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ABSTRACT: Time-resolved, resonant X-ray sum-frequency gen-
eration in aligned selenophene molecules is calculated. A wave
packet of valence-excited states, prepared by an extreme-ultraviolet
pump pulse, is probed by two 12-keV X-ray probe pulses resonant
with the Se core-excited states for variable time delays. At these
hard-X-ray frequencies, the angström wavelength of the X-ray
probe is comparable to the molecular size. We thus employ a
nonlocal description of the light−matter interaction based on the
minimal-coupling Hamiltonian. The wavevector-resolved resonant
stimulated sum-frequency-generation signal, obtained by varying
the propagation direction of hard-X-ray pulses, can thus directly monitor the transition current densities between core and ground/
valence states. This is in contrast to off-resonant diffraction, which detects the transition charge densities.

1. INTRODUCTION

Recent advances in the generation of bright, coherent X-ray
pulses by high-order harmonic generation1 and free-electron
lasers (FELs)2 are enabling time- and space-resolved X-ray
spectroscopy of molecules involving electronic core-excited
states.3 Core electrons have element-specific transition
energies and are strongly localized around a given atom. By
tuning an X-ray pulse to a desired core, it is thus possible to
monitor a specific region of the molecule.4,5 In recent
experiments, X-ray FEL pulses have been used to directly
access the evolution of the core-excited states6 or to generate a
localized superposition of valence states via stimulated X-ray
Raman scattering,7−9 for probing the charge migration of a
superposition of electronic states in a molecule10 or the long-
range charge and energy transfer in molecular aggregates.11

The implementation of optical−X-ray wave mixing in
multidimensional nonlinear X-ray spectroscopy constitutes a
major challenge.3 Nonlinear wave mixing of infrared and
visible pulses, such as sum-frequency generation (SFG), has
long been applied to molecular vibrational spectroscopy.12 The
extension to X-ray frequencies was proposed in refs 13 and 14,
but optical−X-ray SFG15 and optical−XUV four-wave
mixing16 could only recently be demonstrated at FEL light
sources.
Time-resolved X-ray sum-frequency diffraction17−19 was

recently put forward to access the evolution of the transition
charge densities. In this χ(2) process, a superposition of
valence-17,18 or core-excited states,19 generated by a resonant
XUV or X-ray pump pulse, respectively, is probed by two off-
resonant X-ray pulses with time, frequency, and wavevector
resolution. This is an SFG extension of time-resolved X-ray

diffraction,20,21 which is currently applied for the reconstruc-
tion of time-dependent charge22,23 and current densities.24,25

When the X-ray probe pulse is tuned to a core K-edge, time-
resolved resonant X-ray SFG offers selectivity of valence
dynamics via element-specific core transitions. In ref 26,
resonant X-ray SFG in acetyl fluoride has been shown to
provide selectivity by tuning an X-ray probe pulse to the F and
O K-edges, thereby revealing which regions of the molecule
contribute to the X-ray excitation. At those frequencies, which
span a few hundreds of electronvolts, the X-ray pulse
wavelength is long compared to the molecular size, and the
signal does not depend on the propagation direction of the
pulses.
Here, we investigate stimulated X-ray SFG in aligned

selenophene molecules, using 12-keV X-ray probe pulses
resonant with the Se core-excited states. Selenophene is a
planar ring molecule, shown in Figure 1a, containing a Se atom
with hard-X-ray core transitions. The associated X-ray
wavelength λ ∼ 1 Å is smaller than the molecular size,
rendering the dipole approximation inapplicable and requiring
a nonlocal description of the light−matter interaction based on
the minimal-coupling interaction Hamiltonian.27,28 Seleno-
phene is thus a good candidate to probe delocalized molecular
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current densities by nonlinear X-ray signals. In contrast to
previous off-resonant17−19 and resonant26 X-ray SFG studies,
here, we investigate wavevector-resolved stimulated X-ray SFG
for resonant, angström-wavelength pulses. By varying the X-ray
probe propagation direction, we find observable changes in the
SFG peak strengths, which can be ascribed to the spatial
dependence of the transition current densities in the molecule.
This allows one to experimentally reconstruct the space-
dependent molecular X-ray couplings.

2. THEORETICAL MODEL
The stimulated X-ray SFG pulse configuration is displayed in
Figure 1. A resonant XUV pump pulse prepares a super-
position of valence-excited states, which is probed after a time
delay T by two time-coincident resonant X-ray pulses, inducing
a Raman transition from the valence states e to the ground
state g via the core-excited states f. The SFG signal is obtained
by detecting the spectrum of the transmitted X-ray pulse
stimulating photon emission via the fg transition. We assume
plane-wave pulses with the associated vector potentials
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with wavevectors ki, carrier frequencies ωi, polarization vectors
eî, and envelope functions t( )i , i ∈ {XUV, X1, X2}. We
further define the Fourier transforms of t( )i ,

∫ω̃ = ωt t( ) d ( )ei i
ti

(2)

which are centered on ω = 0. Atomic units are used in the
following, unless stated otherwise.
The stimulated SFG signal is calculated using the minimal-

coupling radiation−matter interaction Hamiltonian27,28

∫̂ = − ̂ ·j r A rH t r t( ) d ( ) ( , )int
3

(3)

where j(̂r) is the electronic current-density operator and A(r, t)
= AXUV(r, t) + AX1(r, t) + AX2(r, t) is the total vector potential.
This nonlocal description, which avoids the multipole
expansion of the light−matter interaction, fully accounts for
the spatial variation of the short-wavelength X-ray pulses
within the molecule. In eq 3, we assumed resonant excitations
and thus neglected the contribution of the electronic charge-
density operator σ̂(r), which would be dominant for off-
resonant excitations.29 The stimulated SFG signal is obtained
by measuring the spectrum of the transmitted X-ray pulse
AX2(r, t), which stimulates the emission of a photon of
frequency ωs and propagation direction parallel to kX2. The
SFG signal S(ωs) is defined and derived in Appendix A. For an
optically thin medium, Nmol S(ωs) dωs represents the number
of photons in the differential interval [ωs, ωs + dωs] of the X2
pulse which are absorbed due to its interaction with Nmol
molecules. For an XUV pump pulse, the wavelength of which is
significantly shorter than the molecular size and than the
wavelength of the X-ray pulses X1 and X2, the phase-matching
condition kXUV + kX1 = kX2 reduces to kX1 ≈ kX2 ≐ kX, implying
that the two X-ray pulses are collinear. Because of their short
wavelengths, which are comparable to the molecular size, the
X-ray probe pulses can monitor the spatial dependence of the
current density in the molecule, and the signal explicitly
depends upon the propagation direction kX via the transition
current densities

∫̃ = ·j k j rr( ) d ( )e k r
ab ab

3 i
(4)

where the indices a and b in the matrix elements Aab = ⟨a|Â|b⟩
run over the core and valence/ground states. For temporally
well separated XUV pump and x-ray probe pulses, the signal
reads
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where we sum over the valence (e) and core ( f) states,
including the associated decay rates γe and γf and transition
energies ωeg and ωfg to the ground state. For the XUV pulse,
jẽg(kXUV) ≈ jẽg(0), and the transition matrix elements reduce to
the dipole couplings in the dipole approximation. We notice
that modeling the X-ray probe pulses as plane waves with a
well-defined value of |kX| = ωX/c is justified in our case, since
the transition current densities jãb(k) depend on the

Figure 1. Stimulated X-ray sum-frequency-generation process. (a)
Pulse configuration, with an XUV pump pulse and two X-ray probe
pulses separated by a time delay T exciting aligned selenophene
molecules at different propagation directions. (b) Ladder diagram: an
eg coherence between the valence (e) and ground (g) states is
generated by the XUV pump pulse, and a subsequent Raman
transition is induced by the two X-ray probe pulses, with a resonant
excitation of the core ( f) states. A nonlocal description of the light−
matter interaction captures the dependence of the X-ray excitation on
the propagation direction of the X-ray probe pulses, kX1 and kX2, via
the current-density j(̃k). (c) Molecular level scheme, showing valence
(e) and core ( f) excitations.
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propagation direction k/|k| and do not vary appreciably with |k|
within the X-ray pulse bandwidths.
The SFG signal strength is determined by the intensity of

the X-ray probe pulses and the molecular density. Sufficiently
low intensities are needed to realize the perturbative approach
schematically shown in Figure 1b and to reduce the influence
of competing effects, such as X-ray photoionization and
population losses, which are not included here and can alter
the molecular response ⟨ j(̃−)(r,t)⟩ in eq 18. While this restricts
the range of utilizable X-ray intensities in an experiment, the
SFG signal strength can still be maximized by a suitable choice
of the molecular density. Optical−X-ray SFG15 and optical−
XUV four-wave mixing16 have been observed experimentally at
FELs. Stimulated resonant X-ray Raman scattering, the process
on which the proposed SFG setup relies, was successfully
demonstrated in neon7 thanks to the amplification of the signal
through the medium. In molecules, detecting signatures of
stimulated Raman scattering in the transmitted X-ray pulse
spectrum has proved challenging.30 Stimulated X-ray Raman
scattering was recently observed in NO molecules by
measuring the resulting electronic population transfer with a
second XUV pulse8 and not by directly detecting the absorbed
photons. As we discuss in Appendix B, distinguishing the SFG
signal in selenophene from the background spectrum of the X-
ray pulse is feasible, but may be challenging experimentally.
However, this is expected to be enabled by ongoing progress in
X-ray optics and technology, and the development of dedicated
beamlines at FEL facilities.9

In the following, we display the signal as a function of the
frequency Ω conjugated to the delay T, by taking its Fourier
transform

∫ω ω̃ Ω =
∞

Ωk kS T S T( , , ) d ( , , )e T
s X

0
s X

i

(6)

Since eq 5 was derived by assuming an XUV pump well
separated from the X-ray probe pulses, the integral in eq 6
should formally exclude the short interval of time delays
corresponding to overlapping pulses. This can be obtained
experimentally at the postprocessing stage of the time-
dependent signal S(ωs, T, kX). Including this short time-
delay interval in eq 6 should have a negligible influence. For
positive values of Ω, eq 6 reduces to
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Scanning the time delay between the X-ray pulses X1 and X2
would probe the interpulse dynamics of the core states.
However, this information is already provided by the
frequency-resolved spectrum, the dependence of which on ωs

gives the energy and line width of the core states in the
molecule. For this reason, we assumed time-coincident X-ray
pulses.

3. SIMULATION RESULTS
3.1. Transition Energies and Current Densities of the

Valence- and Core-Excited States in Selenophene.
Different methods can be implemented to calculate valence-
and core-excited states in molecules.31 Time-dependent
density functional theory (TDDFT) is a practical method for
large molecules. For smaller molecules such as selenophene,
complete active space self-consistent field (CASSCF-)based
methods provide higher precision with a reasonable
computation cost. Here, we use CASSCF to calculate the
lower valence- and Se core-excited states in selenophene.
These are used to obtain the transition current densities jab(r)
and jãb(k) in eqs 4−7.
Valence- and core-excited states are calculated with the

package MOLPRO.32 Valence states are calculated at the
CASSCF(6/5)/cc-pVTZ level of theory, using a second-order
Douglas−Kroll−Hess Hamiltonian in order to include
relativistic corrections of the Se 1s electrons. The Se K-edge
core-excited states are obtained by a restricted active space self-
consistent field RASSCF(8/6)/cc-pVTZ calculation, by
rotating the S(1s) orbital into the active space and restricting
it to single occupancy. This provides the transition energies ωeg
and ωfg of the valence- and core-excited states in the molecule,
and the elements Dab

μv of the one-electron transition density
matrix

= ⟨Ψ| ̂ ̂ |Ψ⟩μν
μ ν
†

D b bab a b (8)

The indices a and b run over the ground, valence-, and core-
excited states of the molecule, given by multiconfiguration self-
consistent-field (MCSCF) wave functions |Ψa⟩. μ and ν run
over the single-electron orbitals χμ(r), with associated creation
and annihilation operators b̂μ

† and b̂μ, respectively. The current-
density operator can be written as

∑̂ = ̂ ̂
μ ν

μν μ ν
†

j j b b
,

(1)

(9)

where j(̂1) operates in the one-electron Hilbert space, with
matrix elements

χ χ χ χ= [ * ∇ − * ∇ ]μν μ ν ν μj r r r r r( )
1
2

( ) ( ) ( ) ( )(1)
(10)

The transition current densities in eqs 4−7 are finally given by

∑=
μ ν

μν
μνj r j rD( ) ( )ab ab

,

(1)

(11)

3.2. Resonant X-ray SFG Signal of Aligned Seleno-
phene. By tuning the X-ray probe pulses to different K-edges,
resonant X-ray SFG offers selectivity of valence dynamics,
revealing which valence-excited states couple to the element-
specific core states for atoms localized at different points in the
molecule.26 This provides indirect spatial information about
the contributing molecular orbitals.
Here, this is demonstrated by tuning the X-ray probe pulses

X1 and X2 to the Se K-edge in selenophene. We assume a
broadband Gaussian XUV pump,

ω π τ

=

̃ =

τ

ωτ

−

−

t( ) e

( ) 2 e

t
XUV XUV,0

/(2 )

XUV XUV XUV,0
( ) /2

2
XUV
2

XUV
2

with duration τXUV = 200 as, carrier frequency ωXUV = 9 eV,
and linear polarization eX̂UV = eẑ along the z direction. Such
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broadband pulse generates a large superposition of valence
states, even though this is not a requirement for the
observation of signatures of delocalized current densities in
the SFG signal. If needed, a broad superposition of valence
states could also be produced by the stimulated Raman
scattering of a broadband X-ray pulse.8 Alternatively, a
narrower XUV pump pulse could be used to excite a few
selected valence states of interest. The eg coherence generated
by the pump is subsequently probed by the two broadband
Gaussian X-ray pulses,

= τ−t( ) en n
t

X X ,0
/(2 )n

2
X
2

ω π τ̃ = ωτ−( ) 2 en n nX X X ,0
( ) /2nX

2

where n ∈ {1, 2}, both with duration τXn = 100 as and carrier
frequencies ωX1 = 12.65 keV and ωX2 = 12.66 keV. Such broad
10 eV bandwidths, enabling the excitation of a large number of
core states, are achievable with X-ray FELs, especially with
recently demonstrated FEL attosecond pulses.8 The carrier
frequencies used ensure that the X1 and X2 pulses are resonant
with the fe and fg transitions, respectively. The peak strengths

XUV,0 and nX ,0 act as multiplication constants in the signals
of eqs 5 and 7. The spectra are displayed in arbitrary units in
the following, and the experimental signal-to-background ratio
is estimated in Appendix B.
The transition energies ωeg and ωfg and the elements Dab

μv of
the one-electron transition density matrix were obtained with
CASSCF calculations. The lifetime broadening of the Se core-
excited states is γf = 1.16 eV,33 and we set γe = 0.05 eV for the
valence-excited states. The two-dimensional SFG spectra
shown in Figures 2 and 3 exhibit peaks along the Ω and ωs
axes, centered at the transition energies ωeg and ωfg,
respectively, and revealing the couplings between the valence-
and core-excited states involved in the Raman excitation
process (see also eq 7). These couplings can be controlled by
varying the propagation direction kX of the X-ray probe pulses.
A first consequence of modifying the X-ray pulse

propagation direction is the ensuing change of the polarization
vectors eX̂n, which are perpendicular to kXn and the directions
of which vary when kXn moves out of a given plane. The
polarization vectors eX̂n determine which components of
jg̃f(−kX) and jf̃e(kX) in eq 7 contribute to the signal, with
observable modifications in the SFG spectra.
Figure 2 depicts the SFG signal when the two X-ray pulses

are linearly polarized along eX̂ = eẑ, as shown in Figure 2a. The
two-dimensional spectrum in Figure 2b was calculated for a
propagation direction kX along the x axis. The peaks along the
Ω and ωs axes are centered on the transition energies ωeg and
ωfg, respectively, which are marked by the horizontal and
vertical lines. The role of different Se core-excited states is
highlighted in Figure 2c, which displays a section of the two-
dimensional spectrum evaluated at the frequency Ω = ωe3g =
7.11 eV of the third valence-excited state e3. Two X-ray peaks
are clearly visible, centered at the frequencies ωs = ωf 2g =

12657 eV and ωs = ωf 9g = 12664 eV of the second and ninth
core-excited state, f 2 and f 9, respectively. An additional peak at
Ω = ωe6g = 10.7 eV and ωs = ωf 2g = 12657 eV is also apparent.
For linearly polarized X-ray pulses with eX̂ = eŷ, as shown in

Figure 3a, Figure 3b depicts the associated SFG spectrum
evaluated for a propagation direction kX along the x axis. As a
result of different couplings, some of the peaks previously

visible in Figure 2b are now suppressed, such as those centered
at Ω = ωe6g = 10.7 eV or at ωs = ωf 9g = 12664 eV. This is more
clearly evinced by Figure 3c, where the section of the spectrum
evaluated at Ω = ωe3g = 7.11 eV shows a single main peak

centered on ωs = ωf 2g = 12657 eV.
3.3. Nonlocal Molecular Properties Accessed by

Wavevector-Resolved Resonant X-ray SFG. When varying
kX within a given plane, holding the polarization vector fixed as

Figure 2. Resonant X-ray SFG of aligned selenophene molecules with
X-ray pulses linearly polarized along the eX̂ = eẑ direction. (a) Pulse
geometry with the propagation direction kX of the X-ray pulses
varying in the xy plane, keeping a constant polarization vector eX̂ = eẑ.
(b) X-ray SFG spectrum (eq 7) for broadband Gaussian XUV pump
and X-ray probe pulses, with eX̂UV = eẑ and kX along the x axis. The
horizontal and vertical lines exhibit the transition energies ωeg and ωfg
of the valence- and core-excited states in the molecule, respectively.
(c) Slice of the X-ray SFG spectrum in panel b, evaluated at Ω = ωe3g

= 7.11 eV. The vertical lines exhibit the transition energies ωfg of the
core-excited states.
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shown, for example, in Figures 2a and 3a, the dependence of
jg̃f(−kX) and jf̃e(kX) on the X-ray pulse propagation direction
produces observable variations in the resonant X-ray SFG
signal. These arise from the short wavelength of the X-ray
pulses, which renders them sensitive to spatial features within
the molecule. Observing the dependence on the direction of kX
would require high-order multipoles and is readily captured by
a nonlocal minimal-coupling formulation in terms of space-
dependent current densities j(r).
In Figure 4, we depict the dependence of the main peak of

Figure 3 on the X-ray pulse propagation direction. As shown in
Figure 3a, we assume a wavevector kX(θ) = |kX|[cos(θ)ex̂ +
sin(θ)eẑ] rotating in the xz plane, with fixed polarization along

eŷ. The θ dependence of the peak in Figure 3c is highlighted in
Figure 4a by displaying the difference between the spectrum
evaluated at a given θ and at θ = π/2. Figure 4a depicts
sections of the spectra evaluated at Ω = ωe3g = 7.11 eV for
discrete values of θ, whereas Figure 4b presents the complete θ
dependence of the peak at Ω = ωe3g = 7.11 eV and ωs = ωf 2g =
12657 eV. A significant change in the strength of this SFG peak
is visible.
The peak in Figures 3 and 4 originates from the g → e3 → f 2

→ g pathway associated with specific valence (e3) and core
( f 2) excited states. Figures 5 and 6 show the r and k
dependence of the transition current densities involved in the
above pathway. As visible in Figure 5a, the transition current
density jf 2g(r)·eŷ, with r lying in the xz plane, is mostly peaked
at the Se site, where the resonant core-excited states are
localized. Figure 5a also shows additional, weaker current
densities at the C sites. Due to their short wavelengths, the
probe X-ray pulses encounter a different current density
depending on their propagation directions. This can be better
observed in k space, as shown in Figure 5b. For a given |kX|, the
coupling due to an X-ray pulse in the kxkz plane is determined
by the transition current densities jf̃ 2g(k)·eŷ varying along the
black circle in Figure 5b. Its dependence on the X-ray incident
angle θ is displayed in Figure 5c.
Similar properties are featured by the transition current

density jf 2e3(r)·eŷ between the valence- and core-excited states
involved in the pathway, as apparent in Figure 6. Also in this
case, the transition current density is mostly localized at the Se
site, with additional contributions mostly around two of the
four C sites. The associated transition current density jf̃ 2e3(k)·eŷ

Figure 3. Resonant X-ray SFG of aligned selenophene molecules with
X-ray pulses linearly polarized along the eX̂ = eŷ direction. (a) Pulse
geometry with the propagation direction kX of the X-ray pulses
varying in the xz plane, keeping a constant polarization vector eX̂ = eŷ.
Panels b and c show the corresponding X-ray SFG spectra (eq 7) as in
Figure 2b,c.

Figure 4. Resonant SFG spectrum for different propagation directions
of the X-ray pulses, with eX̂UV = eẑ, eX̂ = eŷ, and kX(θ) = |kX|[cos(θ)ex̂ +
sin(θ)eẑ] rotating in the xz plane. (a) Section of the X-ray SFG
spectrum (eq 7) evaluated at Ω = ωe3g = 7.11 eV for different X-ray
incident angles θ. The panel highlights the θ dependence of the signal
by showing the difference between spectra evaluated at a given θ, as
exhibited in the legend, and θ = π/2. (b) X-ray SFG spectrum (eq 7)
evaluated at Ω = ωe3g = 7.11 eV and ωs = ωf 2g = 12657 eV as a
function of the X-ray incident angle θ.
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in the kxkz plane is shown in Figure 6b. Figure 6c depicts the
dependence of jf̃ 2e3(k)·eŷ on the X-ray incident angle θ.
The spectra shown in Figures 3 and 4 are determined by the

transition current densities involved in each step along the g →
e3 → f 2 → g pathway. Figure 7 displays the product of these
three transition couplings: jẽ3g(kXUV)·eẑ, jf̃ 2e3(kX(θ))·eŷ, and

jg̃f 2(-kX(θ))·eŷ*. While the first dipole coupling due to XUV
excitation is not sensitive to the spatial features of the
molecule, the subsequent transition current densities are

clearly dependent on the incident angle θ of the X-ray pulses.
The product of transition couplings in Figure 7 exhibits the
same dependence on θ as the SFG spectrum in Figure 4b. This
shows that wavevector-resolved resonant SFG can directly
access nonlocal couplings and space-dependent transition
current densities, when resonant X-ray pulses of short
wavelength are used. This suggests interesting prospects for
the direct reconstruction of space-dependent current densities
in molecules.

4. DISCUSSION
Stimulated X-ray Raman excitations offer selectivity over
electronic wave packets in molecules. By tuning X-ray pulses to

Figure 5. Transition current densities jf 2g(r)·eŷ and jf̃ 2g(k)·eŷ. (a)
|jf 2g(r)·eŷ|, for r lying on the xz plane. (b) Associated |jf̃ 2g(k)·eŷ|, for k
lying on the kxkz plane. By varying the X-ray propagation direction on
such plane, kX(θ) = |kX|[cos(θ)ex̂ + sin(θ)eẑ], the SFG signal is
determined by the points lying on the black circle of radius |kX|. (c)
|jf̃ 2g(k)·eŷ| for fixed |kX| and as a function of the X-ray incident angle θ.

Figure 6. Transition current densities jf 2e3(r)·eŷ and jf̃ 2e3(k)·eŷ. Panels
a−c present the corresponding quantities as in Figure 5a−c.
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the element-specific core transitions of different atoms in the
molecule, the motion of the electronic charge between
different points can be followed. For hard-X-ray transition
energies such as for Se core-excited states, the short
wavelength of the X-ray pulses can be comparable to the
molecular size. In such a case, a multipolar expansion of the
light−matter interaction Hamiltonian, in terms of electric and
magnetic multipoles accounting for the global properties of the
molecule, would require high-order multipoles. The interaction
of the molecule with resonant X-ray pulses is fully
characterized by the space-dependent current densities,
which can be observed in the X-ray spectra.
We have employed a nonlocal-response formalism based on

current-density operators and the minimal-coupling interaction
Hamiltonian to calculate stimulated X-ray SFG of aligned
selenophene molecules. Previous works had computed valence
currents by monitoring the time-dependent charge densities.25

The resonant hard-X-ray SFG signal directly provides the
transition current densities involving the Se core. A stimulated
X-ray Raman transition via Se core-excited states provides
selectivity of valence-excited states. By varying the propagation
direction of the X-ray pulses, while maintaining fixed
polarization directions, we predicted observable changes in
the strengths of the peaks of the SFG spectrum. These changes
can be attibuted to the dependence of the corresponding
core−valence and core−ground transition current densities on
the propagation direction of the X-ray pulses. This effect
originates from the short wavelength of the hard-X-ray pulses
used, and may not be straightforwardly captured by expansion
in multipoles.
The correspondence between the predicted spectrum in

Figure 4b and the associated microscopic transition current
densities in Figure 7 renders resonant SFG with hard-X-ray
pulses a promising technique to directly access sections of the
nonlocal transition current densities jãb(k). We notice that the
technique, based on the interaction Hamiltonian in eq 3,
requires resonant X-ray pulses, and can therefore span the
transition current densities jãb(k) for |k| = ωX/c, where ωX is
tuned to the transition energy of the core-excited states.
For off-resonant pulses, the interaction Hamiltonian

∫ d3rσ̂(r)|A(r,t)|2 provides direct access to the evolution of
the transition charge densities σab(r). The nonlocal formalism
can be extended to describe additional complex multidimen-
sional techniques, involving sequences of resonant and off-
resonant X-ray pulses, with properly set frequencies and
delays.28 These can provide a more complete characterization
of the charge dynamics in molecules.

■ APPENDIX A. DERIVATION OF THE SFG SIGNAL
The SFG signal is defined as the integrated rate of change of
the number N̂s

X2 of photons in a mode ks with frequency ωs
34

∫ω =
̂

S t
N

t
( ) d

d
ds

s
X2

(12)

For the heterodyne detection assumed here, the superscript X2
implies that the signal modes are restricted to those already
occupied by the X-ray probe pulse AX2(r, t). The photon-
number rate of change is obtained by applying Heisenberg’s
equations of motion with the minimal-coupling interaction
Hamiltonian in the rotating-wave approximation
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Here, we define the positive- and negative-frequency
contributions to the current density
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We further denote the creation (ak̂,λ
† ) and annihilation (ak̂,λ)

operators of a photon in a mode k and polarization ek̂
λ, and the
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for a field quantization volume Vq. This leads to
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and the signal thus reads
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where we have assumed that the X-ray pulse X2 is in a
coherent state with expectation value

ω ω⟨ ̂ ⟩ = ̃ − ̂ω· −A r ea t( ) ( ) ( )e ek r t
s
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i i
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given by the associated classical field.
The evolution of the current density ⟨ j(̂−)(r,t)⟩ associated

with the SFG diagram35 in Figure 1b is obtained to second
order in perturbation theory, including the interaction with the
XUV pump and the first X-ray probe pulse:
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Figure 7. Modulus of the product of the transition current densities
θ θ| ̃ − · *̂ ̃ · ̂ ̃ · ̂ |j k e j k e j k e( ( )) ( ( )) ( )gf y f e y e g zX X XUV

2 2 3 3
, which determines the

spectra of Figures 3 and 4, with kX(θ) = |kX|[cos(θ)ex̂ + sin(θ)eẑ]
rotating in the xz plane.
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where we have defined the initial state of the system ρ̂0 = |g⟩⟨g|,
the operator

∫̃ = ̂̂ + + ·j k j rr( ) d ( )e k r( ) 3 ( ) i
(20)

and the free-evolution operator Ĝ(t) which also includes the
decay rates of the system. By inserting eq 19 into eq 18, and
after performing the integrals in t1 and t2 explicitly assuming
that the X-ray pulses do not overlap with the XUV pump pulse,
we obtain the following sum-over-state expression for the
signal:
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Since the XUV pump-pulse wavelength is significantly shorter
than the molecular size and the wavelength of the X-ray pulses
X1 and X2, eq 21 reduces to eq 5.

■ B. ESTIMATION OF THE
SIGNAL-TO-BACKGROUND RATIO

The spectra in Figures 2 and 3 were displayed in arbitrary
units. The signal-to-background ratio
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can be estimated by comparing the number of absorbed
photons Nmol S(ωs) dωs to the number of probe-pulse photons
Afoc I(̃ωs)/ωX2 dωs in the differential interval dωs centered on
ωs. nmol is the density of molecules in the focal area Afoc and
propagation length L, α the fine-structure constant, and

ω
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ω ω ω
π
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| ̃ − |
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1

8
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2s

X2
2

X2 s X2
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(23)

the pulse spectral intensity.
We estimate the signal-to-background ratio for the peak in

Figure 3b due to the g→ e3 → f 2 → g pathway. The associated
transition current densities at fixed X-ray propagation
directions are given by | jg̃f 2(−kX)·eX̂2* | = 0.31 au, | jf̃ 2e3(kX)·
eX̂1| = 0.44 au, and | jẽ3g(kXUV)·eX̂UV| = 0.21 au, see also Figures
5 and 6. As predicted in Figure 4b, rotating the X-ray
propagation direction in the xz plane causes a 10% change in
the signal and in the signal-to-background ratio. We assume X-
ray probe pulses with peak intensities ω πα| | /(8 )n nX ,0

2
X
2 =

1.5 × 1018 W/cm2 and pulse durations τXn = 100 as, and an
XUV pump with ω πα| | /(8 )XUV,0

2
XUV
2 = 3.1 × 109 W/cm2

and τXUV = 200 as: these peak intensities can be reached
experimentally and are associated with Rabi frequencies j·A
smaller than the associated line widths γe and γf, ensuring the
validity of the perturbative approach employed here. From eq
5, the signal strength at the peak frequency ωs = ωf 2g can be
estimated as

γ π τ π τ

π τ

≈ | ̃ − · ̂* |
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j k e

j k e j k e
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f e e g
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(24)

For a molecule density nmol = 1.6 × 1019/cm3 and a short
propagation length of L = 1 mm, eq 22 predicts a 0.27% signal-
to-background ratio at the peak of the signal. Observing
wavevector-dependent changes in this signal-to-background
ratio is feasible, but may be challenging experimentally.
Extended media can provide stronger signals, even though
the detailed properties may be modified by propagation effects
which were not accounted for here.
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