with high precision. Spontaneous Raman (SR) spec-
troscopy is a powerful tool, endowed with structural sensitivity,
able to probe Raman-active system dynamics in time-resolved
experiments.[1, 2] In this technique, the spectral and temporal
resolutions are restricted by the fundamental Fourier transform
limit,[3] making time-resolved SR spectroscopies not suitable for
the study of sub-picosecond dynamics. The development of
nonlinear optical techniques has allowed the introduction of
femtosecond stimulated Raman scattering (FSRS) spectrosco-
py[4, 5] as a tool for studying ultrafast processes,[6–9] providing
improved spectral and temporal resolution.[5, 10–12]

FSRS is a six-wave mixing technique, hence it requires five
light–matter interactions. The process starts with a femtosec-
ond actinic pump (AP) pulse Ea to photoexcite the system and
trigger the dynamics of interest, for example, promoting a vi-
brational wavepacket in an electronic excited level. Then, after
a tunable delay time T, the joint action of a narrowband
Raman pulse (RP) Ep and an ultrashort white light continuum
probe pulse (PP) Es allows the detection of molecular vibra-
tions via stimulated Raman scattering.

In the last years, the very issue of the actual time resolution
limit of this technique has been the focus of an interesting
debate.[3, 13, 14] Since the vibrational coherences can be induced
with a time precision independent on the pulses’ bandwidth, it
has been argued that FSRS may transcend the usual restric-
tions, which compromises time and energy resolution in con-
ventional SR time-resolved spectroscopy.[15, 16] However, it has
been pointed out that when the dynamics of interest are
faster that the vibrational dephasing time, signals are far more
complex than in ordinary time-resolved spontaneous Raman,
and data interpretation has to be supported by rigorous mod-
eling to achieve a real improvement of the time resolu-
tion.[14, 17, 18] Bearing this caveat in mind, the ultimate resolution
of the FSRS process is under debate, as one may be tempted
to explore the extreme case of temporally overlapped pump
and probe pulses.

Generally, n-wave mixing processes are described by a semi-
classical approach, in which the matter degrees of freedom,
treated quantum-mechanically, interact with classical fields. All
possible contributions to the nonlinear signal are accounted
for through diagrammatic techniques. Double-sided (ladder)
Feynman diagrams provide the fully time ordered description
of the density matrix evolution during the nonlinear process.[19]

When the order of the process is high, the calculation requires
extensive computational efforts, due to the huge number of
possible ordering between the fields, the number of possible
diagrams, which scales quadratically with n. In many cases, the
number of diagrams is reduced by experimental conditions. In
particular, in the pump probe scheme, diagrams in which the
pump pulse comes after the probe may be neglected.

In a typical FSRS experiment, the pump–probe description
holds: the time delay T is scanned in steps larger than the tem-
poral widths of the two ultrashort pulses Ea and Es. The nonlin-
ear signal is then mainly generated outside the temporal
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region in which the Ea and Es pulses overlap. The number of di-
agrams needed to compute the signal is significantly reduced
to the ones in which the temporally first interactions are with
the Ea field.

However, when detecting extremely short-lived dynamics,[20]

the characteristic evolution time can be comparable to the
temporal widths of the pulses used to monitor it. The nonlin-
ear signal is then almost exclusively generated in the overlap
region between the pulses and, consequently, all possible or-
derings between the fields must be considered.

In this paper, we address the issue of the ultimate FSRS time
resolution. To this aim, we calculate the FSRS signal in the
pulse overlap regime by means of loop diagrams.[21] The
number of such diagrams scales linearly with the nonlinearity
order, reducing the number of contributions and the computa-
tional effort.[22] The matter and field degrees of freedom, cou-
pled during the nonlinear interaction, are described through
the evolution of the wave function y, intuitively depicted by
the loop diagrams. To isolate the possible presence of unwant-
ed non linear effects which could hamper the detection of the
desired dynamics, we assume an actinic pump which does not
generate any photoinduced dynamics, evaluating the fifth
order response for an electronically off-resonant system.

2. Theoretical Framework

The FSRS process is described by the Hamiltonian
[Eq. (1)]:

H ¼ H0 þ HF þ H0 ð1Þ

which includes a contribution from the matter and the field
degrees of freedom, H0 and HF, respectively, as well as an inter-
action term H’. We assume that all pulses are far from the reso-
nance frequencies of the sample. This allows us to exclude all
the contributions generated by the actinic pump absorption
and then to verify the effects not related to the photoinduced
dynamics in the sample. The effective radiation–matter interac-
tion Hamiltonian in the rotating wave approximation (RWA) is
given by Equation (2):

where a ¼
P

a 6¼b aab aj i bh j is the excited-state polarizability,
i and j run over the modes of the three fields and

and are the positive and negative

frequency components of the field operator for mode j
[Eq. (3)]:

The stimulated signal is defined as the change in the
photon occupation number of the detected mode w, belong-
ing to the probe pulse Es [Eq. (4)]:

S ¼
Z þ1

�1
dt

d
dt

ays ðtÞasðtÞ
D E

¼ 2
�h

Z 1

�1

dw0

2p
= Pðw0Þeyðw0Þ
D E

ð4Þ

where [Eq. (5)]:

PðwÞ ¼
Z þ1

�1
dt eiwðt�TÞPðtÞ ð5Þ

and PðtÞ ¼ Tr½a1ðtÞ� is the nonlinear polarization induced by
the pulses. The time derivative in Equation (4) is evaluated by
using the Heisenberg equation of motion. The expectation
value . . .h i ¼ Tr½1ðtÞ � . . .� may be calculated by solving the
density matrix for the total system 1ðtÞ, which includes both
the radiation and matter degrees of freedom. This is easily ach-
ieved by working in the interaction picture. Moreover, the den-
sity matrix propagation is most compactly described by super-
operators in Liouville space.[23, 24] The stimulated optical signal
obtained by a frequency gated measurement is then given by
Equation (6):[25]

where is the time ordering superoperator and H0� is the
Liouville superoperator in the interaction picture. The detected
field mode is selected by phase matching that is auto-
matically guaranteed in the FSRS pulses configuration. The ex-
ponential in Equation (6) will be expanded in a power series
and different orders can be accounted for using the loop dia-
grams.

Field interactions with matter are represented by arrows
along the left and right branches of the loop. The two branch-
es are not mutually time ordered, while interactions on the
same branch are ordered. In the off-resonance regime, interac-
tions with the fields are represented by pairs of arrows, an ex-
citation to a virtual state followed to an instantaneous de-exci-
tation to a real state.

3. FSRS Signals with Overlapping Pulses

The diagrams that contribute to the FSRS signal with electroni-
cally off-resonant pulses are shown in Figure 1. The FSRS signal
is given by Equation (6). When the actinic pulse and the
probe pair, and , are separated by a time interval longer
than the pulse durations, the interaction Hamiltonian (1) be-
comes [Eq. (7)]:
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In diagrams di–div, the first interaction is with the actinic field
modes. Thus, they satisfy the pump–probe scheme and fully
account for the pulse configuration shown on the top left side
of the figure. In these diagrams, the off-resonant actinic pulse
can either leave the system in the ground state or can impul-
sively trigger the excitation of low-frequency coherences. In
the latter case, the pulse probes higher frequency modes.
Depending on the path involved, this physical process leads to
the creation of main peaks at Raman frequencies as well as
side peaks due to harmonic or anharmonic coupling between
low and high frequency modes. These features evolve during
the time delay T, from positive to negative and show dispersive
lineshapes. In-depth analysis of these diagrams and the under-
lying of energy flow was given in our previous work.[26]

The most interesting case arises for time intervals in the
overlap region, as sketched by the pulse configuration at the
bottom of Figure 1: the number of diagrams increases and all
the terms allowed by the summation in Equation (1) must to
be taken into account.

We consider an actinic pulse with a spectrum centered on
the red side of the Raman pulse. This choice determines the di-
agrams selection. Similar results can be obtained for an actinic
pulse centered on the blue side. Taking all the possible permu-
tations of the fields into account, we obtain three additional
diagrams (d1, d2 and d3) that contribute to the red side of the
spectrum, that is, at frequencies lower than the central fre-
quency of the pulse, and three (d4, d5 and d6) that give rise
to features in the blue side.

Diagrams di–div and d1–d6 involve two different vibrational
modes to generate non-negligible signals. Remarkably, while

diagrams di–div, in addition to the probed mode, implicate
a low-frequency mode covered within the bandwidth of the
AP, on the other hand, diagrams d1–d6 require the presence of
an extra level close to frequency difference between the RP
and the AP.

The frequency dispersed FSRS signal Sn(w,T) generated by di-
agram n can be easily evaluated in the frequency domain. We
consider a three-level molecular system with a ground state g
and two vibrational excited states, w1 and w2, with the higher
close to the frequency difference between the Raman and the
actinic pulse, w2 =wP�wA, being wP and wA the central fre-
quency of RP and AP, respectively, and w1 = 800 cm�1.
Simulations have been performed for a Gaussian actinic
pulse centered at 650 nm and with a 50 fs FWHM
and we assume a 490 nm monochromatic Raman pulse

, which simplifies the frequency
domain calculations.

We define the retarded Green’s function [Eq. (8)]:

GðwÞ ¼ 1
�hðw� H0 þ ieÞ ¼

1
�h

X

a

aj i ah j
w� wa þ ig ð8Þ

and the advanced Green’s function [Eq. (9)]:

GyðwÞ ¼ 1
�hðw� H0 � ieÞ ¼

1
�h

X

a

aj i ah j
w� wa � ig ð9Þ

where e is a positive infinitesimal that ensures causality and
further guarantees the convergence of the Fourier transform.

Figure 1. Pulse configuration and corresponding loop diagrams in off-resonance FSRS spectroscopy: In the conventional FSRS scheme, the actinic pulse trig-
gers a photoinduced process and precedes a couple of Raman pulse and Raman probe fields. When the actinic does not overlap with the probe pulse, the
total fifth-order signal is represented by four loop diagrams, two contributions (I) in the red side of the spectrum and two (II) on the blue side. However,
when the dynamical process under investigation is exhausted in a timescale comparable to the ultrashort pulses duration, all fields are temporally overlapped,
while the nonlinear signal is generated in the sample. In this case, six new contributions (III and IV) must be taken into account to calculate the fifth-order re-
sponse of the system.
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The right hand side of the equations is obtained by an expan-
sion in the molecular eigenstate basis jai and g is the vibra-
tional dephasing rate.

Using the diagram rules[27] and Equation (6), we obtain for
diagrams of Figure 1 [Eq. (10)]:

where the correlation functions Fn depend on the diagram, as
specified below, and T is the time delay between the and
pulses; positive (negative) time delays imply that the actinic
pulse precedes (follows) the probe pulse. Diagrams di–div and
d1–d6 contribute to the signal generated in the overlapping
pulse configuration. The thermal occupation of the state (i) is
accounted for through a Boltzmann factor Pi ¼ 1þ ebðEi�EgÞ

� ��1
,

with b ¼ 1=ðkBTÞ, while the delta function provide energy con-
servation. The integration is performed
on all the possible frequencies of the
photons participating in the process,
where the field contributes with two
photons, one of frequency wk and an-
other of frequency wk + Dk.

The full response is given by the sum
over all diagrams [Eq. (11)]:

Sðw; TÞ ¼
X

n

Snðw; TÞ ð11Þ

The correlation functions Fn contain
the matter response and determine the
signal lineshape and intensity. For dia-
grams di–div we derive [Eqs.(12)–(15)]:

Fdi
¼ aGyðw0p � wþ DaÞaGðDaÞa
D E

ð12Þ

Fdii
¼ aGyðw0p � wÞaGyðD� DpÞa
D E

ð13Þ

Fdiii
¼ haGðDaÞaGðwþ D� w0p � Dp þ DaÞai ð14Þ

Fdiv
¼ aGyðD� DpÞaGðwþ D� w0p � DpÞa
D E

ð15Þ

while for the additional diagrams d1–d6 that contribute in the
overlap configuration, we obtain [Eqs. (16)–(21)]:

Fd1
¼ aGyðw0p � w0a � DaÞaGðw0p � wÞa
D E

ð16Þ

Fd2
¼ aGyðw0p � wÞaGyðw0p � w0a � DaÞa
D E

ð17Þ

Fd3
¼ aGyðw0p � wÞaGyðw0p � wþ DaÞa
D E

ð18Þ

Fd4
¼ aGðw� w0a � DaÞaGðw� w0pÞa
� �

ð19Þ

Fd5
¼ aGðw� w0pÞaGðw� w0a � DaÞa
� �

ð20Þ

Fd6
¼ aGðw� w0pÞaGðw� w0p � DaÞa
� �

ð21Þ

The correlation functions Fn depend on both the advanced
and the retarded Green’s functions, Equations (8) and (9).

Diagrams d1 and d4 are responsible for oscillating signals
much broader than the typical vibrational linewidth
(�10 cm�1), since the last interaction couples the modes
and , which does not allow for spectral resolution (spectral
width of �300 cm�1). Simulations carried for these diagrams
by the sum over states are shown in Figure 2.

Only two diagrams for each side of the spectrum give addi-
tional sharp contributions to the Raman signal : diagrams d2

and d3 for the red side and diagrams d5 and d6 for the blue.
These diagrams are responsible for signals that can be classi-
fied in two families. The first is characterized by a strong dis-
persive lineshape near T = 0 that decays instantaneously out-
side an overlap region of the same size of the width of the ac-
tinic. This family includes diagrams d2 and d5 for the red and
the blue side of the spectrum, respectively. The contributions
of these diagrams around the overlap region T = 0 are shown
in the top panels of Figure 3. Outside this region, two-orders-
of-magnitude-weaker features have been found, which evolve
with T from dispersive to positive and negative features.

Diagrams d3 and d6 belong to the second family and similar-
ly generate a dispersive feature in the overlap region but also
non-negligible features at negative delays. These features
appear as baseline oscillations on a dispersive signal. For posi-
tive time delays, small features oscillating with T have been
found for this family as well. The contributions of diagrams d3

and d6 around the overlap region are shown in the bottom
panels of Figure 3.

Sd3
ðw; TÞ and Sd6

ðw; TÞ, displayed in Figure 4 for negative
delays T<0, show baseline oscillations, with a period which is
proportional to the time delay T. Such a behavior can be attrib-
uted to a gating effect due to the actinic pulse, which trun-

Figure 2. Additional contribution to fifth-order FSRS: A two-dimensional plot of fifth-order diagrams in
the overlap region around T = 0 and for T<0. Left panel : Sd1

ðw; TÞ. Right panel : Sd4
ðw; TÞ. These diagrams

give rise to weak features for negative time delays, that is, when the probe pulse precedes the actinic
pulse.
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cates the vibrational coherence. This result is particularly rele-
vant since an oscillating behavior is also observed by 2D fifth-
order experiments in the presence of anharmonic cou-
pling.[28, 29] Evaluating the relative magnitude of the two effects,
which is strongly system-dependent, is beyond the scope of
the present manuscript. However, an estimate of the weight of
the fifth-order effect presented here, relative to the underlying
stimulated Raman third-order response, can be derived
from Equations 5.32 and 6.23 of Ref. [19] and it reads
Pð5Þ=Pð3Þ � jmba j2 jEA j2

�h2 jwA�wba jjgca j, which depends on the Actinic pump flu-
ence and on the specific system of interest.

The Sd3
ðw; TÞ and Sd6

ðw; TÞ signals for T<0 are of the same
order of magnitude of the total signal of fifth-order contribu-
tions during the overlap condition. Therefore, this pulse config-
uration can be used to directly calibrate the intensity of the
fifth-order contribution. It has to be noted, however, that
cross-phase modulation (XPM) between the actinic pump and
the Raman pulse can generate competitive artifacts in the
FSRS spectrum, especially for negative time delays.[30] A way to
evaluate the magnitude of the P5 effect is to look at a secon-
dary effect of the oscillating contributions at negative time

delays, which generates an apparent decrease of the
vibrational frequency of the third order response to
the red side of the Raman pulse, as illustrated in
Figure 4. Conversely, XPM at negative time delays in-
duces a blue shift of the Raman pulse, that is, an in-
crease of the apparent Raman shift is expected in the
same spectral region. Consequently, an evaluation of
the relative magnitude between P5 and XPM effects
can be easily achieved by comparing the overall peak
shift of the Raman bands at negative time delays.

The total signal Sdðw; TÞ ¼
P6

i¼1

Sdi
ðw; TÞ, due to the

additional diagrams d1–d6, is shown in the top panels
of Figure 5. The weak features arising for positive
values of T are analyzed in the insets. The case of
a system with an additional low-frequency mode
(50 cm�1 in this example) is reported in the bottom
panels. Signals arise in such a case from the sum of di-

agrams di–div, as it has been re-
cently emphasized in Ref. [14] .

4. Conclusions

We calculated fifth-order signals
within the full overlap temporal
region in FSRS experiments, for
both the red and the blue side
of the spectrum. The present
description is based on loop dia-
grams, which take into account
the propagation of the wave
function forward and backward
in time. The loop diagrams for-
malism differs from the conven-
tional semi-classical approach
because it treats both field and
matter quantum-mechanically

and allows us to significantly reduce the total number of dia-
grams in the expansion of the non-linear fifth-order signals.

We demonstrated that in the FSRS experiments, even in the
absence of photoinduced dynamics, the pulse-overlap condi-
tion can generate time-dependent features. In particular, in the
off-resonance regime, additional diagrams have to be consid-
ered when the overlap region is investigated. These contribu-
tions are superimposed to the predominant third-order signal,
due to the action of the Raman and probe pulses solely, and
can interfere with the time-resolved Raman spectrum.

The new contributions require, in addition to the probed vi-
brational mode, the presence of an additional vibrational level,
whose frequency determines the pathways involved in the
fifth-order process.

The most intuitive case is described by diagrams di–div

(Figure 1) and occurs for a low-frequency mode, in which the
actinic pulse induces a coherence. Remarkably, in a more inter-
esting situation, the extra vibrational level matches the RP and
AP frequency difference, enabling pathways depicted in d1–d6

diagrams. While diagrams d1 and d4 generate broad signals, di-
agrams d2 and d3 give a sharp contribution on the red side

Figure 3. Fifth-order contributions for fully overlapping pulses or with the PP preceding
the AP. Left panel : a two-dimensional plot of contributions from diagrams Sd2

ðw; TÞ (top)
and Sd3

ðw; TÞ (bottom), which give rise to features in the red side of the spectrum. Right
panel : a two-dimensional plot of contributions from diagrams Sd5

ðw; TÞ (top) and
Sd6
ðw; TÞ (bottom), which are responsible for features in the blue side.

Figure 4. Fifth-order signal when the actinic pump comes after the probe pulse. Sd3
ðw; TÞ (left panel) and

Sd6
ðw; TÞ (right panel) for negative delays T, with steps of 200 fs. For clarity, the traces are vertically offset.
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and diagrams d5 and d6 give a sharp contribution on the blue
one. Moreover, we found that even when the actinic pulse is
delayed relative to the probe pulse, diagrams d3 and d6 give
a substantial contribution (Figure 4) which can be used as
a easy detectable benchmark of the total fifth order processes
intensity. Our work raises a fundamental issue for the detection
of a wavepacket motion by pushing FSRS towards its time res-
olution limit. Real dynamics might indeed be obscured by un-
wanted non linear effects, arising by the increasing complexity
of the time ordering ruling the FSRS process once the pump
and probe pulses are no longer well separated.
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Figure 5. Total fifth-order signal: The total signal S(w,T) for the red (left panel) and the blue (right panel) side of
the spectrum, occurring when a vibrational level matching the RP and AP frequency difference is involved, is ob-
tained summing the contributions from diagrams d1,d2,d3 and d4,d5,d6 respectively. The insets represent a magnifi-
cation of the total signal for positive T, in order to emphasize weak temporal oscillating contributions, surviving
outside the overlap condition. The bottom panels show the total signal S(w,T) for a system with a low-frequency
mode at 50 cm�1 (not included in the top panels), arising from the sum of diagrams di–dii (red side) and diii–div

(blue side).
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On the Resolution Limit of
Femtosecond Stimulated Raman
Spectroscopy: Modelling Fifth-Order
Signals with Overlapping Pulses

Overlaying signals : Assessing the reso-
lution limit of pump–probe spectros-
copies is a critical issue for tackling ul-
trafast phenomena. The authors address
the case of femtosecond stimulated
Raman spectroscopy under the extreme
condition of time overlap between the
pulses initiating the photoexcitation
and those probing the subsequent dy-
namics. Surprisingly, new time-depen-
dent features originate affecting the
signal resolution.
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