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ABSTRACT: We use a nonperturbative theoretical approach to
the parametric down-conversion (PDC) process, which generates
an entangled-photon field for an arbitrarily strong pump-pulse.
This approach can be used to evaluate multipoint field correlation
functions to compute nonlinear spectroscopic signals induced by a
strong pump. The entangled-photon statistics is studied using
Glauber’s g(z) function, which helps understand the significance of
the photon entanglement-time and the pump-pulse intensity on
spectroscopic signals. Under the nonperturbative treatment of the
entangled field, the two-photon absorption (TPA) signal shows
linear to strongly nonlinear growth with the pump intensity, rather
than the linear to quadratic scaling reported previously. An
increase in the range of pump intensity for the linear scaling is
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observed as the pump bandwidth is increased. We propose an experimental scheme that can select contributions to the TPA signal
that arise solely from interactions with the entangled photons, and filter out unentangled-photon contributions, which are dominant
at higher pump intensities, paving a way to explore the entanglement effects at higher intensities.

E ntanglement is a quantum mechanical effect that
correlates two or more particles in a nonclassical way.
An entangled pair of photons, also known as quantum light, is
one such example where the time-energy entanglement
between the two entangled photons can be utilized in
spectroscopy to gain insights into the chemical dynamics of
molecules at an unprecedented resolution that is not possible
with classical light." Two-photon absorption (TPA) is the
simplest spectroscopic technique that can demonstrate the
merits of quantum light.”™* The entangled-photon pairs
obtained by parametric down-conversion (PDC) have been
employed in numerous TPA experiments.” > The signal is
commonly detected by the fluorescence from doubly excited
molecular states.”'*™"

Most theoretical studies involving entangled photons are
limited to the weak pump-field regime, which involves a single
pair of entangled photons interacting with the molecule.'*"*
It is experimentally challenging to observe the weak
spectroscopic signal generated by isolated entangled-photon
pairs."”~*" This difficulty may be overcome by increasing the
pump intensity, whereby several entangled-photon pairs can
interact with the molecule. One such example of the entangled-
field is the bright-squeezed vacuum.”” However, a strong pump
increases unwanted contributions that arise from molecular
interactions with photons belonging to different entangled
pairs that lack the quantum information on the entangled field.

A spectroscopic signal generated by the bright squeezed
vacuum can be divided into two parts, denoted as intermode
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and intramode contributions, where the former involves both
the “signal” and the “idler” modes,”* while the latter has only
the “signal” or the “idler” mode contribution. Only the
intermode part is sensitive to the photon entanglement. We
have recently shown that at low pump intensities (but beyond
single entangled-pair limit), the light-to-matter entanglement
transfer is reduced by the presence of intramode contribu-
tions.”* Recently, intense entangled beams have been
employed in TPA* and virtual-state spectroscopy”” to study
the impact of time-entanglement between the two modes. The
intramode contributions dominate at high pump intensities,
which can obscure the quantum effects arising from the
entangled nature of the field. This causes difficulties in
observing the theoretically predicted effects of photon-
entanglement in experiments. An accurate description of the
entangled field effects, therefore, requires using arbitrary
pump-pulse intensity (to enhance the signal) together with a
spectroscopic scheme that can remove the unwanted back-
ground intramode contributions. This is the aim of the present
work.
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A nonperturbative approach is used to describe the PDC
process, which allows computing entangled fields induced by
an arbitrarily strong pump pulse. The interaction of the pump-
pulse and entangled fields with the PDC crystal is treated
nonperturbatively. However, the interaction of the entangled
fields with the sample is treated perturbatively. Starting with
the effective Hamiltonian previously used by Dayan and
Raymer”>”° to study high pump-intensity effects, we derive a
system of linear integro-differential equations whose solutions
with appropriate boundary conditions provide the exact
correlation functions of the entangled field. Our system of
equations is equivalent to the one presented in Ref 27.
Switching to the Wigner representation of the field correlation
functions allows us to extend the exact analytical solutions for
infinitely narrow spectral width pump (presented, e.g., in Ref
22) to obtain an asymptotically exact expression for the case of
a narrow, rather than an infinitely narrow, pump. We compare
the “almost analytical” Wigner approach with the results
obtained from a completely numerical solution and (i) show
that for a sufficiently narrow pump, the two methods show
excellent agreement and (ii) identify the range of the pump
spectral width, where the narrow pump solution can be safely
implemented.

We use this approach to evaluate the Glauber’s g(z) function
of entangled photons, and study the role of entanglement-time
and pump spectral width on the photon-statistics of the
entangled field. We further investigate the TPA signal and its
scaling with the pump intensity and spectral width. We finally
propose an experimental protocol that can remove the
unwanted intramode contributions from the TPA signal.

The TPA signal is given by the photon creation rate in the
output (fluorescence) mode with frequency w; (see Section I
in the SI)

R(ay, 1) = ), —<Ef*(t)Ef(t)>
A

= ZReX X X (461 ) BB e
A i>j iy
(1)

Here p; is the transition dipole moment between molecular
states i and j, and €; is the output mode polarization. B; = lj){il
is the excitation operator from the ith to jth electronic
molecular state, and the subscripts R and L denote “right” and
“left” superoperators, respectively, defined in Liouville space
through their actions on the density-matrix, [e.g., Ap = Ap,
Agp = pA such that A_p = (A, — Ag)p].”® The angular bracket
(-) denotes the trace over the combined molecule and the
incoming entangled field degrees-of-freedom.

Computing R(w;, t) requires calculating the exciton
correlation functlon (BUR(t)Bl ;1(7)). This can be done by
using a modified correlation gw (t, 1) = <TB1,R(t)Bi/L(T)>;
where T is the time-ordering operator. R(wf) depends on the
retarded (t > 7) correlation function. Calculating G;; ;(t, 7)
requires computationally expensive solution of several self-
consistent equations in terms of single-particle (Green’s
functions) propagators”®* " for the molecule. In the following,
we compute the exciton correlation function perturbatively in
the (incoming) entangled field-molecule coupling by express-
ing the correlation function in the interaction picture.

RL _ T —i/h /dTlet_(Tl)
Gt ©) = (BB, (De ) @

4548

with H,,(t) Zijq,l/,t,-iB};(t)Efi(t) + h.c., where E; is the
annihilation operator for the incoming field with frequency @,
and polarization €;. All time-dependences are in the interaction
picture.

The zeroth-order contribution in the perturbative expansion
of eq 2 in H;, vanishes for a molecule initially in the ground
state. The two leading (second and fourth)-order contributions
are

G20, )~ 2, 1), e (B B )

(TBJ(0)Byy, (1B, (5)By 1 (5,))
e ) s es) fdeded TEL (B () B (B ()
X (TBJy(1)B1, (00, (2)B (5B (7B, ()
— ) e [,
X ((TE (0B () 2 (e B L5 (2) ) TB Ly (6)By0 (2)B), 1 (1)
B, (5B (5)B,, 1 (%)

 (TE (5)E L% (2) B (e B4 (5) ) TB (1B, (0)B], ()

B[ZjZR(TZ)Bi;3R(TS)Bi4j4R(14)>)} (3)
where summation over repeated indices is implied. Feynman
diagrams associated with the physical processes that give rise to
the various contributions in eq 3 are depicted in Figure 1.
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Figure 1. Diagrams contributing to the first term (top panel), the
second term (middle panel), and the third term (bottom panel) in eq
3. Diagrams for the last term in eq 3 are obtained by interchanging the
left and right interactions at 7, i = 1, 2, 3, 4, in the bottom diagram.
Interactions at times t and 7 represented by the horizontal arrows
correspond to the observed fluorescent mode. Red (blue) curves with
two arrowheads denote ordinary (anomalous), D™*(D™", D%?)
entangled-field propagators (see discussion below, eq 4). Arrowheads
pomtmg inward (outward) the vertical black lines represent field E

(E").

The first term represents an excitation from the ground state
lg) to the doubly excited state If) by the absorption of a
resonant pump photon, and the corresponding Feynman
diagram is shown in Figure 1 (top). This contribution involves
a two-point field propagator which is denoted by a double-
arrow line connecting the two nodes at 7; and 7, in the
Feynman diagram. This term could also represent absorption
of a single “idler” or “signal” photon, which has the proper
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energy due to the finite pump-pulse bandwidth. The term also “idler” modes. This contribution, therefore, depends on

depends on the molecular dipole-correlation function which
can be evaluated in terms of molecular parameters as discussed
in Section II in the SI. Hereafter, we assume that the pump-
photons in the crystal output are filtered out using phase-
matching and do not contribute to the first term. Note that
each field operator includes both the “signal” and “idler”
modes, El = E’l(a) ) + E’l(w ). The field correlation function
(TEq L(Tl)Egi(Tz» (Sectlon II in the SI) has four terms,

where two cross terms that contain intermode correlations
vanish. Thus, the first term in eq 3 only includes intramode
photon correlations which is nonzero if the polarizations (e;,

and ¢€;) are parallel.

The second and the third terms in eq 3 contain four-time
field propagators that, by using Wick’s theorem for Boson
fields, may be factorized into products of two-time field
propagators.

——++LLLR
MdoAd,

= (TE} (rl)EqL(TZ)E“(Q)E w(z,))
:<TE (Tl)EqL(Tz)xTE (Ts)E (74)>
+ (TES (1)Eg3 (5)W(TE 3 (7, E, R (7))

+ (TE L (n)E R (5) (TE3 () E, i (7))

(7, 7y 73 74)

(4)

where a “—(+)” sign on the propagator D denotes that the
correspondlng field operator is E(E"), for example, D™*(t, t') =
( TE(t)E'(t')). The first term in eq 4 is nonzero only when the
paired modes, (qy, q,) and (g3, q4), are different “signal” and

g (r

where w, = @, + w, — w; and S(7) = /d“’(‘i“’;;ial3 (E"(w,)

E(w,) WE' (w,)E(w;))e™® = ®)7 i a normalization factor that

?) can be

only includes the intramode field correlations. g
decomposed into a sum of intramode, g(()z), and intermode, g§2>,
contributions. Both contributions decay with 7. At long 7, the
normalized intramode part saturates to unity, while the

intermode part vanishes.
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Figure 2. Energy level scheme used in our simulations with energies
Sg =0fs7,8,=1966"",8,=2f",8E;=21£",and § = 4"

after subtracting the zero-point energy.
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intermode correlations and carries information on the
quantum state of both modes. The other two terms survive
only when both paired modes belong to the same mode and
represent intramode field correlations. Feynman diagrams
corresponding to the second and the third terms in eq 3 are
shown in the middle and the bottom panels in Figure 1. Each
term is represented by three Feynman diagrams, and each
diagram consists of two field propagators.

We consider the molecular level-scheme depicted in Figure
2, which consists of a ground state Ig), one doubly excited state
If), and three intermediate singly excited states le;), i = 1, 2, 3.

Signals arising from the various processes depicted in Figure
1 are computed by expanding the molecular correlation
functions in eq 3 in molecular eigenstates, as discussed in
Section II in the SI. The leading-order term, given by the first
diagram in Figure 1, originates from intramode interactions.
The other terms contain both the inter- and the intramode
contributions, represented by the blue and the red colored field
propagators, respectively. These field propagators are com-
puted using the effective Hamiltonian approach given in
Section III in the SI. The different contributions, R™ , given in
eqs 5—10 in the SI, therefore, carry quantum information

%arding the entangled light field and are related to Glauber’s

function which is commonly used to describe the
noncla551cal behavior of llght (2) (t, 7) can be measured by
the coincidence-counting of photons at times ¢ — 7 and ¢

(E'(t — ©)E'(DE(1)E(t — 1))
(E'(t - 0)E(t — ©))(E'(HE(D))

Integrating over t gives

(2) _
g (t; 77) =
©)

///mdwdw; e~ (B () B (wa) E(ws) E(wy + ws — wy))  (6)

The inter- and intramode components of g(z)(r) for various
field entanglement times are displayed in Figure 3. Both
components show strong dependence on the entanglement
time and rapidly decay as the entanglement time is decreased.
At high pump intensities, the two contributions are virtually
identical. However, differences show up at low pump
intensities where the intermode contribution survives for
longer delays and vanishes beyond the entanglement time. For
a degenerate entangled field produced by a continuous laser
field, the Glauber function is computed in Section III—B in the
SI. The temporal profile of gO/I(T) is Gaussian with a time-
scale, which is mainly determined by the entanglement time for
low-pump intensities, while, at larger intensities, it decreases
with the intensity, leading to a shorter effective entanglement
time. The analytic results for the continuous field can be
extended for a finite (nonzero) but large time-scale (narrow
bandwidth) pump pulse using Wigner representation as
discussed in Section III in the SI. The inset in Figure 3
compares the numerical results with the semianalytical
(Wigner) results for o, = 0.3 fs™".

The time-dependent Glauber function is depicted for
different pump bandwidths in Figure 4. At high pump
intensities, as the bandwidth is increased, the relaxation
slows down, implying a longer effective entanglement time.
The difference between the intra- and intermode components
is more pronounced at low pump intensities. The relaxation of
the intermode contribution strongly depends on the
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T (fs)

Figure 3. Time-dependence of the intermode (g?'), solid) and
intramode (g(()z) — 1, dashed) parts of gm(‘r) for different
entanglement times is shown. Upper (lower) panel: for high (low)
pump intensity, I, = 5.4 X 10° (5.4 X 107) W/cm? Other parameters
are 0, = 0.3 s~ w,=4 fs™!, @, = 2 fs™", and PDC crystal length I = 20
um. The inset compares the g(z) (7) function calculated numerically
(solid) with the semianalytical (dashed) solution.

Figure 4. Time-dependence of the intermode (g@, solid) and the

intramode (g(()z), dashed) contributions for different pulse bandwidths
6, The upper (lower) panel shows the intermode and intramode
contributions for a strong (weak) pump with the field strength of I, =
5.4 X 10° (5.4 X 107) W/cm? for the entanglement time AT = 8 fs.
The inset compares the total g(z) calculated numerically (solid) with

semianalytical results (dashed) for I,=54X 10’ W/cm?

bandwidth, which is qualitatively different from the intense-
pump case. As the bandwidth is increased, it shows weaker

d(,«)l dw2 dUJ;;

dependence on 7 for 7 smaller than the entanglement time, and
vanishes for larger 7. The relaxation in the intramode part also
slows down with increased bandwidth but remains qualitatively
the same as for the intense pump. Thus, the intermode part of
the Glauber function directly reveals information on the field
entanglement time at larger bandwidths and low pump
intensities. The inset compares the numerical and the
semianalytical results for a finite bandwidth pump. The exact
numerical method and the semianalytical Wigner approach

agree well for small 6,AT < 0.2.
Having discussed the statistical properties of the entangled

field, we now turn to the TPA process, detected by
fluorescence. All processes depicted in Figure 1 generally
contribute to the signal. To simplify the analysis, we focus on a
narrow-band pump resonant with the doubly excited state of
the molecule. The “signal” and “idler” photon energies are
bounded by the double-excitation energy. The doubly excited
state population is generated by absorbing the “signal” and
“idler” photons and the fluorescence is given by the R® term
in eq 6 of the SI, the corresponding diagrams are given in the
second row in Figure 1. Radiative transitions |f) — le) and If)
— lg) contribute to the fluorescence from the double-excited
state. Note that when the transition dipole y, vanishes, the

fluorescence solely comes from the transition If) — le) in R,

To study the scaling with the pump intensity, we consider a
case where both “signal” and “idler” modes have both vertical
and horizontal polarizations with equal magnitudes and all
molecular transition dipoles are aligned by 45° angle to both
directions so that M in eq 6 in the SI is independent of the

field polarization. All terms in R®

obtained after interchanging
polarizations then make the same contribution as the first term
in R? and we can drop the polarization subscripts. The

renormalized signal R(a)f) = Re{R(Z)(a)f)/Mfe”ﬁl;fe;eg;e,g;fe,} is

given by

(48/1%) D(wy, wa, w3, wy + wa — w3)

Rlay) =1 [ 52
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|wi + w2 = Epg + inf* (w2 — Eeg + i) (w3 — Eerg — in)(wy — w1 — wa + Ejg — in)

(7a)
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where from eq 4 107
f T 10°
D(wy, w,, @, ay) = Z <Eq (‘1’3)Eq(w1)><Eq’(w4)Eq’((U2)> R
q9q'=i,s 42 1054
c
H o)+ X Y (@) (0))E(0)E (@) 5 |
q#q'=is qF#q=is e 1074
(7b) !\{E 1034
For a weak pump, where only a single entangled-photon pair 102
interacts with the molecule, only the last term in eq 7b 10t : : : :
survives. The first two terms, therefore, represent intramode 10° 10t 10° 156 1o’ 10°
Ip (W/cm*©)

contributions corresponding to the two rightmost diagrams in

the middle panel in Figure 1.
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Figure S. Normalized TPA signal from the model molecule (eq 7a)
The dashed-red (gray) curve is the intermode contrlbutlon for I, =
541 107 (1.35 X 107) W/cm?. Here, 0, = 0.1 fs™', 5 = 0.015, and T,
= 13.33 fs.

Figure S depicts R(wf) for a model molecule with one If)

state and three singly excited states having energies E; = 4 fs7!,
E, =19 fs7, E, =20 fs™!, E,; = 2.1 fs~! above the ground
state Ig). The three peaks represent transitions from If) to the
three intermediate states. The intermode contribution is shown
by the dashed curves for two different pump intensities. The
relative weight of the intermode contribution depends on the
pump amplitude and grows as the pump intensity is decreased.
This is because the probability that the molecule interacts with
two photons of an entangled-pair increases at lower intensities.

The variation of the TPA signal with the pump intensity is
shown in Figure 6. The pump-intensity is given by I, = cegn,)|
E |2/ 2, where E, is the pump pulse amplitude, and n, is the
refractlve index of the PDC crystal for the pump- pulse, c is the
speed of light, and €, is the permittivity of free space, at the
resonant frequency @, = 2.0 fs™!

The intermode contributions grow linearly over a wide range
of pump intensity and dominates over the intramode
contributions that grow quadratically. However, for larger
intensities, both contributions grow nonlinearly, while the
intermode contribution remains higher. With an increase in the
bandwidth, the TPA cross-section decreases while the intensity
range for which intermode contribution dominates increases
by up to 1 order of magnitude. PDC parameters for the
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Figure 6. Variation of the TPA signal for w; =2 fs™ with pump-field
intensity. The curves (top to bottom) denote the total signal
calculated using eq 7a for pump band-widths o, = 0.1 fs~ L03fs7!,
0.6 fs™", and 1.0 fs™!, respectively. The dashed curves show 1ntramode
contributions. The orange line is the fit for a 0.03. The
entanglement time is T, = 13.33fs, 1, = 7, = 2.24, n, = 2.361, and

){sz 4.6 pm/V.

LiNbO; are considered in calculating the TPA signal.** The
refractive indices for the considered photon frequencies in the
PDC crystal are obtained following the procedure in Ref 33.
The value of the pump intensity beyond which nonlinear
effects become significant for three commonly used PDC
crystals at different pump spectral widths are given in the Table
1.

The intermode contributions carry the quantum nature of
light and reveal the nonclassical response of molecules. For
example, information regarding the entanglement time is
contained in the intermode field correlations which probes the
linear variation of the TPA signal over a large intensity range.
These contributions dominate at lower pump intensities but
are masked by intramode processes at higher intensities,
making it hard to take full advantage of the quantum light. In
the next section, we propose a setup that removes the
intramode contributions at all pump intensities.

We now present a model experimental setup that can help
filter out the unwanted (classical) intramode contributions
from the TPA signal. The inter- and intramode processes have
different contributions, as shown in Figure 5 and 6, and the
latter dominates at higher pump intensities. Thus, in order to
take a complete advantage of the quantum nature of the
entangled light, these contributions should be removed.

The intermode contribution to the signal only appears when
the “signal” and “idler” modes are entangled to each other, and
it vanishes for light fields that lack such quantum correlation in
different modes. The intramode contribution, on the other
hand, shows a direct frequency correlation between the
involved modes. Therefore, one can use two distinct classically
correlated pulses such that the intramode contribution is intact
while the intermode contribution vanishes, and the resulting
signal can be subtracted from the entangled TPA signal to
obtain the quantum part. However, two conditions must be
satisfied: Bandwidths and the statistics (as determined by
Glauber function) of the uncorrelated “signal” and “idler”
modes must be the same as obtained from the actual PDC
process. The simplest way to achieve this would be by utilizing
two identical PDC crystals to generate statistically identical
pairs of “signal” and “idler” pulses. We then select the “signal”
pulse from one pair and the “idler” pulse from the other pair.
These pulses are obviously not entangled, but are statistically
identical to the entangled pulses and, upon interaction with the
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Table 1. Pump Intensities (in W/cm?) at which Linear-to-Nonlinear Crossover Appears for Different Crystals and Pulse

Widths
crystal 0.1 (f7") 0.3 (fs71) 0.6 (fs7") 1 (f7h)
LiNbO; (n; = 224, n, = 2.36, ¥} = 4.6 pm/V) 8 x 10° 2 % 10° 4 % 10° 6 x 10°
KNbO, (n; = 2.13,n, = 2.24, 7% = 10.8 pm/V) 123 x 10° 3.07 x 10° 6.13 x 10° 9.21 x 10°
LiTaO; (1, = 2.14,n, = 2.23, y#) = 0.85 pm/V) 2 X 107 5.03 X 107 1x 10 1.51 x 10
M

Fluorescence

Figure 7. Schematic setup that can be used to generate TPA signal that only includes intramode contributions. The “signal” and “idler” photons
from two different entangled-photon pairs are utilized. The use of an identical pump and the PDC crystal ensure the generated entangled-photon
pairs are statistically identical to those generated by a single PDC crystal but uncorrelated.

molecule, generate the signal, as depicted schematically in
Figure 7. This signal will only have the intramode
contributions since the two modes are not correlated. The
signal due to intermode contributions is obtained by
subtracting this signal from the total signal generated using
entangled light, i.e., the signal measured in the presence of only
one of the PDC crystals.

Two-photon absorption with an entangled-photon field is a
weak process. The advantage of entangled light is limited to
lower pump intensities where contribution from interaction
with entangled photons can outweigh contribution from
nonentangled photons by orders of magnitude. This range of
pump intensities can be enhanced by using a pump-pulse with
a broader bandwidth, at the cost of signal intensity. At higher
intensities, both contributions are almost equal but can be
separated using the proposed experimental scheme.

Finally, we note that (i) the effective Hamiltonian used in
the present study and elsewhere”>*® can be derived in a clean
way from an effective action of the low-frequency electro-
magnetic (EM) field for strong pump (the weak pump
perturbative expansion of the effective action has been
introduced in Ref 16) by considering the complete
perturbative expansion for the solution of the Dyson equation
and neglecting the fast-oscillating (non-RWA) terms, whose
contributions can be neglected. (ii) By applying the Kirchhoff-
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integral approach to the correlation functions of the field,
together with the semiclassical (in linear optics known as
eikonal) expressions for the Green functions of the Maxwell
equations, one can explicitly express the entangled field
correlation functions at the experimental sample in terms of
their at-the-PDC-crystal counterpart, with those expressions
carefully describing the optical experimental setup, e.g., lenses,
mirrors, delay lines, etc., thus providing the actual values
(including prefactors) of the measured signal. However, the
aforementioned results go beyond the scope of this paper and
will be addressed elsewhere.
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Derivation of Eq. 1 in the main text

The molecular system interacting with the radiation field is represented by the Hamiltonian,

H = Z&-Bii +Y hw,BlE,+ > (uBLE + he) + H (1)
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where &; is the energy of the ith molecular state |i), B;; = |7)(i| is the exciton operator,
fij is the transition dipole-matrix element between states |i) and |j), EI(F,) is the boson
creation (annihilation) operator for the detected (fluorescence) field mode with frequency
ws. The third term represents interaction of the detected mode with the molecule, and the
last term is the Hamiltonian of the incoming field that prepares the electronic excitation and
its interaction with the molecule. In our simulations, we assume an entangled-photon field
described by Hamiltonian H which needs not be specified at this point.

The signal is defined by the rate of change of intensity in the detected mode w,, and it

can be solved using the Heisenberg’s equation of motion,

Rlont) = SUEIOED) = HIH EIOEWD = — In Y uy(By0E0) (@)
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where () denotes average over the full Hilbert space of H. We assume weak interaction
with the detected mode and compute the correlation (Bjj(t)Es(t» to the leading order in

the light-matter interaction. This gives,

(BLOEW) = 0 uiy / dr (B (1) BY, () (EL())EL (7)), 3)
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where the time evolution is now in the interaction picture, and molecular operators evolve
with the Hamiltonian ), & B;; + H while the field operators evolve with free-field Hamilto-
nian, E,(t) = E,e™™ leading to (E(t)EL (7)) = dewe ™7, Substituting this in Eq. (3),

Eq. (2) finally results in Eq. 1 of the main text.

Contributions of the diagrams given in Fig. 1

For a fixed time ordering 7, > 7 > 73 > 74, different dipole correlations can be evaluated
in terms of molecular state energies. Since these correlation functions require taking trace
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with respect to the ground state of the isolated molecule, we can use, B;;(t) = e



Thus, for example, the following matter correlation function can be evaluated as follows,

(Bl p(t)Bujrr(1)BL . 1 (11) Biyjur(72)) = (Biyy, (12) B (£) Buje (1) B, (1))
= (glja)(iali) (j|5") (' |ir) (jr|g)eE it e~ i T e a2 8 ™

= 01 0iiyOiy j1gOjag€’ 7 e 0 Te T Eran T¢I T (4)
Similarly, one obtains,

(Bl r(®) By (T)B] (1) Bl 1 (72) Bisiar (73) Biajur(74)) = 0,5/00i, 030314 0ag0ina O g
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(Blr()Bujin(T) Bl 1 (1) Bigjor(72) BL 1,1 (73) Biajur (74)) = 0550001, 011401120401 Ojng

(Blir()Bujin(T) Bl 1 (1) Bigjor (1) BL 1,1 (73) Biajar (74)) = 0;5/00i, 011401120401 Ojng

e*i5i4gT4eigijtefigi/j/Teigillel e*’i5¢2j272€i57;3g7'3

(BLr(®) By (T)B] ;1 (1) Biyjur(72) BL ;. 1(73) Bisjar(72)) = 811010i01,60123 01433049671

6—7:81'497'4 eigi3j3T36—i8i2j2T2 eigijte—igi/j/Teigilng (5)

where the subscripts 4,45, etc., denote molecular states, |g),|e),|€'),...,|f) with energies
&g & EL, ..., Ep, Tespectively..
By substituting Eq. (5) in Eq. (3) in the main text and then in Eq. (1) in the main text,
the signal can be recast as R(ws) = ), _, ¢ Re R™(w,), with
ZD;ng\fR (wl, wl)

4 o duw,
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where the sum over the repeated indices i, 7,7, 7/ runs over all excited states of the molecule

while sums over e, ¢’ are restricted to the singly excited states, and {\} denotes a summation

over all possible values of the polarizations for A\, \;,7 = 1,2,3,4. Note that M%\i{i{l;g =

(ptij - €3) (1235 - ) (g + €, ) (1l - €xg) and METIAIGLERTE = (1 ) (13 - ) (ge - €3,) (1 -
€xs)(Herg * €x3) (Wrer - €04), ete. The six terms in Eqs. (6) -(11) correspond to the six diagrams

given in Fig. 1 in the main text.



Nonperturbative calculation of the entangled-field corre-
lation functions

Entangled ("signal-idler") photon pairs are created by the interaction of the pump field
with a nonlinear PDC crystal. The entangled-field output is fully characterized by various
correlations of the field operators, known as one-particle propagators that are encoded in the
effective action S.ss of the field. The entangled-photon state is determined by the amplitude
E of the pump-field and by the nonlinear (second-order x(?) response of the PDC crystal of
length [ along the z-axis. Extension of the crystal in the z— and y— directions is assumed
to be infinite with respect to the wavelengths of the photons involved in the process. The
effective action approach leads to the following effective Hamiltonian H. s for the entangled-

field generation.

dew, 2) / / T T !
+ 0y P (w,0)E(w + o, 2) Bl (w) El (W) + hee. (12)
a,B

where E;ra (w) is the creation operator in the "idler" mode with polarization €,, « (horizontal
"H" or vertical "V"), frequency w, k;,(w) is the corresponding dispersion of the mode, £(w, z)

is the amplitude of the pump field at the position z along the propagation direction inside

the crystal, and ¥ (w,w’) ~ % 7“;%2 Xge)f(w,w’ ), where [ is the length of the PDC crystal
along the z-axis, w;/s(n;/s) is the central frequency (refractive index) of the idler/signal mode,
and ch)f is the is the second-order susceptibility of the PDC crystal. The polarization eg
is perpendicular to €, €, - €5 = 0. The second term in the above Hamiltonian, therefore,
generates a Bell polarization state for the signal and the idler modes.

The evolution of modes inside the crystal is determined by the Heisenberg equations,

0 ) ) dw’
_— K. — . . 7 (2) ! / T
aZE'La(wuz) hﬁza(w)Eza(wwz) h/ 27TX (w,w)S(w—i—w)Esﬁ(w,z) (13>



with the initial condition E;,(w, —[) defined at z = —[. Ej, is obtained by interchanging the
indices 7 and s in Eq. (13).

The formal solution of Eq. (13) is
Bio(w,0) = U2*(w,w') Bia (W', =) + Vi2¥ (w, o) Bl 4 (o', —1) (14)

where 8 denotes a polarization eg perpendicular to e,. The entangled field propagators
may be recast in terms of the functions U(w,w’) and V(w,w’) introduced in Eq. (14). For

L(w, W) =D (w,w') = (Fe(w)Eiw (w')) is given by,

example, D_~— stz

SZ aa’

dw1

Dszaa (w w) = 5a6/_Uaa(w7w170)‘/i§lﬁ(w/7w170)7 (15)

where U2 (w,«’, z) and V2 (w, ', z) are the solutions of the coupled equations for U2 (w, W', z) =

eimsa@zroo(y o z) and VP (w, ', z) = emie @218 (4 o 2),

~ d .
%U;’f(w,w’,z) = —i %X()(w,wl)g(w—i—wl)e_mk @wziybe ) o 2)]*
O oy o oy = i [3 0 —iAk3 (w12 ({788
aZViS (w,w'2z) = —i 5 X (w,w1)E(w +w)e 2[UB (wy, o, 2)]* (16)

with AR (w, ') = kp(w+w') — Kia(W) — Kes(w') and ky(w +w’) being the momentum of the
pump-pulse at frequency w + w'. DT (w,w’) is obtained from (15) by replacing the field
annihilation operators by the corresponding creation operators.

Note that U is diagonal in the polarization indices o,/ while V? is off-diagonal.

This, together with Eq. (15), implies that the propagators Dt* , and D_

siaa sicey QI€ NON-ZETO

only for orthogonal polarizations €, and €, . Similarly, D_." , and D, , survive iff the o
and o polarizations are parallel. Finally, Eqs. (16) can be computed numerically for an
arbitrary pump spectral envelop &(w), crystal response function x? (w), and dispersions of

the pump, idler and signal modes.

Below we derive analytic expressions for a narrow pump &£(w) = 27E,d(w, — w) with



frequency w,. The main simplification in this case comes from the fact that the z-dependent
coefficients in the differential equation (16) drops out and the evolution inside the crystal
does not require z-ordering. The w; integration in Eq. (16) can be performed trivially and we
finally obtain, U%*(w,w’,0) = §(w—w U2 (w,®) and V2% (w, ', 0) = §(w+w' —w,) V2 (w, @)

where w = w, — w and,

es B AR (w, & P w,@
U (,5) = bRl ) [cosh </£sz (w,w)l> L kg <w’°‘;)sinh (M)] (17)

Fgi (W, @
E (2) 7y i _Bo aﬁ _ l
Viaﬁ(waa)) = -2 pfg (CU,QJ)GEHM (wvw)lSIDh Kis (waw (18)
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where &2 (w, w') = ky(w,) + Kea(w) — Kig(w), and

S

K (w,0) = AL B 2 (w, 0 )P (o, ) — (AR (w, )2,

U (w,w’,0) and V% (w,w’,0) are obtained from Egs. (17) and (18), respectively, by inter-

changing 1 & s.

Extension to a narrow pump pulse: The above results obtained for a CW-pump
can be extended approximately for a sufficiently narrow pump pulse by using the Wigner
transformation of the pulse. Assuming that the pump amplitude varies slowly enough so
that the phase, which varies with frequency w,, is fast enough compared to the time-scale
of the envelop (determined by the band-width), we extend the CW-pulse results as fol-
lows. First we re-write U (w,w’,0) = [ dte’ @Y% (w,w, — ') and V2% (w,o’,0) =
[ dte’e e =entyoB (o — W), This is exact for a CW-pump for any pump amplitude, E,,.
We assume that the pump amplitude E, varies slowly enough so that E), can be replaced by

its values at different times, which makes the functions ¢ and |calV time dependent. Thus



for a narrow but finite bandwidth pump we can use,
Ut (w,w’,0) = /dt eilw=wt U (w,wp — W', T)

VP (w,w',0) = / dt elwre'=wp)t Vgﬁ(w,wp — W' t).

These equations are used to evaluate the correlation functions for a narrow pump band-

widths in the main text.

The Two-Photon Correlation Function (TPCF) for a finite-band-
width pump

The TPCF D_; py (w,w1) in Eq. 15 is evaluated numerically by solving Eqs. (16) using,

w—ws W] —w;

Ak'gv(wa wl) = +
U1,H Vo v
) ) (19)
w — W w1 — Wy
Ak}gH(w,wl) = +
Va2, v U1,H

where v;=v, — v, x, and vy = v, — v; x with v,, v, x, and v; x being group velocities of
the pump, the signal, and the idler photons, respectively, with polarization ey, and @, (@;)
represents the center frequency of the signal (idler) photon. We take [ = 20 um crystal

length, and the following spectral envelope of the pump field.

Ly

E(w) = o~ (Wp—w)?/(207) (20)

\/ 27Ta§

where E,, w,, and o, represent the amplitude, central frequency, and the spectral width of

the field, respectively.

The pump-intensity associated with Eq. 20 can be obtained using the following expres-



sion,

1
I, = 50€0np|Ep|2 (21)

where F), is the pump-pulse amplitude, and n, is the refractive index of the PDC crystal for

the pump-pulse, ¢ is the speed of light, and ¢; is the permittivity of free space.
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Figure S1: 2D frequency-dispersed plots for D_ 7y (Eq. 14) with 0,=0.1fs7! and (a)
I,=5.9x10° W/cm?, (b) 1,=5.9x10" W/cm?, and (c) 1,=1.47x10° W /cm? are shown. Other
parameters: vy g=vo g=10 pm-fs™1 vy y=vyy=-10 pm-fs~* w,=4 s, and w,=2fs"".

Figure S1 displays 2D frequency-dispersed plots for D_; %, for a fixed pump bandwidth
of 6,=0.1fs7 and different pump intensities. Figure S1(a) is constructed using the weak-

est pump with 7,=5.9x10° W /cm?. Frequencies are clearly anti-correlated. For increased



amplitude I,=5.9x107 W /cm? the signal strength increases, but the anti-correlation is still
intact, as shown in Fig. S1(b). Further increase to I,=1.47x10° W /cm? leads to vanishing of
the features visible in the earlier two cases, as evident in Fig. S1(c). However, the frequency
anti-correlation is still present in the signal. The amplitude of the correlation function in-

creases exponentially with the pump amplitude. To study the impact of the pump-width on
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Figure S2: 2D frequency-dispersed plots for D_; .y, (see Eq. 14) for I,=5.9x10° W/cm? with
(a) 0,=0.1fs7%, (b) 6,=0.5fs7", and (c) 0,=1.0fs7! are shown. Other system parameters:
v =2 p=10 pm-fs71, vy y=v9 y=-10 pm-fs~! w,=4fs7! and w,=2fs7'.

the frequency anti-correlation, we present in Fig. 52 frequency dispersed plots of D; 5y, for a
fixed pump amplitude but different band-widths. For a narrowband pump with 0,=0.1fs7,
a strong frequency anti-correlation is present, as shown in Fig. S2(a). However, for a larger
pulse width with 0,=0.5fs™!, the signal spreads along the diagonal, resulting in a decrease in

the frequency anti-correlation, as shown in Fig. S2(b). A similar trend is seen in Fig. S2(c),

10



and the frequency anti-correlation continues to decrease. Note that the absolute strength of

the field correlation function falls with an increase in the pump bandwidth as well.

g(2)(7') with zero bandwidth pump pulse

For a zero-band-width pump, Egs. (17) and (18) can be solved for the dynamical Eq. (16).
D~ (w,w') in Eq. (15) may be then expressed as (we remove polarization indices assuming

siaa!

that the "idler" and "signal" modes have fixed orthogonal polarizations),

21 X(2)Ep

(R ()R (5 [
Df_(w,w') _ —E(S(W“r‘w _Wp) /iis(ww)e—Zé(Hsi(w,w)—nsi(w,w))sinh (5/@5(&}7&}))

(oo (o) 259 (L)) e

where @ = w, — w and the phase miss-match Ak (w,w) is approximated using Taylor ex-

X

pansion kg, (W) ~ Ksa(ws) + (W — ws)Tsa/l and ki (W) ~ Kio(w;) + (w — w;)Tia /! around the
central frequencies w; and w, of the "idler" and "signal" photons, respectively, to obtain,
Akg(w,w) ~ —%(w — wy) and Akjs(w,w) =~ %(w — w;) with AT = T, — T; being the

entanglement time. Similarly, for the intra-mode correlations, we get

(23)

Note that for the narrow band-width pump, all intra-mode (inter-mode) propagators are

diagonal (anti-diagonal) in the frequency space. This allows us to simplify the expression for

g (1) using Eq. (77?).

1 dwd ' !
99(r) = 1+ 50 / o r 2 D G
qq'=1,s
N Z Z dwdw D_H_< )D__ (w/ w/)ei(wp—w—w’)‘r (24)
TN '
9749 174,

For simplicity, we assume a degenerate PDC process w; = w,. In this case, g(2)(7')
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simplifies to,

2
1 E,l)? dw sinh®(31/(2xEpl)2 — w?) . -
g(2)(7) _ 8(x / w sin (2x )2 w)e’“ﬁ
S(T) AT QXE )2 —w
VY
n <2xE l) dw sinh(\/(2xEpl)? —w )ei‘”ﬁ
21 (2xEpl)? — w?

Q

. 2\ 2 2 . 2 )2 (r— )2
m 1 (sinh(xEpl)) eﬁ(@) n 1 sinh(2xE,l) e_( + 3322;)2(%)5)
wS(T) a AT 27S(T) as AT

where in the second line we have used the approximation of steepest descent method to

evaluate the integral, a, = \/nxE,l coth(nxE,l) — 1/(2xEpl),n = 1,2, and 70 = T; + T}.
The normalization S(7) = S? is independent of delay with & = 2 [ £|V;(w,w)|?, which

gives, § = % Substituting this in the above equation for ¢ (7), we get

) 3 (a7 ) 2t +r—m)?
gP(r) =1+e 2\@aT) 42 —coth(xE 0| e (a2aT)% (26)
Qi

The intra-mode contribution decays to unity while the inter-mode contribution decays to
zero at large 7. For 7 = 0, the intra-mode part is independent on the pump intensity and is
equal to 2, while the inter-mode contribution decays rapidly with increasing pump intensity
for small values of pump intensities, £, < 1/(x!), and saturates to unity for large pump

intensities.
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